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On the Plural-Multiple Model of High Energy Meson Showers 


Yoshinosuke TERASHIMA 


Department of Physics, Kyoto University 


(Received May 28, 1954) 


The internuclear cascade on the basis of the multiple theory of meson production is investigated 
in view of the so-called cosmic ray jet. The implication of Fermi’s and Heisenberg’s theories in this 
picture of the cascade is discussed purely on the kinematical ground. The predominant role in meson 
production of the successive collisions is played by the many-body collisions in the case of Fermi’s 
theory, while by the simple nucleon-nucleon collision in Heisenberg’s. The tunnel approximation of 
jets is shown to be applicable in these cases at sufficiently high energies. The criterion of this approxi- 
mation is given by calculating the number of mesons which get of the tunnel. The possibility of 
accompanying grey tracks besides evaporation particles arises from these low energy mesons. The 
anisotropy in the angular distribution of jet particles, is shown to be stronger in Fermi’s model than 
in Heisenberg’s model. The present experimental evidences are too meager to choose one of these 
theories, but seem preferable to Fermi’s theory rather than to Heisenberg’s. 


§ 1. Introduction 


In recent years a number of experimental works with use of nuclear emulsion has 
appeared, aiming at exploring the nature of nuclear events at extreme high energies. The 
data mostly consist in the records of showers produced by the collisions of nucleons in 
large nuclei. There remains a considerable confusion about the interpretation of these 
phenomena, partly because of difficulties in meson theory and partly because of complica- 
tions in nucleon-nucleus interactions. To get rid of this confusion, a more refined treatment 
of the internuclear cascade is desirable. 

The internuclear cascade has characteristics different from the electron-photon cascade 
particularly in the very high energy region (> 10"—10"ev). The former is not a 
branch-out cascade like the latter, but a very high density cascade. Strictly speaking, one 
should not call that a cascade, but a jet closely analogous to the hydrodynamical jet. 
This approach was first proposed by Roesler and McCusker”. Since any particular theory 
of meson production in an elementary process does not seem to be established, an arbitrary 
function that can be adjusted according to the choice of a theory is introduced in their 
Recently Heitler and Terreaux” have developed a theory of the jet along 
this line laying stress on the smallness of the number of mesons produced in an elementary 
They also showed that the jet was accompanied by only a few black tracks 
process, even if a primary nucleon passes through the center 
The smallness of the number of heavy tracks had previ- 


g collision of a primary particle with a target 


treatment. 


collision. 
produced by the evaporation 
of a heavy nucleus in emulsion. 


ously been interpreted as due to the glancin 
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nucleus. This view may be correct only at comparatively low energies. 
In this paper we shall make a closer examination of the jet model with special account 


; 7 eS ; 
of the bearing on the mechanism of an elementary collision, such as Fermi’s” or Heisen- 


berg’s.” 

The details of mechanism of the jet cascade are chiefly affected by the energy transfer 
in meson production. The statistical model of Fermi’s theory results in the large inelasticity 
in energy transfer, therefore the collision between the group of mesons and a target nucleon 
plays a predominant role in the subsequent interactions, and the anisotropy of angular 
distribution is apt to increase because the group of mesons taking part in successive collisions 
collimate strongly. These processes will cause a large fluctuation in the angular distribu- 
tion. 

In the case of Heisenberg’s theory, the energy spectrum of emitted mesons is shifted 
to the lower energy side than Fermi’s; then the contribution of secondary particles to the 
meson production in the successive collisions is thought to be negligible and only the incident 
particle dominates in the meson production throughout the cascade. The fluctuation in 
the angular distribution is not so much eminent as in the case of Fermi’s theory. 

Treating successive collisions one by one, we shall show the tunnel approximation of 
the jet model to be a good approximation in these cases. It will easily be seen that low 
energy mesons sometimes get off the tunnel and induce the residual nucleus to emit grey 
tracks besides evaporation tracks. We shall also try to draw a consistent interpretation 


from experiments published so far in view of the multiple theories of meson production. 


§ 2. Plural-multiple model 


We confine ourselves to the jet initiated by a nucleon in a heavy nucleus. The 
assumption is made that only 7-mesons are created in nuclear events, since the production 
of anti-nucleons and other particles, if any, may be of less importance in the following 
discussion. 

We must assume a many-body collision as far as we adopt the multiple theory :_ mesons 
and the nucleons produced in the first nucleon-nucleon collision do not so widely separate 
from each other as to find individual collision partners before they suffer the next inter- 
action with nucleons in the target nucleus. At very high energies the collimation of the 
groups of such particles is so strong that the spread of the jet is limited in most cases 
within a tunnel, the radius of which is of the order of average internucleon distance, 1%, 
which is nearly equal to the Compton wave length of meson. Hence we can say : 

A) The jet-type cascade may develop through the cylindrical tunnel whose radius is of the 
order of 1, and whose axis lies along the incident direction of the initiating nucleon. 

Here the mechanism of meson production in the successive collisions comes into ques- 
tion, that is, whether the group of particles in the jet are visualized as one packet or not. 
We presume that the successive collisions can be approximated as to take place between 
this packet and individual nucleons in the target nucleus, and assume as follows. 


B) In the successive collisions the mechanism of meson production is the same as in the 
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case of a nucleon-nucleon collision with the same available energy in the center of mass system. 

Now we have to know such a fraction, k, of the mesons originating from the first 
collision that contribute effectively to the meson production in the second collision. The 
order of magnitude of k is approximately known on the kinematical ground as shown in 
the following. 

The fraction k depends mainly on the difference between the center of mass system 
(C.M.S.) of the first collision and that of the second collision. But C.M.S. of the second 
collision itself cannot exactly be calculated without the value of k. Therefore we temporarily 
assume, on the C.M.S. of the i-th collision, the formula given by Kaplon and Ritson” 


TESS dD, (241) 
where /’* is the Lorentz factor transforming the laboratory system (L.S.) into the i-th 
C.M.S. and [* =T/°* is connected with the energy of the primary nucleon in L.S. 
E=[Me by 

rea=vV (P41) /2=VI/2. (2+2) 


(We distinguish a quantity in C.M.S. with asterisk from that in L.S. without it.) 
In order that the particles produced at the first collision find themselves in the domain 
of action of the partner nucleon*, the propagation direction of particles originating from 


the first interaction is restricted to 
OF =e, ent; =c/ U/ls) 1s (2*3) 


where 2 is the collision mean free path for meson as well as for nucleon, probably very close 
to 7 when the geometrical collision cross section is assumed, and @* is the polar angle 
with respect to the direction of the incident nucleon in the second C.M.S. Now /7* is 
very large and is slightly different from 1" ‘*, then OS can be regarded as the critical angle 
in the first C.M.S. and as nearly equal to 7/2. And the mesons emitted backward in 
the first collision are not so sufficiently pulled back as to catch up with the partner nucleon. 


Hence only mesons emitted forward take part in the next collision, thus we can take 


fics 17 2% (2-4) 


The more detailed calculation shows k is at least 47% when [’ ~ 10°, and rapidly 
‘increases to 50% as the energy increases. In the subsequent collisions the same situation 
will hold as well, so long as the assumption (B) is approved. Consequently we can say 
about half of mesons emitted in the ith collision contribute to the meson production in 
the (i+1)-th collision. 

Moreover the role of recoil nucleons should be noticed. In the case of Heisenberg’s 
| theory, the energy transfer to mesons is so small that only the primary nucleon plays a 
predominant role in the subsequent collisions. Thus the contribution of mesons can be 


neglected. When Fermi’s theory is assumed the role of recoil nucleons can, on the contrary, 


* The restriction is that more than half of the wave packet of these particles must be in the domain 


of action of the partner nucleon. 
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be neglected due to the large inelasticity in energy transfer. The local thermal equilibrium 
would be realized in the subsequent collisions through the jet. Immediately after the i-th 
collision the head of the jet is constituted by N,/2 mesons. (N; denotes the number of 
the mesons produced in the i-th collision.) The number of the mesons emitted backwards 


in the respective C.M.S. are 
CEN ee RP NS 

and the mesons having taken part in the meson production in preceding collisions 
(NGRNeE Se INA 2) 


All these mesons and recoil nucleons run out the tunnel following up the head. 


§ 3. Meson production in successive collisions 


The exact formula of the Lorentz factor of the i-th C.M.S. depends not only on the 
primary energy and k, but also on the energy spectrum and the angular distribution of emitted 
mesons. Setting k=1/2, the Lorentz factor is derived from a given energy spectrum and 


a given angular distribution as follows. 


1. Case of Fermi’s theory 
On the mechanism of meson production we take simply the Planck distribution as 


the energy spectrum and approximate the angular distribution by a simple formula* 
dN= (21+1) /2-Ncos"@* sin 0*d@* (=O or 1). (3-1) 
The Lorentz factor /’* transforming L.S. into the th C.M.S. in place of the 
formula (2:1) is (see Appendix) 
| rok ——t Boil hy Be (3-2) 
with 
D=1/2- (1+ (2I+1) /(2/4+2)). (3-3F) 
The available energy EX in the second C.MLS. can easily be calculated as 


N1i/2 


Ss (75-1) e+ (Pe —1) Me, (3-4) 


where /¢ is the meson mass and 7% is the energy of the jth meson in C.M.S. of the i-th 


collision. Referring to (3-2) and (3-3E), 73; is found nearly equal to 7; Hence we 
have 


Dg HO = DS pe =1/2-2(P*=—1) Me. 
From (3-4) and (3-2), we have the results 


Ef = {(1+D") P*—2} Me— (Ni/2) pe. Rene) 


* The angular distribution in the collision with 


the median impact paramet igi i 
Fermi is approximated by /~1. ica Wiens te 
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Repeating the same calculations, we have 


Ef= {S(i, D) P*—2} Me—( ee ee a Neat) yt (3-6) 
We 1 De 5) 
: 1 Dy? Dine ig 
S(i, D) rer Rerre i vee + Di", (3 -6F’) 


and S(1, D)=2. 
The number of mesons, neutral and charged, produced in the i-th collision is given by 


Nz 1.89(E 5/2)". (3 -7F) 


zy, case of Feisenberg’s theory 


We assume tentatively the same angular distribution but a different, simpler energy 


spectrum 


aé=const. ayp*/7*. (3-8) Pe/r* 


The corresponding relation of 10 
7 to (S -2) and £(3 63F)» is’ in 


good approximation 
P=1—K, (3 -3H) 


where K is the inelasticity in energy 
transfer and is reasonably taken to 
be~ 0.1. 

With this approximation the 
available energy E* is given by 0.5 


E*¥=K(2I°*—1) Mc (3-6H) 


and the number of mesons emitted 


in the i-th encounter by 


Np= 1.36 ((*—1) flog P*. 
(3-7H) 


We plot the ’*/l*—i rela- 
tion in Fig. 1. 


The total number of mesons 
Fig. 1. Relation between the ratio ;*/I"* of the Lorentz 


created throughout the jet is summed factor of the successive collision to that of the first collision 
over the number of collisions n=s/2, and the number of collisions i. The curves F-I and F-II 
s being the path length, as correspond to the cases of Fermi’s theory for /=0 and 
[=1 respectively, H-I and H-II curves to Heisenberg’s 
theory for /=0 and /=1, and the curve K to Kaplon- 


Ritson’s relation. 


N=>N,- 
t=1 
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The maximum value of n is proportional to the maximum path length s=2R where 


Ris the nuclear radius. For numerical calculation we use following values 


R=r,A", == 1,4 X 10°"em"*: 


$4. The number of mesons getting off the tunnel 


We investigate the spread of N;, mesons (i< 7). If a meson is emitted with the 


angle in L.S. 6 > 0, where @, is given by 
tan 0,=1,/(n—i)A = 1/(n—i), (4-1) 


the meson may eventually get off the tunnel produced by the jet stream. 
We introduce as usual the following parameters: m is the ratio of the velocity of 


the center of mass system in L.S. to that of a meson in the same center of mass system and 
a=] Ptanid,2 (4-2) 

The angle corresponding to @, is given in the C.M.S. of the ith collision for m=1, by 
cos 0 = (1—a’) /(1+a’) = (2/a’*) —1. (4-3) 


For 0 > @,, the angle of a meson emitted in the C.M.S. of the th collision is restricted 
as 7 > 6* > O*. The probability that a meson is emitted within this cone is 


path} cos”4* sin hs, aa (4-4) 
2 0,* eo 

For m*<1, P has a more involved expression, being the function of the meson energy as 
well as of a. The probability decreases as the energy of a meson decreases (m > 1) and 
reaches zero when the meson energy in the C.MLS. of the i-th collision falls into the region 
given by 


Nia Wl RE sin 0, ~ I'*/(n—i). (4-5) 
The number of mesons deviating from the tunnel is found to be 
Tmax 
Ni= | PG, @) NGA) d*, (4-6) 


where N,(7*) dy* denotes the number of mesons whose energies are between 7* and 7* + dy*. 
Replacing the expression of the probability by the mean value 


x. 
Tinax 


eT hax 
Jeo a) NG) ar = = NG) dy? == f-Ni; 


N,{/(m-a) 7h 1 /(n-3) 


where f is the fraction of the mesons whose energies are greater than [’*/(n—i). The 
total number of deviating mesons turns out to be 


* 1 ; 
A The smaller vaiue of ry is recently reported by Rainwater et al!6) in the analysis of y-mesic atom 
ut the essential points of the following discussion are not altered by the choice of this value 
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N'=S) (P/2) -f-N,. (4-7) 


We may tentatively set the condition that the tunnel approximation is applicable for 
the ratio N’/N, less than 5%. This condition is fulfilled, even if the jet passes through 
the longest path of a heavy nucleus such as Ag, when the primary energy is greater 
than 


I’ = 10° for Heisenberg’s theory, 
I’ = 2X10° for Fermi’s theory*. 


Hence the internuclear cascade can be treated by the tunnel approximation at high 
energies /’ > 10°, in the energy interval, say /’~5 X10°—10%, the jet cascade turns to 
the branch-out cascade. 

The energies of these mesons can be estimated easily: the mean value of energies of 


N;’ mesons in L.S. is given by 


C7) =C7* DLAC 1 +08 O* ) (4-8) 
and 
{ 1+cos 0* )=1/a?. 
From the given energy spectrum (7*) is calculated. In the case of Heisenberg’s 
theory (7 )~2, while in Fermi’s theory {7} decreases from ~9 to ~4 as the energy 
of the primary nucleon /’* increases from ~20 to ~10°. It should be remarked that 


these mesons are of low energies, say 10°~10* Mev in either case 


§ 5. Discussions and comparison with experiments 


A number of experimental works" in the high energy region as discussed above 
have been published. Referring to them we give an analysis in connection with the above 
model. 

1. The energy transfer to the residual nucleus and heavy tracks. 

According to Heitler, the energy transfer to the residual nucleus consists of two parts, 
the energy due to the friction with the wall of the tunnel and the surface energy of the 
tunnel. These excitation energies give rise to evaporation. The maximum number of 
evaporated particles in the central collision in a target Ag nucleus is estimated to be at most 

It should be noticed that the evaporation particles are observed as black tracks. 
At comparatively low energies, low energy mesons are emitted at the end of the 
cascade as shown in the preceding paragraph. ‘These mesons collide with the nucleons 
outside the tunnel, about one or two times before leaving the nucleus. The production of 


some grey and black tracks is possible in this process. We estimate the order of magnitude 


of the number of these tracks empirically. 


~3. 


* For calculation we extrapolate the Planck distribution to ['*~20, although this holds only when 


7-50. 
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The experiments observing the nuclear interactions of 7 mesons in the energy region 


i i i i number of 
10°~10* Mev with use of nuclear emulsion show little correlation between the 


heavy tracks and the energies 
of mesons, and the number 
of heavy tracks emitted in 
the interactions of mesons 
with light nuclei in emulsion 
are about one or two”. 
Roughly speaking, a low 
energy meson deviating from 
the tunnel is accompanied by 
about one heavy track. 
Hence the total number 


of heavy tracks amounts to 
as tN eet) 


The ratio of grey tracks to 
black is estimated as 1/4 ~ 
1/7 from experiments. 

The comparison with 
experimental data is shown in 
Fig. 2. Although no deci- 
sive conclusion is obtained be- 
cause of a large fluctuation, 


the possibility for producing 10? 5x102 108 5x10? 10+ 510+ 105 nil (3 
grey tracks will easily be test- 


Fig. 2. Relation between the number of heavy tracks and the 


ed. One exceptional case is primary energy. The marked points show the experimental values. 


the star investigated by 
Mulvey” which has the remarkably large number of heavy tracks. All these heavy tracks 
cannot be attributed to the evaporation process, but to that a few of high energy particles 
deviate from the tunnel. 

2. The determination of primary energies from the angular distribution. 


The primary energy is in most cases determined by the following formula 


D5 = 2/5) or Ds = 1/6) s (5 e 2) 
(9, is the angle in L.S. containing the fraction f of the total number or mesons.) In 
most cases there exists a discrepancy between the true value /” and the experimental value 
[45 which results from the cascade process due to the nucleon-nucleus collision except at 


glancing collisions. 


The observed angular distribution is the superposition of the angular distributions of 
N,, N,-:: mesons ; hence 


bY A Bn ws rc 8 ya pl (5-3) 


On the Plural-Multiple Model of High Energy Meson Showers 9 


For n~ 9, the maximum collision-times in a target Ag, we obtain the order of J",, as 
follows : 


Heisenberg’s theory : Lei = OT 
Fermi satheoryator la=-O.29 J) > J? > 0.2/7, 
fore P= litee /tee Ieee 0.01; 


Then [”,,; determined by the formula (5-2) will give the correct order of the primary 
energies and the discrepancies are within the factor~5 or so. 

Especially in Fermi’s theory, the anisotropy is apt to increase because the forwardly 
emitted mesons in each C.M.S. losing energies in the next C.M.S. remarkably collimate 
in L.S., although subject to large fluctuation. 

The parameter X to measure anisotropy is introduced by Kaplon and Ritson®? 


Bef OiDons 
x= ( 3/4 1/47 observed Z Sack 
(CAAUT) isotropic \ 


Assuming the angular distribution cos”0*, X ~ 2/+-1. Experiments show that the large 


values of X > 20 are frequent. 
We can qualitatively interpret the large value of X: @,,, becomes remarkably small 
due to the collimation of the forwardly emitted mesons. This conclusion is in accordance 


with Roesler and McCusker’s analysis’. 


3. The number of 
shower particles. 

Taking the ratio of 
the numbers of neutral to 
charged mesons as 1/2, ey 
we get the total number 


of shower particles 
ie 2/ 3 N, 
+1/2-(n+1). 
(5-5) : 


We plot n,-J" correlation 
ine tig, 3. The, expeti- 


ments are compatible with Le Socio 108 Sc 10° 10" 55c10* 10° 
both theories. But the pried 

; Fig. 3. ns-I” correlation for events with nucleon-primaries. The ex- 
number of shower p articles perimental data are classified according to the number of heavy tracks as : 
does not show a rapid ie shaweevtiows Nacesa 


@=showers for Ny >3, 


increase as energy; especial- 
O=Kaplon-Ritson’s events in which Ny cannot be observed. 


isenberg’s theor 
ly Heisen! ree y Fermj’s theory for /=1, 


gives too many shower = = = ___ Breer toes 
particles at high energies. The figures on the curves denote the numbers of collisions. 
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This unreasonable increase in the shower size can be removed, if we assume that the in- 
elasticity decreases as the primary energy increases. 

The maximum values in n, are obtained in the intermediate energy region 50 Gev ~ 
10° Gev rather than at extremely high energies. This is due to the increase of the area of the 
nucleus in which the cascade develops when the jet type cascade changes into the branch- 


out cascade. 


In conclusion we should say the large anisotropy in the angular distribution suggests 
that the process of meson production is strongly inelastic, namely the inelasticity in the 
energy transfer to secondary particles is nearly equal to unity. The possibility of accompany- 
ing grey tracks remains at high energies, if the mesons have large energies in each C.MLS. ; 
the higher the energies of the emitted mesons is, the more mesons deviate from the tunnel. 
This means of course the jets flare out at the end of target nuclei still at higher energies. 
These effects make us prefer Fermi’s theory to Heisenberg’s ; however more detailed experi 
ments and statistics are necessary to draw a decisive conclusion. 

The author wishes to express his heartiest thanks to Prof. S. Hayakawa for his helpful 
discussions and to Prof. T. Inoue for his encouragement throughout this work. He is also 


indebted to the Yukawa Yomiuri Fellowship for the financial aid. 


Appendix 


Let the energy and the momentum of ith particle in the laboratory system (L.S.) be €; 
and p;, the corresponding quantities in the center of mass system (C.M.S.), €* and p*. 
Taking the direction of an incident nucleon as the z-axis, we make a Lorentz trans- 
formation along the zaxis from L.S. to C.M.S. with velocity BJ with respect to L.S., 


then we find, summing over the total particles which take part in the secondary collision, 
>) pr cos OF = I'5* (D>) p, cos 0, —BES) €,), (A-1) 
r#=(-B)-”, (A-2) 


where @; and @§ are the polar angles with respect to the zaxis in L.S. and C.M.S. 
respectively. 


From the definition of C.M.S. (S} p* cos 0 =0), we get 


BY =>} ps cos O,/3} €, . (A-3) 


We suppose that the fraction k of N, mesons take part in the second collision. The 


energy of the ith meson in L.S. is connected with the energy in C.M.S, e*=y7*¥ as 


€,= p77 I"* (1+ cos GF), (A-4) 


As all kN, mesons are emitted forward in the first collision, we obtain the mean energy 


of kN, mesons averaging over angles as 


€y = pytl'*(1+ cos OF) =e7¥T* (1+8K) (A:5) 
with 
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k'= (21+1) /2k(21+ 2). (A-5’) 


Here we assumed the angular distribution cos’0*. The remaining (1—k)N, mesons are 


thought to be emitted backward, then the mean energy is similarly given by 
€o= Lyi l'* (1—k") (A-6) 
with 
k= (21+ 1) /2(1—&) (2142). (A-6’) 
Considering k~ 1/2 and (1—k) N, ~ kN, we get from (A-5) and (A-6) 
>) fa= (1— kh") (A+R) 3) 
From the conservation of energy we get the result 
ANi (1=%) Ma 


Di et DS) eset (the energies of recoil nucleons) =E, 
tI al 


where E is the energy of the incident nucleon. We can now neglect the energies of recoil 
nucleons for the large inelasticity, and then 
Séeg= +k) /2-E. 
The denominator in (A-3) is now equated as 
tf 

B= ty+ Mate +m. (A-7) 
Similarly the numerator is given by 

>) pcos Og= (1+#) /2°P (A-8) 

ec 


where P is the momentum of the primary nucleon. Substituting (A-7) and (A:8) 
into (A-3), we obtain as the final result 


BE=P(E+2/(1+#)-M). 
Here the required Lorentz factor is obtained from the above as 
1S Be (A-9) 
with 
D= (1+) /2=1/2: (1+1/2k- (214+ 1) / (214 2)). (A-9’) 
Repeating the same calculations we can easily derive the more general relation of the 


center of mass system of any subsequent collision, such as used in § 2. 
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Note added in proof. Recently another model of the jet cascade has been proposed by G. Cocconi, 
Phys. Rev. 93 (1954), 1107, where all the successive collisions are coherent, that is, a composite collision 
model is adopted. On the contrary, it is tacitly assumed in our model that the subsequent collisions are 
independent, namely the decay of the excited meson field is very fast. 

The choice of either model depends on the mechanism of excitation of the meson field. If the decay 
time of the excited meson field is longer than the time between two successive collisions, the composite collision 
model is the more adequate than the individual, and vice versa. We cannot enter into the more detailed 
discussion, because we know little of the mechanism of excitation and decay of the meson field at high 
energies. 
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The fourth order nuclear forces were derived by Sato on the basis of the pseudoscalar meson 
theory. The spin-orbit coupling contained in his result is examined in the approximate way. The 
doublet interval *D)j2—°D5/2 of the O nucleus due to this spin-orbit coupling is calculated taking 
into account all spin-orbit couplings between seventeen nucleons according to the method of Talmi. 
The result contains a divergent integral. If we make it converge by a suitable device we have the 
interval value of nea:ly 5 MeV. (the observed value is 5.08 MeV). The theoretical result on the 
same assumption is too large compared with experiment in case of ‘He and 5Li. 


Introduction 


As is well known, the shell model has succeeded in explaining the nuclear structure 
by assuming the spin-orbit coupling between nucleons. The polarization of proton beams 
scattered by nuclei is also considered as being caused by the same coupling. The true 
theoretical origin of such a coupling has not yet been disclosed. One has considered a 
semi-relativistic correction due to the central nuclear forces which maintain nuclei in the 
bound state. The strength of the induced spin-orbit coupling was too weak. 

Sato” and Klein” have shown that the fourth order nuclear forces in the pseudoscalar 
meson theory with the pseudoscalar coupling contain a purely central repulsion. We may 
expect that this central repulsion induces a spin-orbit coupling of a sufficient strength and 
a correct sign, because the induced spin-orbit coupling is proportional to the derivative of 
the central potential. Klein has further shown that the forces contain a spin-orbit coupling 
though his term had a wrong sign. Sato has also derived the general expressions for 
nabla-dependent terms. 

The purpose of the present note is to examine whether the spin-orbit coupling contained 
in Sato’s result accords with experiment or not. The effect of the purely central and spin- 
orbit couplings on the doublet intervals of nuclear energy levels will be estimated in an 
approximate way. We shall find that the decisive conclusion can not be obtained because 
the result contains the divergent integral due to a too strong singularity of the coupling. 
This strong singularity may be considered as being due to the approximate way of deriving 


* On leave from Kyoto University, Faculty of Engineering. 
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forces. If the integral is thus made to converge by smoothing away the singularity, we 
find that the theoretical result is in agreement with experiment in its sign and magnitude 
scase of the.’ Oynucleus. elf we apply the same assumption to the cases of "He and 
STi we can not obtain the agreement. It may be possible that the discrepancy is due to 
employing the inadequate wave functions. In order to cbtain a definite conclusion a more 
precise calculation is necessary. 


§1. The fourth order nuclear forces in the 


pseudoscalar meson theory 


We consider the two-nucleon interaction which is derived by the symmetrical pseudo- 
scalar meson theory. The second order terms are well known. The general expressions for 
the fourth order terms were derived by Sato”. 

In order to know their qualitative behavior we expand his result in powers of “/M. 


If we reserve the lowest degree terms we have following six kinds of terms : 
V=VeAVot Vest Vet VaotVe (1-1) 


where js and M are the meson and nucleon masses respectively. 
Let gn and gp. be respectively the constants of pseudovector and pseudoscalar couplings. 


We shall uce an abbreviation, for the sake of simplicity, as follows : 


| Spr/ (he) for (py), 
(gysf4/2M)°/ (he) for (ps). 


The abbrevictions (py) and (ps) are used throughout the present paper to denote the 
cases of pscudovector and pseudoscalar couplings respectively. We have then the same 


results for the first three terms for both couplings : 
V= —7,T, (46/2) ucg'F, (x), 
Vi=06,0, (24/7) peg'Fo (x), 
Vg = —Syq (30/7) pee'g'F,, (x) 5 
F, (x) = (1+ 12x2/23) K, (2x) /x'+ (1+42°/23) Ky (2x) /x*, (1-2) 
F, (x) = (1+ 2x°/3) K, (2x) /x!+ Ky (2x) /2° 
F,, (x) = (1+4x°/15) K, (2x) /x!+ (4/5) K, (2x) /**, 
xe? CSUR; S\.= 3 (6,x) (0,x) /—6,05, 


where r is the distance between two nucleons, x is the relative position vector between them 
corresponding to x, K,, (x) is the modified Bessel function, and other notations are as usual. 


The remaining three terms of (1-1) are different for pseudovector and pseudoscalar 
couplings. They are given by 
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(p”) V.=0, 

(ps) Ve= (2M/p)?(V!—V") , 

(pr) Van=(1/x) (dV'/dx) (6,4+6,) Lio, 

(ps) Vg= (1/x) (V""/dx) (6, +6.) Li , 

(py) = Va=—2V'A— (2/x) (dV'/dx) x0 , 

(ps) Vg=—2V"'d— (2/x) (V"' /dx) xP , (1-3) 
Vl = 3pe'g' (u/M) (1+%)°x4e™ , 

V"'= (6/7) pog'x °K, (2x), 

L,.= —i[xl], 


where V is the nabla with respect to x. 

Among these six kinds of terms V, is purely central and V,, represents the spin-orbit 
coupling. For V, in case of (ps) we reserve the V’ term which is of higher degree in 
#/M than V”" because only this term will finally survive in the total spin-orbit coupling 
in this approximation. The nabla dependent terms are also calculated taking into account 
the terms up to the first degree in 44/M for the same reason. A difference between the 
cases of pseudovector and pseudoscalar couplings is that the purely central term vanishes in 
the former case whereas it represents a repulsion in the latter case. V, is also central and 
it gives an additional small contribution. If we reserve the higher degree terms other 
t-dependent terms revive and the above mentioned terms are corrected. This point will be 


discussed in the next section. 


§ 2. Spin-orbit coupling in semi-relativistic approximation 


The semi-relativistic approximation of the interactions, which are the same kind as 
those given by (1-2), (1-3), and the second order terms, was already discussed in detail”. 
We see that the spin-orbit coupling is induced from V, and V, only, and that other terms 
have no contribution to the spin-orbit coupling. The induced coupling is quadratically 
higher in powers of s¢/M than the original one. Comparing (1-2) and (1-3) we see 
that V, is of higher degree in 4/M than V,. Therefore, so far as the lowest degree terms 
are concerned, we have only to consider the effect of V, in case of the pseudoscalar coupling, 
and we have no need of considering the induced terms in case of the pseudovector coupling. 


The induced spin-orbit coupling is given by 
Vig= (u/2M)? (1/x) (dV,/dx) (9, +9,) Lys. (2-1) 


The total spin-orbit coupling amounts to V7" =V,,+V;, in this case. Comparing (1-3) 
and (2-1) we see that V,, is completely cancelled by a part of the induced spin-orbit 
coupling in case of the pseudoscalar coupling, and that the total spin-orbit couplings are 
the same, in the lowest degree of 4/M, for both the cases of pseudovector and pseudoscalar 
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couplings. Thus, in case of pseudoscalar coupling, we have only the induced spin-orbit 


coupling and no induced one in the other case. 
For the sake of convenience, we write the total spin-orbit coupling between two nucleons 


in the following form : 
on =—¢ (x) (S, +S.) L,, ) 
E (x) =24p0°g' (u/M) G(x), (2-2) 


where S, and S, denote the spin operator. When we consider a many-nucleon system we 


can generalize the result for two-nucleon system to this case as follows : 
V.= ae E (xz5) (S,+S,) L,;, (2 3) 
J 


where S, is a spin operator of the kth nucleon and [,,; is a relative orbital angular 
momentum of the &th nucleon with respect to the j-th nucleon. 

When we reserve the lowest degree terms in #4/M we have G(x) = (1+2x+3x°/2 
+x°/2)e*/x®. It is not correct, however, to reserve the lowest degree terms only, as was 
stressed by Sato. In order to obtain the more exact expression we have to adopt Sato’s 


original result. We have then 
G(x) =— (1/x) dF (x) /dx, 
(pr) F(x) =[ (3/x) K; (2x) —2G, (x) — 4G, (x) ]M/ (477), (2-4) 
(ps) F(x) =|W (x) +8G, (x) —8G, (x) |M/ (472) 


where 


G(x) = (M/t) al (1 fin 1) Ky (200) dufe 


G, (x) = (M/p) {a /u—1)*K, (2xt) du/t, ea) 


it 
W (x) = (M/p) th (1—u")*/u'+ (2/W) (1—w)?/ (1+)? +2 (4/M)*t’/u'|du/x , 
t= (M/p2) [ (1/u— 1)?+ ps/ (Mu) hic x 
In this case the c-dependent spin-orbit coupling revives. We examine its contribution to 
our final result by numerically computing its radial dependence from Sato’s tables 1 and 
2. We see that the contribution is small compared with that from the c-independent 


coupling. We neglect it because our purpose is to estimate an approximate value of the 
doublet interval. 


§ 3. Doublet interval of nuclear level 


Next we consider the energy levels of the “O nucleus. It is known that the ground 
states of this nucleus is °Dsjo. We shall calculate the doublet interval for this °D-state. 


We consider the configuration’ of the "O ground state as s'p'd according to the shell model. 


Spin-Orbit Coupling in the Pseudoscalar Meson Theory of Nuclear Forces 1, 


The spin-orbit coupling between seventeen nucleons is given by (2:3). Since €(x) is a 
positive function, the coupling (2-3) gives the inverted doublet on account of its minus 
sign. This is qualitatively in agreement with well-known observed facts on nuclear levels. 

The doublet interval can be evaluated according to Talmi’ by assuming oscillator wave 
functions for one-nucleon states. The interval is first written in terms of direct and exchange 
integrals of the spin-orbit coupling between two nucleons according to the Slater method of 
diagonal sums.* We next expand the product of one-nucleon functions into a linear com- 
bination of products in which each factor depends on relative or centre-of-mass coordinates. 
In this way all direct and exchange integrals are written in terms of one-nucleon integrals. ** 
The doublet interval is thus reduced to 


°Dsp,—°Ds2= {75(F), +105(E) 4} /8 (3-1) 


where 
(E).= | “[rRuTe Gat (3-2) 
0 


is the one-nucleon integral and R,, denotes the one-nucleon radial function of the principal 
quantum number n and of the azimuthal quantum number /. For n=O the radial func- 
tion is given by 

2!+2 (e/A)? 
V7 1+3-5++-(2i+1) 


Ru=Niy exp(—y'/2), NP= (3-3) 
where y=«r/A. We adjust the parameter, 2, so that the expectation value of 7° gives the 
square of the nuclear radius, R°: #=2(«R)*/(2!+3). 

Since G(x) is too singular at x=0, the integral (¢), is divergent. Therefore we 
have to introduce some device to make it converge. If we assume that the integral is 
convergent and that G(x) =6(x)e~~*/x' we can apply the mean value theorem to the integral 


and can replace b(x) with its mean value b. In this way we have 
(G),= (46/37) [1— D(A) J exp #, (3-4) 


where @(/) is an error function, and (G), is defined by (3-2) if we replace $(x) with 
G(x). 

We can obtain the theoretical value of the interval from (2:2), (3:1), (3:2), and 
(3-4). If we adopt = 286m, ga 0.1,and R= 1.5 XA x 105" cms we have tDyga-' Die 
=1,779b MeV, where m is the electron mass and A is the mass number of the nucleus. 


In this calculation (¢). is neglected because its contribution is so small as (¢),/(¢),=0.006. 


In order to obtain the value of 6 we numerically compute the function F(x) from Sato’s 
tables 1 and 2 according to the equation (2:4). The result shows that F(x) behaves 


* If, for example, (2+) denotes the diagonal elements of (2-3) with respect to the determinantal 
function corresponding to s!p!’d where the d-state is specified by m;=2 and m,;=+1/2, the interval is given 
by 2D3j2—2Ds5/2= (27) + (1*) —2(2*). 

+ Each diagonal element is reduced to (2-)=— (2+) =—2(1*) = {15¢€),+21¢8)3}/4. 


is G. Araki 


approximately as xahenet where SS ni 4 for x < OS and" 2 Sn SS for’ 0.7 <x The 
equation (2-4) may be correct for the latter region only but not for the fortner because 
of neglecting higher order forces and of the approximate nature of Sato’s calculation. If 
we extend the behavior of F(x) for 0.7< x to the inner region the integral (¢), becomes 
convergent. For the sake of convenience in the numerical computation we assume that 
F(x) =b'xe-** (instead of 2<n< 3). We thus smooth away the too strong singularity 
by adjusting 6’ so that the assumed function coinsides, at x=0.8, with F(x) given by 
(2-4). In this way we have the values of 6’ and b as is shown in Table 1. The 


calculated values of the doublet intervals are compared with the observed value®’ in the same 


table. wae 
It should be understood that the Table 1 Doublet interval o 
present calculation shows the rough estim- le. °Dyo—"Dsyo in MeV 
ate of the meson-theoretical result. The | o | | ——<—$—<—_——— 
, ; : calc. | obs. 
present theory contains various approxima- te 
l 
tion and ambiguities due to divergent (py) | 0.78 27, 4.8 
: 4 4 3 5.08 
integrals. As Klein pointed out the higher (ps) | 0.90 31. | 5.5 


order forces may give some contribution. : a 
The oscillator function may not be of good approximation, and to assume the same value 
of A for all one-nucleon functions may also be incorrect. Particularly the oscillator function 


may be inadequate for lighter nuclei. In fact, if we calculate doublet intervals for ‘He 


and "Li in the same way we have *P,j.—"Ps.=5.96 MeV which is too large compared with 
experiment” : 2.6 MeV (He) and 2.5 MeV (‘Li). One of the reasons for the discrepancy 


may be the inadequacy of the wave function. The configuration interaction may also 
reduce the calculated value. 


In conclusion, the author wishes t> express his deepest thanks to Dr. Proca for his 
hearty hospitality and to Centre National de la Recherche Scientifique, Ministére de V’Educa- 
tion National, Republique Francaise for the financial aid. 


N ote added in proof. Dresner concluded that according to the pseudoscalar theory, the theoretical interval 
Is estimated to amount to 1MeV which is too small. Phys. Rev. 91 (1953), 201. We can not examine 


the reason for the discrepancy because of the too shortness of his report. His article has been escaping the 
author’s notice owing to travelling. 
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With the aim to investigate the possibility of reducing the complicated interactions between various 
sorts of elementary particles to some kind of interactions which have certain primary and universal 
character, analysis is made on the weak interactions between Bosons and Fermions which appear in 
the recent high energy experiments. It is suggested that there might exist one type of interaction 
which seems to have desired property. That is, when we set up weak interaction of the type 
Warsi pls. Pe or Warp rye between any pair of spinor fields ¢,, %, (spin 1/2) and any Boson 
field ¢, (spin 0), neatly unique value of the couplirg constant y seems to be consistent with so many 
remarkable reactions (§ 2, § 3). Assuming the universal character of this interaction discussions are 
made on the consistency of the coexistence of this interaction with other similar ones such as universal 
Fermi interaction etc. (§ 4) and on the possible reasons for the necessity of its introduction (§ 5). 
In this connection we also briefly examine the problem whether the newly found spinor fields (A- 
particle and possibly «c-meson) may be included in the universal Fermi interaction scheme consistently 
(§ 3, §4 and Appendix IV). As an example of the selection principles which forbid unwanted 
processes, we take the conservation law of the Fermion numbers to test its workability (Appendix I). 


§ 1. Introduction and summary 


A sizable number of unstable particles have been reported by cosmic-ray experiments 
and now most of them are actually created artificially by high energy accelerators. Though 
identification of individual particle may not always be satisfactory, it is indeed true that 
we ate face to face with the increasing number of unstable particles and, consequently, of 
intricate couplings among them. 

Many standpoints will be considered under these situations. One way of attacking 
these circumstances seems to introduce the concept of families of elementary particles 
imagining the existence of some sorts of regularities among the mass spectra and the 
constitutions of the elementary particles and to explain the individual coupling as a result 
of certain kinds of universal interactions between these families’) Of course, the concept 
“family” here introduced is in a phenomenological stage and its substantial meaning must 
be elucidated in future.2 In connection with these ideas, one may choose a viewpoint to 


* A preliminary account of the present paper was given by S. Ogawa, H. Okonogi and S. Oneda in 
Prog. Theor. Phys. 11 (1954), 330. 
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search phenomenologically for the interactions which have certain universality and similarity. 
For example, the interactions between charged particles and electromagnetic field have definite 


universal character. Namely, they always appear in the form 
eA, jp (I) 


with a fixed coupling constant e(e/47 ~ 1/137). Particles which have the interaction 
(1) are regarded to belong to the category “ charged particles.” Though less definite than 
this interaction, there are other interactions which are believed to have a certain degree of 
universality. One is weak Fermi interaction and the other strong Boson-Fermion interaction. 

As is well-known, universal weak Fermi interaction assumes the common form of the 
couplings 

DACA ($0462) (II) 

among the whole spin 1/2 fields and requires some selection rules (such as the conservation 
of heavy charge’) etc.) for the processes which are not realized in nature.” As (II) can 
explain f-decay, -decay and y--capture by nuclei simultaneously, it seems quite natural to 
expect a fairly valid universality for (II). 


*) it was suggested 


In connection with the pair production of Hyperon and K-mesons, 
to be not so unreasonable to anticipate the existence of the universal strong Boson-Fermion 


interaction** of the form 
GY,,0 54K 2c ? (IIT) 


where K, is the operator which has suitable transformation property to make the interac- 
tion (III) invariant. Though its universality cannot be asserted so much in the present 
state of our knowledge, the existence of (III) seems not to contradict the recent experiments 
seriously and to be very attractive from the above mentioned point of view. 

In this paper an attempt is made to pursue whether there might exist other sorts of 
universal interactions in addition to the possible ones (I), (II) and (III). In §2 we 
first investigate the experimental results of the decay processes comprising 7-meson (7-decay 
and A-decay), paying attention, in particular, to the striking facts that <-meson decays into 
f-meson and neutrino (or ““") instead of into electron and neutrino. It is shown that 
these 7-decay and A-decay may be explicable consistently by nearly unique value of the 


constant 7, if we take the following particular types of interactions : 
IP ais’ $09 pPe (IVa) 
or Wah ure > (IVb) 


* We follow the nomenclature adopted in the Bagnéres Conference 1953 as regards the notation of 
the new particles and their events. Most of the experimental results used in this paper are based on those 
reported in Rochester Conference 1954 and Bagnéres Conference 1953. 

** If we denote K-meson which will accompany A preduction by 0, the longevity of A and @ is not 
disturbed by the introduction of the strong interactions NAQ and AAx responsible for their rather copious 
production. (N denotes nucleon and — anti-partiscles). Together with famcus nucleon-z-meson interaction these 
may by regarded to form the interaction class (III) with the large coupling constant G. (See reference (2a)). 
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where ¢/,, ¢, are the wave functions of spin 1/2 fields, and ¢, that of z-meson. 

We check the validity of (IV) about various reactions allowing (IVa) and (IVb) 
to work also over all spin 1/2 and spin O particles. Almost all known processes seem to 
show no serious contradictions and, in particular, one type of charged K-decay, K, > 
e+», recently proposed, is predicted by our universal interaction. Further, a possible compet- 
ing process by (IV) K, — e+» turns out to be an event about 10~° times less rare ($3). 
Hereafter we call the weak Boson-Fermion interaction of the form GLY.) as WBF fe 
In § 4 we inquire into the consistency of the coexistence of the possible universal interactions 
Me Ll), LCL) and (IV): By the way, it is also remarked that present experimental 
situation seems not to deny the inclusion of newly found spinor fields (Hyperon and possibly 
«-meson) into the universal Fermi interaction scheme. 

Finally the problem to what extent our W. B-F I. may be able to assert its necessary 
reasons for its independent existence is studied by simple examples in §5. As regards the 
selection principles which forbid unwanted processes, we only attempt to check the predic- 
tion of the conservation law of fermion numbers" as it seems to have interesting physical 


notions from the family theory viewpoint. 


§ 2. Weak interactions between z-meson and Fermions 


From the experimentally well established interactions which comprise 7-meson, 7+ —> 
pt+y and A°—p+77, we can see the clue to our W. B-F I. 
(A)  Pion-lepton interaction 

The fact that z-meson decays into #-meson and neutrino (or y“’) indicates the existence 
of the ultimate interaction of the type 99,0 PK, On even if it is intermediated by other 
interactions. If we adopt the standpoint of the universal interaction, we must expect that 
the above type of interaction will also work on all other particles* which are able to form 
such interaction unless there are some selection rules. As /-meson has very similar property 
to electron except its mass difference, it is quite natural that 7 —> e+» will also be caused 
by universal interaction if it does exist. Indeed the existence of f-decay and nucleon-7- 
meson coupling inevitably means that 7 —> e+ interaction cannot be absolutely forbidden. 
Experimentally, strikingly enough, the ratio R of the possible z-decay life-time is known 
to be R=z (x*-—ps* +) /t (z#- e+ +¥) < 1/1400.” On the contrary, the available volume 
of the phase space favours 7—>e about 5.5 times more than 7—> yt process. From the 
phenomenological viewpoint, however, there remain two possible types of couplings” com- 


patible with experiments even in our current interactions (PV or V coupling). 


IP ow or Toten +e.c. 


(4 (or e) and v have the same parity.) (1a) 
or IP cw or 01 pPvOp Pn + CC. 
(4 (or e) and v have the different parity.) (1b) 


* For instance, we may take a viewpoint that z—>+y decay gives a glimpse of the weak universal 


interaction between z-meson family and electron family.” 
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Both (1a) and (1b) give the same value for the life-time < of 7 —> ps and 7—>edecay ; 


1/7a@> pL) = (9° /47) m, (1/2) m,, {1— (m,/m,.) ries 


wes (2) 
1/c(m > ©) = (9°/4%) mi (1/2) ma {1— (m_/ma)}" 


here m, is the mass of particle a. Taking the values m,=273m., m,=207m, and 
c(t —> p) =2.5X107* sec.” we get 


(97/42) mk=33:6 610-* : (3) 


These interactions give the ratio R~ 1.310~* which is completely in accord with the 
experimental observations thus fats 

For other possible couplings “7,” and “1”, R is nearly determined by the ratio of 
the available phase space volume (R ~ 5.5) and is completely in the opposite direction to 
experiments. 
(B)  Pion-heavy particle interatction 

In (A) we are able to single out the interaction (1a) and (1b) to accout for the 
striking phenomena accompanying 7-decay. The rather long life-time of A’—+>p-+7~ suggests 
that this interaction is weak. If we assume the spin of /I’ to be 1/2, we are naturally 


tempted to investigate the results of the following interactions : 


g p AT st pPpO pPa + CnC (4a) 
(A, Prvrcre reece eeesen eee cas same parity) ‘ 

IP uP pu Pox + 6.¢. (4b) 
tls pie aera: different parity) . 


For (4a) 


1/t= (9° /47) (M,+M,)°My (1/4) { act Me) | Ma ey me 


For (4b) 


1/7= (g"/4R) (Ma M,) "My (1/4) { 04M) — a Yn Mi) — | 
Mi Mi 
Taking recent values (” — p+7~+Q (Q ~ 35 Mev.) and t~3X107™ sec. we get for 
(4a) (9°/4%)mZ=2.4X107™ for (4b) (9°/47)m2=8.7X10-". These values seem to 


: : as : ; 
be rather consistent with y given by (3)."** Thus we may here infer the existence of 


* These interaction types (1a) and (1b) with the coupling constant g given by (3), also cause 
m—pwt+eF, and x°-et+e- (or y+y) which will have comparable life-time with z+>y++y and zm+—et+y 
respectively, These processes, however, are overwhelemed by the extremely rapid decay schemes er pes ey 6 
or x°->y+e*-+e~ which are at present imagined to occur by way of (I) and (III). 

** Even if we give up the correct explanation of the striking ratio R of z-decay, “7,” (PS) type 


interaction can hardly explain both x*->p++y and A°-p+zx- with the same g. For “1” (S) situation is 
not so bad. 
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weak universal interaction between 7-meson and Fermion family (including both electron 
and nucleon family’). 


§ 3. Universal Boson-Fermion interaction 


In this section, let us try to ask whether the limited regularity obtained in §2 may 
have more universal character, that is, whether the interaction types and coupling constants 


anticipated in §2 may cover without serious contradictions further couplings among more 
members of spin 0 and 1/2 particles.* 


If we adopt derivative couplings as the general form of our weak Boson-Fermion 


interaction (W. B-F I.), they will be confined to the following types according to the 
parity of each particle ; 


IPal sp Pru Po + ¢.€- (IVa) 
or IPal uruLe+ cc. 5 (IVb) 


where ¢/, and ¢, denote any spin 1/2 Fermions and ¢, any spin 0 Boson. The decay 


life-times z of the transition processes caused by (IV), a—>6+c and c—>a+b, are 
calculated to be 


1/s (a—> bbe) = (G1/42) (tat)? (tg/4) | at me) me) (tar) — me) 


D} 


(5a) 
ee 3/2 nee e an 1/2 
1/t (a> b-+6) = (F/42) (Img, (mg /4) | MEM ‘ | a, ty) ' 


3 ( ma 
(5b) 
dre a4 b) = (9° /47) (mg +m)? (m./2) ee es my) + (6a) 
y (Box? (ntg-+m,) “m+ (m2—m;) i (6b) 
m 


where (5a), (6a) and (5b), (6b) correspond to the interactions (IVa) and (IVb) 
respectively. For applying these formulas to the experimental decay processes recently 
observed, the assignment of the individual particle is, first of all, necessary. 

As regards Hyperons, besides established (A° — p+77 +35 Mev.) charged Hyperons 
are also believed to exist, though less frequent than A’. (Their tentative Q-values are 
At — n+7*+135 Mev. and At -> p*+7°+135 Mev.) Cascade decay of the type 
Y- > A°4+27+ (65 412) Mer. is also sometimes reported. 


* If we call, for the time being, the group of spin 0 Bosons as z-meson family, this will correspond 
to the attempt to search for the weak universal interactions between x-meson family and Fermion family. 


(See Reference (1), § 4.) 
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The present situations about K-mesons are much more involved. In addition to the 
famous t-meson (7 > 7+7+47+74 Mey.) various sorts of S-events and V-events suggest 
many decay schemes of the parent particles whose masses seem to lie in the range 900- 
1200 m,. Some of them may be ascribed to the alternative decay modes of the same particle. 
In order to investigate the qualitative predictions deduced from W. B-F I., we should like 
to collect together Bosons and Fermions found in this mass range into a general name @ 
and « and insert some comments, if necessary, in every individual case. Further, we assume 
that these Bosons and Fermions have spin 0 and spin 1/2. Of course, we cannot give 
any assurance that this assignment is true.* Rather we take it as a working hypothesis 
and aim to examine the universality of our W. B-F I. 

(A) Decay scheme 

First, we mention all possible decay schemes of known particles caused by W. B-F I. 
except those already stated in § 2. 

(i) Charged Hyperon 


At >n4+7"*, pt+z, 

A-—+>n+7-, (7) 

(cascade decay, Y- > A°+7° etc., in addition etc, Y- 4 n+7-), 
(ii) 0°-meson 

P.—> (Ls - Po ee, eee erie): (8) 
Case (1) @°:++scalar 


If 0° > a*++2-+ (214+5) Mev. is true, it must be scalar meson as far as we restrict 
its spin value to zero. Then the decay schemes 0° > w*+yp°, e+e and v+ (vr) become 
* first forbidden” by interaction (IVb). For the only process, that remains, #° —> ++ e*, the 
coupling constant (3) gives the life-time 1.3% 107° sec. and seems to be about ten times 
less frequent than 0° — z* +27 which is believed to have = (4° > z* +77) ~ 1.5107" sec. 
Though this possibility may not be completely excluded by the present experiments, it 
might be better to expect some selection rules, as there seem to exist so far no positive 
evidences for it. (For example, the assumption of the conservation law of Fermion mumbers® 
forbids it at once, see Appendix I). 

Case (2)  6"++- pseudoscalar 

We shall briefly discuss this case, because it might correspond to the neutral counter- 
part of c-meson, if it should exist. As regards the decay modes 6° —> »*-+e* situations 
are not at variance with the case (1). In this case, however, it is remarkable that @° —> 
ft’ + occurs with appreciable frequency 7(@° > ut+yu-) ~ 4.2X107-" sec. which seems 


not to be absolutely forbidden. 6° — e+ +> and y+v(v¥) are about 107° times less frequent 
and will not be observed. : 


* Spin 0 for possible Boson family m - iti 
Pernt y means that ;-transitions between them, minty, are absolutely 
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(iii) t-meson and other charged Bose K-meson (0) 
t* > ptty, e~+y, (9a) 
0* — p*+y, efty, (9b) 


From its decay mode, z-meson must be pseudoscalar* if we assume its spin is zero. The results 
of W. B-F I. about the reaction (9) are irrespective of the parity of ct and 6. Two 
remarkable consequences are derived for their mass values 900-1000m,. First the decay 
life-times of > +» and 6-—> p+» turn out to be of the order 107° sec. which just 
compete with the observed decay life-time of ts > 37 (~ 107° sec.). 

Recently Paris group’ reported the possible existence of the decay scheme K, —> p¢-+v 
with the life-time of the order 107° sec. among the S events and V events in both cloud 
chamber and emulsions.** It is tentative to identify @ with this K,. Interesting fact is 
that W. B-F I. predicts the alternative decay mode of z-meson as stated above, if it should 
really belong to the Boson family which is under consideration in this paper. In this 
point, clear experimental decision whether -=K,=(@) seems important for reducing the 
number of charged K-meson. Secondly, it will also be worthy of notice that t* —> e*+» 
and @* — e+ are about 107° times less frequent than the observable <*> p++» and 
0* — p*+» as is the case with 7-decay in § 2. This may be favourable because there 
seems to be no positive evidences that electron appears in the daughter particles of K,. 
If future experiments confirm this frequency of possible K,-decay they will serve to raise 
the position of W. B-F I. as the possible universal interaction. Of course, there remains 
the possibility that 0(7)—> e+ occurs with more frequency through other routes. 


(iv) K-meson with spin 1/2 («) 
K+ —> mt+y, m+ pt, (z°+ e*) (10a) 
and possibly 
MF ae AG® Jack Yeobanel (C2) He sere COLT) 3) (10b) 
(if these are energetically allowed). 


Charged K-meson might not be completely attributed to c-meson and Ky, discussed in (iti) 
because slow j/-meson secondaries of charged K-meson are also observed. -meson is reported 
to have the three body decay x > p+??+?? with mass about 1000m,. (Its life-time seems 
to be shorter than rt and K,). Following our plan, we study the consequences due to the 
possible existence of heavy spin 1/2 Fermions with assumed mass 1200m, and decay scheme 


* If (9 ->n++277 is true, @° will be hard to be the neutral counter part of ¢ as far as we assign spin 
0 for them. (See (ii), case (2) of this section). They may be regarded as the same particle mated they 
are vector meson, though there still remains the problem why different decay modes are realized according me 
their charge states. When we further assume r=0=K,, K,-e+v will be as frequent?) as K,—>+y in 


contrast to the case (iii). ae ' 
we ; . 
** Recently large positive excess in S-events®) and the remarkable lack of negative heavy meson captui 


are reported. Attempts!!) were made on these problems assuming the charge independence of the strong Eoson- 


Fermion interaction (III). 
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e—>pty+tv*. Then W. B-F I. leads to many processes listed in (10). For instance, 
«* + x*+v might be observed as y-event (7* > =*+7"). Actually as shown in Table I, 
the life-times of these events are of the order 107'’sec. and will compete with observed 
«—>p+y+ty. If neutral counterpart of « exists, analogous reactions to (10) with the 


same life-times are 
Ko > 7+», Sa ah be (n* + eF) (10’a) 
Ke —> 0 (2°) +Y, c= (O*) uF, (7* (6*) +eF) . (10’b) 


In these, «° > z+ pF and «° > 7*(G*) +7 might be seen as O°-decay.** As regards 
the prohibition of « — e decay, see Appendix I. 
(B) Numerical Results 

Here we list the decay life-times of the various processes mentioned in (A), adjusting 
the universal coupling constant of W. B-F I. to give correct 7*— w*+y decay. From 


Table I. (9°/4z)mzx°=3.6X10- 


Decay scheme Assumed mass Life time Interaction 
Ao —> piace mj0=2178(m,) 20 (10-}sec.) (IVa) 
(Q=35 Mev.) 73 (IVb) 
t—+>n+n* mat =2376 1.9 (IVa) 
— p+n° | (Q=135 Mev.) 1.5 (IVb) 
Y- > A427 nig = 2578 6.8 (IVa) 
(Q=65 Mev.) 35 (IVb) 
0+ (r+) > wtty mg=m,=970 13 (IVa), (IVb) 
(et K,* > wt+yv) mi, =910 14 (IVa), (IVb) 
B= — r= (n°) Fy (us) 
| m= 1200 0.76 (IVa), (IVb) 
no — m* (x9) + uF (y) 
fe pieced IV IVb 
4 =1200 5.1 ' 
n° —> 99 (7%) ty me (IVa), ( ) 
ee ay 29) Rat | m= 1200 8.0 (IVb) 
Ko — 0* (r+) + uF ” much longer for (IVa) 


SE 


* Tf parents of « which are produced in high energy collision and rapidly decay into « do not exist, 
there are some doubts whether we can treat « which has strong nuclear interaction on the same footing as 
electron and meson. The other decay modes k->p+7(x°) +v may be considered to make « Bose particle. 
(See reference (1), § 4). 


* Any examples of °-decay in which both decay products are confirmed seem not to be reported thus 
far. 
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this table it may be concluded that the value of the coupling constant of W. B- F [. in 
the range 


(g°/47) m;,= 10-*—10- (11) 
or g/ 4x=10-*——10-”" erg’* emi? 


will be consistent with the present experiments. 


§4. Connection with other processes and the consistency 


with other possible universal interactions 


W. B-F I. will not only cause direct processes mentioned in §2 and §3 but also 
intermediate many reactions. So it must be confirmed that W. B-F I. does not affect 
severely already established many phenomena. In this place, however, its phenomenological 
nature need be recalled. That is, some substantial mechanism might hide behind it and 
processes under consideration might also be caused through other route by this hidden 
mechanism. (c.f. next section) In this sense our following discussions have to be regarded 
as the examination of the necessary conditions only. 

(1) P-decay 

Combined with the strong Bonson-Fermion interaction (III) having the coupling 
constant G(G°/4z7~ 1), W. B-F I. leads to f-decay. The typical intermediation is 
(n, p) = I ¢e, v). The free decay of neutron by this scheme has the following life-time 


on oo 
“B93 


1/t,= (13.8/7) (m,/m,)° (m./M,)2(G2/42) X (1/t(@ > )), (12) 
G2GA.2M./n.) G, 


G, is the PS coupling of the usual pion-nucleon interaction and 7 (Zz — e) is given by (2). 
For Gj/4m~1 and g in (3), ts, 1.810" minutes which is extremely longer than the 
observed life-time. If 72-meson is replaced by heavy spin 0 meson (pseudoscalar or scalar) 
with mass K which interacts strongly with nucleon, the probability (12) should be multiplied 
by a factor ~(m,,/K)‘ for the PS type, and ~ (m,/K)‘(2M,,/m,)* for the S type. These 
factors are estimated to be of the order 107° and 10% respectively for K~900m,. Thus, 
even if such heavy spin 0 Bosons with mass = 900 m, exist, W. B-F I. working also among 
these particles is expected to have negligible effects on the ordinary {-decay which is well 
explained by Fermi interaction. 
(2) p-capture by nuclei 

Through (/4, ) lege (n, p), negative #-meson capture will occur. The capture life- 
time z, is calculated as follows” (see Appendix II) for y given by (3): 


1/t, = 0.85 (G°/47) (aZ)*Z-10°/sec. (13)* 


Though definite value of G cannot be expected at present, tentative value G’/47~1 provides 
the cz, which is ~ 1/100 of the experimental value. As regards the contribution from 


* The value given in Prog. Theor. Phys. 11 (1954), 330 is mistaken. 
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heavy mesons which may also be responsible for nuclear force, it is smaller than that from 
z-meson so far as they interact with nucleon in the same manner as %-meson. When they 
have scalar type strong interactions with nucleon, the probability (13) must be multiplied 
by a factor ~~ (2M,,/m,)°(m,./K)' which is <4 with K2900m,. So universal Fermi 


: : : eer 
interaction seems to be necessary for this reaction.” 


(3) A-decay CG ; 
This is also possible, for example, by the chain MP —> n+ 09> ntpt+e. For the 


strong interactions responsible for the production of A and @, we have 
(a) Gx Yao. G,=G,+ (M,+ My) /m, XG, 
and (b) GP Po. G,=G,+ (M,— My) /1m, X G, 


where G,(G,) is the PS(S) coupling constant. Coupled with W. B-F I. both (a) and 
(b) give (see Appendix III) 


(a) t4(Mont+ptte®, pty ty) = 3X107 "se. X 1X 10'X 1/(G)/42), 
(b) =, (A° > nt pt te®, pt yo ty) = 3X 107" sec. X 0.8 X 10° X 1/ (G:/4z). 


Longer life-times are obtained for the decay schemes, My nte te, nt+v4+y, pte +y. 
That is, 


(a) ta(A° > pte +y ete.) ~ 3X 107sec. X 0.6 X 10° X 1/ (Gi/4z), 
(b) t(° > pt+e-+y etc.) = 3X 10-Msec. X 3X 10°X 1/ (G3/47). 


In the above, t,(/? > n+p*+eF, p++) gives the shortest life-time which is, however, 
still about 800 times longer than that of observed 7(/° > p+77) for G,/4z7~1. So, 
at present, there may be no serious contradiction between experiments and the calculated 
results. If A? > p+p-+v is found with less frequency in future, it might be said that 
the coupling of type (a) would be desirable. Same results will be obtained for charged 
A-decay (A — n+ 4+» etc.). 
(4) «~-capture by nuclei’ 

Analogous to /“--capture negative «-meson will be absorbed 
by (x, ¥) L5H 
nuclei (Z—> co) in this model turns out to have at most a 
few percent probability (G°/4z ~ 1) compared with «~-decay. 
Predominance of decay over capture is also valid when the role 
of Z-meson is just replaced by other heavy Bosons. If these 
have strong interactions of scalar type with nucleon, capture 
probability is somewhat increased by a factor ~ (2M,,/m,)*. 


Thus, «~-capture forced by W. B-F I. seems not to be 
anappreciable event.* (% P) 


(n, Pp) 7 


(n, p). After calculation «~-capture by heavy 


Fig. 1 


On the contrary, negative r-meson capture will take 


place through the proc in Fi 
its probability will amount to 10 times that of 7~-decay,10) . processes ShOwe 1 27e- aene 
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(5) Can universal Fermi interaction include Hyperons and x-meson ? 

In this paper, we have so far assumed that both hyperon and «-meson are spin 1/2 
fields and studied many processes in which they may appear. Making a little digression, 
for a moment, from the main subject of the present arguments, it will be interesting and 
instructive from our standpoint to seek for the universality among complex interactions to 
ask whether universal Fermi interaction can maintain its validity when these particles are 
also listed in its category. As a preliminary step, we briefly touch the following re- 


actions. 


(a) <A-decay 
A > pty +y, in es een, 
pest; (n+ p*+eF) . 


Other processes not mentioned above such as A° >y+te*+e and 1° > pte +¥ etc. are 
forbidden by the conservation law of heavy particle’ and the energy-momentum conservation. 


(b) x-decay 
R—> PUY, Wane tess BPE +E, 
ety+y, (et+ete), (e+ pF + e). 
(c) «7-capture 
K +p n+, A+, Pe Ape eh) eee: 


Here we mainly concentrate on the process (a) and summarize the result briefly. 
(For details, see Appendix IV.) Assuming universal Fermi interactions which have the 
natural combinations of the four spinor wave functions such as 3}, f;(¢,0,¥),) (20,4), 
we examine the decay A° >n+v+¥ which has the largest available phase space volume. 
Famous combinations of /?-decay coupling S—T+P(f,=f,=f,=f) and f\=f;=0 lead to 
its decay life-time t ~ 1.8 107*sec. if we take the universal coupling constant f=1.4 X 
10-* erg cm®™ and A-mass myo=2178m,. As regards A%-decays, the most rapid process 
At > p+v+b has tr ~ 0.25 X107*sec. for my=2376m,. These results mean that three 
body decays of 1 due to universal Fermi interaction are about less than 1/50 frequent 
than A— N+7. (Experimental A*"-decay life-time is believed to be shorter than 1° — p 


+n- with t~3X107’sec.) So, at present, serious contradiction with experiments seems 


not to exist, though more accumulations of the precise data will be able to test these 
possibilities in future. (When unique two body decay of A is established, we may have 
to introduce some selection rules if we want to maintain the universality assumed in this 
sub-section). Concerning both «> w+v+y and «+p—n+y¥, simple discussions were 
already made.” That is, the lite-time of «— w+y+y is about 10~*sec. and capture 
life-time of «~ is also of comparable order. In «-processes, however, it is to be noted that 
other processes* of (b) and (c) will also be expected to occur with the probabilities which 


* Dr. Fujimoto kindly informed us that recently there appeared several evidences which might possibly 
indicate the B-decay of K-meson K(K-re+?°+?). 
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differ only by a factor from the above stated processes. If these are still not observed in 
future, it will be necessary to search for the selection rules imposed on the universal Fermi 
interactions. The capture of negative x-meson accompanied by A-production will also attract 


our attention.* 


$5. Possible reasons for the necessity of 


the introduction of W. B-F I. 


In this place, there seems to remain the problem whether our W. B-F I. is to be 
regarded as one of the primary universal interactions which forms an independent class, that 
is, which is on the same level with other possible universal interactions (I), (II) and (III). 
Indeed, though some ambiguity is inevitable, univesal Fermi interaction seems to be able to 
intermediate W. B-F I. when coupled with the strong Boson-Fermion interaction.** 


KK 


In this section, we investigate this problem taking as an example the transmutation 


processes of Z-meson into leptons. That is, strong B-F 
interactions containing 7-meson and weak Fermi coupling (, P) 
may be considered to couple to realize these processes and 

the main contributions**** will be expected from the C 
chains drawn in Fig. 2. Of course, in this case the 
surprising ratio R=7(z— ys) /7(z— e) must also be 
accounted for. Naming Fermi couplings by the covariants 
(iu or SOU) constructed from leptons, these reactions 


are forbidden for S, V and T couplings. (As regards (e, ») Gata 
, flv 


T coupling, it is due to the generalized Furry theorem. bd 
ig. 


When this selection rule is destroyed, for example, by 
the inclusion of electromagnetic interaction, it will favour 7 —> e+» more than z—> “+y). 
For PS, there are no selection rules and z—>e decay seems to be faster than 7—> pt. PV 
coupling effectively leads to the same coupling type as W. B-F I. apart from constant 
factors, and it is the only coupling form which gives the ratio of m-decay not inconsistent 


with experiments. (The lowest order calculations” give, in facts, R~ 5.5 for PS and 


* More precise analysis including A~ capture (A~+p—n-+n etc.) through universal Fermi interaction 
will be discussed elsewhere by one of us. (S. Ogawa) 
** As the primary character of the possible universal interactions following comments will be useful. 
For strong couplings, (III) may be most natural from our present knowledge. At first sight, there seems to 
remain also the alternative possibility that universal Fermi interaction may be led through the combination of 
strong B-F interaction and W. B-F I. However, as all particles participating in sre decay seem to have no 
strong interactions, universal Fermi interaction will be necessary to account for this process. The discussions 
(1) and (2) in §4 will again support this viewpoint. Thus the primary importance of (I), (II) and (IID) 
seems to be fairly well confirmative, though, of course, these are the phenomenological Be ai s and the 
existence of other universal interactions cannot be completely excluded. ‘4 
rt ia pial ae al via Aidete indie ptr and K,t+—+pt+y via K,*S nears tty etc. 
yperons may also contribute to these processes. 
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R= 1.3X107* for PV, because divergent integrals inherent in this model just cancel in the 
ratio R). From these considerations, as is the case with the famous combination S—T-+P 
or S—T consistent with (-decay, (i) if PV does not appear in Fermi interaction (or is 
much smaller than other interactions) or (ii) if PS requires its existence with appreciable 
magnitude compared with PV coupling (10°-f,. > fy), we cannot hope proper answers as 
regards R in question, even if apart from the problem of obtaining correct life-time of 
Z—>p+v decay. In case (ii) we may be compelled to imagine that -decay through 
the above chain has in fact small effects though serious divergence difficulties prevent us from 
proper evaluations at present. In these cases the necessity of the independent existence of 
W. B-F I. for the explanation of correct 7— ye event will be increased. The present 
analysis of /-decay, however, seems not to assert the absolute necessity of PS coupling 
though its existence does not make much trouble. (For instance, S—T combination.) It is 
known that PV, if it exists, must be small’: 


10:fry S fr or fs- (14) 


Thus, present experimental results seem also not to reject the following conditions : 


fres<fev — (fr or fs) /10. (15) 


In this case it will be seemingly true that the ratio R may be well explained even by the 
combination (II) and (III). There remains, however, a process which may criticize this 
interpretation. Namely, the existence of the couplings which satisfy the condition (14) 
will suggest the competition between two processes, observed 7—> +v decay and 7 — e(/) 
+v+y7, which will occur by the Feynman diagram shown in Fig. 3 and Fig. 4. (Fig. 4 
is the higher order (e°/47= 1/137) process than Fig. 3, but note 10.fpy S fr). In Fig. 4, 


p 


mS 
a ~ Photon 
Bisa Fig. 4 


G; pseudoscalar coupling constant 


z—>e+v+7 will predominate over 7—> ¢+v+7 by the available phase space volume. 
In Fig. 4 we may replace fp by fr Cfg is forbidden) and obtain numerical results of the 


same order of magnitude if fp=f;. To our regret, calculations contain the well-known 


Table II. 


cut off limit | M | 2M | 5M | 25M | M,; nucleon mass 


2.0 < 108 | x G2( fey /10-49)? sec. 


1/ce(x>p+y) | 0.0019 < 108 | 0.12 108 | 0.53 x 108 
x (frifrr)* 


0.16 X 10+ 


| eye Os | 0.38% 10-4 


r | 0.88 x 10-? 
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divergences, though logarithmic in this case. In Table II we list the life-time of 7 > w+ 
and the probability ratio » of the two processes p=Wetvty)/W(u+y) for the various 
cut off limits following the technique of Feynman.” 

The large value of p at cut off limit M in Table II is caused by the accidental 
cancellation due to the insufficiently small value of the cut off limit. For other limits we 
get the values of p in the range 10-°~10-* for fp=10.fp;. Experimentally, over 
10! x—> 1+» events are observed and only several examples of anomalous short tracks of 
secondary p-meson are found.” Moreover these tracks are known to be probably interpreted 
by the processes 7 —> +¥+7°" (not through nucleon loop) and we may infer o< 107%. 
Thus theoretical p-values above obtained seem to be inconsistent with experimental evidences. 
If these arguments are true, they will also suggest the standpoint which will also favour 
the introduction of W. B-F I. belonging to the independent criterion in addition to (I), 
(II) and (III).* Of course, we must admit some uncertainties accompanied by the treat- 
ment of divergent integrals and of the strong interactions on which our conclusions depend. 
In the present stage, however, they will at least give us some insight into the possible 
reasons for the existence of W. B-F I. Precise determination of the coupling types of the 


universal Fermi interaction is enlightening in this point. 


§ 6. Concluding remarks 


After the analysis of the various sorts of reactions involving many unstable particles, 
a certain regularity is suggested among the weak interactions between spin 0 Bosons and 
spin 1/2 Fermions. As no serious objections to this regularity seem to occur at present, 
we may imagine a fairly well universality about W. B-F I. here introduced. Indeed, this 
interaction seems to succeed in explaining a group of experimental features at the same time 
without having recourse to another complex mechanism. Though we can not answer why 
this regularity makes its appearance because of the phenomenological nature of our reasoning, 
we may naturally expect that it might reflect the profound structure of the interactions 
from which our W. B-F I. possibly stems. In this point of view, the coupling constant 
g used in our discussions of W. B-F [. would not be regarded as a mere constant and 
should be expected to vary its value to some extent** from one process to another. So 
the values of Table I may not have to be taken too seriously. 


* So far, we assume that universal Fermi interaction will appear with common coupling types accompanied 
by fixed values of the coupling constants. There seems to remain, however, another standpoint which permits 
the change of the coupling forms from one reaction to another and only requires the appearance of the 
coupling constants with the same order of magnitude. If §-decay interaction does not contain PS-coupling 
(such as S-T) and (n, p)—(p, v) has PY (or and PS-) coupling (fs~fr~fpr) we might have consistent results 
if t+ decay through this PY (or and PS)turns out to give experimental decay life-time. So it is interesting 
to know whether PS and PV exist in B-decay and p--capture respectively. 

** For instance, if the extension of the particles or of the interactions within the so-called universal length 
is introduced, some cut off processes will appear which may bring about the effects different from one reaction 


to another corresponding to the available energy. They may be of the order of a factor in the energy range 
here considered. 


On the Universality of the Weak Boson-Fermion Interaction 33 


Next, we must note the existence of the Boson-Boson transitions such as 7° — 27, 
7 — 3m and 0° —>2*+27- which are not treated in this paper. At present, these are 
imagined to occur by the intermediary of Fermion loops (probably, by the combinations of 
(I), (II), (II) and possibly (IV)), but serious divergence difficulty prevents us from 
definite conclusion. If these present interpretations are not right, we must expect other 
sorts of interactions belonging to different criterion. With respect to these points, we here 
insert one speculative, example connected with the processes in which three spin 0 Bosons 
Ya» %, and y, take part. In analogy to W. B-F I. we may construct the following current 
type interaction 


I (CaP uPo— PrOpPa) OuPe « (IVc) 


To obtain the non-vanishing interaction for the decay 6° > 2*+77, we put ¢d=c=7 and 
b=@. Then the decay life-time + is given by 


1/t (or =r ee ™) == (1/4) (9° /47) mmo (m,/m,.)°— 1] 
[1 — (m,./m,)*)[1— (m,,/m,)*}'?. 
If we take for trial the value (3) for gy, t becomes ~ 1.5 107"sec. which is strikingly 


in accord with the observed one. This result, even if it were accidental, seems to be 
interesting. Moreover, if ([Vc) exists with universality, 0* > z*-+-7° might also be expected 
to occur and will compete with 6* > p*+v. 

In this paper, we try to observe the result of the selection rules imposed by the 
assumption of the conservation law of Fermion numbers. Though it is still a vague assump- 
tion results may offer some data for the estimation of its effectiveness. And further 
complying with the vast experimental facts coming to us, we may push such a standpoint 
which tries, first of all, to look for the possible selection principles when apparent objection 


will occur in future against W. B-F I. 
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Appendix I. Results of selection rules imposed by the postulate 


of the conservation of Fermion numbers 


In order to forbid the unwanted processes such as #—>et+e+te and po +p—> pte 
in the universal Fermi interaction scheme, Konopinski and Mahmoud” propose the conservation 
law of Fermion numbers by assigning proton, neutron, electron and positive f-meson to particles. 
By these assumptions 0°(z’) — pt +e® and 2°— p*+e* which are forced to occur Bi 
W. B-F I. are forbidden at once. As regards x-mesons, though we have no clear choice 
motivated by experimental facts, if we take positive «-meson as particle, k>M+e, Ke 
tette, «> p+ptte® and x +p— pte” can not take place. If we assume those 
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Hyperons which have the same heavy charge’) as proton to be particles A > n+ pF +e, 
At > p+y*+te* etc. will also be forbidden. 


Appendix Il. Capture life-time of negative charged Fermions 


through W. B-F I. and strong B-F interaction 


Here we give the capture life-time of negative charged Fermion (mass m,) accompanied 
by the production of heavy particle (M,) and other Fermion (m,) through the intermediary 
of z-meson field. Though this reaction may depend 
fairly on the model of nuclei, we treat it as an ele- 
mentary process shown in Fig. 5 in this place. Take 
the a>proximations that both nucleon (mass M)) 
and Fermion in the initial state are at rest. The effects 


of the binding in the K-orbit of nucleon upon the 


incident particle are reduced to the normalization of its 
wave function. For the strong B-F interaction, we take 

H=G¢$ (M,) 73 (M) Gn t+ cc. (A-1) 
ot H=GJ(M)$(M) ¢.-+c0. (A-2) 
(A-2) includes the possibility that heavy particle in the final state may also be other than 
the ordinary nucleon. (A etc.) The life-time 7, in question is given by 

1/t.-= a GY? (Zep) ip (m/E)*| (EF M,)*—m,'] 
X (m, +m) L (E+ m,)*— M,”)/ (k+m;)*, 


where 


E= total energy=M,+m,, 
p=[(E+M,)*—m,2][ (E—M,)?—m_]/4E’, 
r= [M, (my'— m,°) +m, (My — M,’) \/E 


and the upper and the lower signs before M, correspond to the interaction (A-1) and (A-2) 
respectively. Similarly those before m, and m, reflect the possible cases (IVa) and (IVb). 
Z,y 1s the effective charge of nuclei and a@ is the fine structure constant. Note that 
these formulas are valid for the possible intermediation of spin 0 Bosons heavier than z- 
meson when m, is replaced by their masses. 


Appendix Il. Fermion-decay through W. B-F I. 


In this Appendix we shall present the decay life-time c of the Fermion with mass 
M, which decays into three Fermions with masses M,, m, and 0 (neutrino) respectively 
(M, > m), being virtually mediated by the spin 0 Boson with mass K, namely 


G 
Mot. M,+K 4 M,+m-+ 0 (neutrino) 
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where G is S(PS) type strong Boson Fermion interaction constant and Vids 17 BF AL 
constant. 


Taking the approximations 
(M,—M,,)?/K2 <1 (A-3) 
and (1/8M,M,) ((M,—M,)°—m"] <1 (A-4) 
we give 
1/e= (1/2) (G°/4z) (°/42) (m?/K') a2") (2M) 1? 
X[ (2/7) A+ (2/5) B— (2/3) C—D {2— (8/7) log (8 +7) /(8—1)}] 
where 


a= (1/2M,)[(M,— M,)°—m’] 


P=M,— M, 
P= (M,— M,)?— 2? 
A=a/77 


B= (M,£M,+4-B%) /7’ 
C= {a— BP} /7° 
D= (M, + M,—C®§”) ihe 
and the upper and the lower signs before M, correspond to the interaction types (A-2) 
and (A-1) respectively. 
Now, the approximations (A-3) and (A-4) are quite good for the /3-decay of the 
neutron, but in the ’-decay through 0°, (M,—M,)*/K°~1/10. However, even in this 


case, the results are correct in the order of magnitude. 


Appendix IV. A-decay due to universal Fermi interaction” 


Here we give the decay life-time of A” > p+j- +» predicted by the universal Fermi 
interaction of the form S}; f,(¢,0,,) (¢,,0,4%,), because there seem no published calcula- 
tions of the three body decay processes due to this interaction in which only one of the 


daughter particles has vanishingly small mass. Put u=m,/M, and v=M,/Mg. 
1/t(A > p+p+y) = (M§/12 (22)) [KF + KOPF KF + KF] 
with 
K=fi+4fe + ofs + 4h +h 
K,=f;—2fs + 2f.— fr 
K,=2 (fifr— 3ffi + 3f:f— fib) 
Ky=2 (fifet 3h t 3hofit hh) 
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Fee41/s* (0) (1—8 (w+) +u'+7) 4+1/2-wv(7—2(W+Yr)) bw 


+3/2 {yt-A+y'-B—1/2-u'v*-C}, 


f= 2: {1-9 (2v°—w) +r —2u'— Suv} w 


4+3/2+7{2u'-A—2v?(1+7°—2u’) -B—u'v’-C}, 


F,=1/2-uv{2+5 (u—v)?— (u'+)} 


—1/4-uv {2u?-A+2r-B—wy (2—w—Y) -C}, 


F,=u/2- {1+5 (2w—1) +u'—2y'— Suv} w 


where 


+3/2-u{2Y-B—2u (1+u—2r) -A—uv'C}, 


wa1f2: V14+u+7'—2¢—2r—2ur’, 


A=lo 


e wee +u—¥) 
u 


B= log w+$(l—w' +r) “ 


iA 


@S1e2 Jy ot Wi L—=1 +wy 


uv 


This formula may cover other combinations of particles forming universal Fermi interaction 


and reduces to the following one if two of the decay products have zero masses : 


1) 


2) 


3) 


4) 


F,(u=0) =1/16- (1—*) (1— 8° +7) +3/2-r log 1/7, 
F,(u=0) =1/4-¥(1—y*) (14+10r°+) —3v(v?+) log 1/r, 
F,(u=0) =0, 

F,(u=0) =0. 
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A combinatorial method is used to calculate (a) the partition function of a finite rectangular 
Ising lattice and (b) the correlation functions of an infinite lattice. 


§1. Introduction 


The algebraic method of Onsager and Kaufman’ has been successfully applied to 
the two-dimensional Ising lattice in determining (a) the exact partition function of an 
infinite lattice (b) the exact partition function of a finite lattice, and (c) the correlation 
functions of an infinite lattice. Kac and Ward,” without going into rigorous details, showed 
that Onsager’s result for the infinite lattice could be obtained by a combinatorial method. 
It is the purpose of the present paper to show that this method is sufficiently powerful to 
give the other results of Onsager and Kaufman as well. In § 2 the exact partition 


function of the finite lattice will be evaluated and § 3 will be devoted to the correlations. 


§ 2. Partition function of finite lattice 
The Combinatorial method 


Kac and Ward proved that if Z,,,, is the partition function of an m row n column 


rectangular Ising lattice wrapped on a torus, then 


Zan oe Pe Phy =e, tosh A) *nn| E+A,| , (1) 


where H, and Hy, are the variables corresponding to the vertical and horizontal interactions* 
and |E'+A,| effectively counts closed oriented graphs on the lattice. The matrix A, is of 


order 4mn and can be written as the sum of direct products 


A,=tanh H, {R,, X E, X A(1, 0) + Ri, Xx E, X A(—1, 0)} 
tanh Hy {E,, XR, XA (0, 1) +E,X RX A(0, —1)}, (2) 


: , : : . ; 

The notation to be used in this paper will follow as far as possible that used in the review article 
of Newell and Montroll”. Unfortunately some confusion has arisen because Kaufman?) uses Onsager’s!) 
formulae but interchanges the meaning of the interaction energies J and J’. In fact her formulae, 


and her results on correlation functians®), correspond to a vertical interaction J and a horizontal inter- 
action J’, 
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where E is the unit matrix (when necessary a subscript is used to indicate the order of 
the matrix), R the permutation matrix 


ORO : 0) 
Of (On Yh we : (0) 
fA. ; G) 
0) 0) . . al 
ib 0 


R’ is the transpose of R, and with a=exp(iz/4) corresponding to a counter-clockwise 
turn* of 7/2, 


ie Vb, (OR AE. 
Eiwouceea. 0° Fomor tou. 
Dy 040! “a *6 Ono 6 «@ 
‘Coes, 0-0 1 o-]’ ee aa lt. eothoamce 
Di OL 100 BO OFL0g Oe 1 
in oaqot OF OO MOR 0 
OL 16m. 0 6 Ol rons 
pelea C0 7 OuLs Se Ot dante 0. ce 
eet 0 Ores 0 0 a 0 0 


The approximation in (1) arises because P,(H,, H,) counts with the wrong sign 
some polygons which loop the torus. The error introduced is negligible for large lattices 
and Kac and Ward verified that the limiting value of “P,, as m,n—>0o, is in fact Onsager’s 


result for the partition finction of an infinite lattice. 


Correct couning of loops 


To determine the exact partition function for a finite lattice, the error introduced by 
this incorrect counting of loops has to be rectified. The wrongly counted graphs always 
include one or more of three simple loops (a) a horizontal loop, with n bonds, counted 
with the sign (—1)”~' (b) a vertical loop, with m bonds, counted with the sign (—1)”7" 
(c) a combination of these two with m-+n bonds, counted with the sign (—1)”"*""'. It 
is evident that a restriction to even or odd m,n is not sufficient to correct these signs and 
in fact this can only be achieved in rather an ingenious way. 

Instead of considering P,(H,, H,) it is better to use P,(—H,, —H,) which counts 
graphs without loops just as P,(H,, H,) does but counts a horizontal loop with the sign 


* Figure 10 of reference 5) is incorrect. 
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(1) ° li 1) 8S St) Silay Pia Ag —H,) counts the other two simple loops 
with a minus sign. Thus P,(—H,, —H,), obtained from P,(H,, H,) by changing the 
sign of all interaction energies of the original lattice, counts correctly all graphs without 
loops and counts with a minus sign the three simple loops. Suppose, in addition, that 
P,(—H,, —H,) corresponds to a change in sign of all interactions of the lattice except 
one row of vertical interactions, P,(—H,, —H,) to a change in sign of all interactions 
except one column of horizontal interactions, and finally P,(—H,, —H,) to a change in 
sign of all interactions except one row of vertical interactions and one column of horizontal 
interactions. These functions still count graphs without loops correctly but the loops are 


counted as shown in Table I. 


Table I. Counting of loops on a finite rectangular lattice wrapped on a torus 


Type of Signs Lowest 

loop P, P, Fg Ps Ie, ae 
vertical — FP = se 0 1 
horizontal a = == = 0 1 
vertical and horizontal — S + = ) 1 
2 vertical + <0 aF = 2 1 


To obtain Z,,,, it is necessary to count non-oriented graphs with the degeneracy factor 
2 for T< T, (temperatures below the critical temperature) and just once for T > T,. 
Single loops have to be counted once for T > T, but not at all for T< T, as with long- 
range order it is impossible to divide the torus with one loop into two regions of opposite 
ordering (two separate loops, however, form a possible graph). It can be verified from 
Table I that the correct counting is achieved by 


Lua hid “PL CH, — He) or Py (iia ia) Vy ete ts 


al VP, (—H,, —H,)} re &) 


c 


where the plus sign is taken for T< T, and the minus sign for T > T,. 


Explicit expression for Z,, 
The evaluation of the determinant* in (1) gives 


Wil Roast fr ay 


=2°"" IT IT {cosh 2H, cosh 2H,—sinh 2H, cos (2k Z/m) — sinh 2H, cos (2[z/n)} 


k=1 l=1 


= (2 sinh 2H,)”™ IT 4 sinh? (4m7o9), (6) 
t=1 


* There are misprints in the values given in references 4) and 5). 
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where the functions 7 are those defined by Onsager” as 
cosh 7;=coth 2H, cosh 2H,—cosech 2H, sinh 2H, cos ([z /n) 
=cosh 2H,* cosh 2H)—sinh 2H,* sinh 2H, cos (I7/n) (7) 
and use is made of the identity 
2m II {cosh 7 —cos (2k /m)} =4 sinh? (Amy). (8) 


Determining, as Kaufman” does, the sign of y, to be positive except that 7,, >0 for 
T< T, and jn, <0 for T>T,, (6) gives, for the first term in (5), 


+P, (—H,, —H,) =| (2 sinh 2H,)™?| ifionepiie (Amy) « (9) 
l=1 


For the other determinants, 


P,(—H,, — H,) = (2 cosh H, cosh H,)”"|E— A,|, (10) 
where 
As—tanh Heit Ek, <A, 0)-+ 7, XE, <A (—1, 0) 
+tanh H,{E,, xR, x A(0, 1) +E,,xR,xA(0, —1)}, 
A,=tanh H, {R,,X E, X A(1, 0) + R,,xX E, X A(—1, 0) 


A,=tanh H, {T,, xX E, XA(1, 0) +T,, x E, X A(—1, 0) 


} 
} 
} 
+tanh H,{E,,X7T,XA(0;,1)+EnX T,XAQO, —1)}, 
} 
+ tanh H; {E,, X T,xA(0, 1) +E, xT, xA(O, —1)}. (11) 


The matrix T is obtained from the permutation matrix R by altering an element +1 to 


Saul ede 
Sor 40 0 
0 0 0 
7 | (12) 
Op0e0 


—1 0 0 . . . (0) 


with eigenvalues exp {(2k— 1) 7i/m}, k=1,---,m. Hence 


Jeg eats Oe — F,) 


=z" IT Il {cosh 2H, cosh 2H,—sinh 2H, cos (2k—1) z/m— sinh 2H, cos (2/7/n) } 


k=1 J=1 


and 
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WP, (—H,, —H,) =| (2 sinh 20) "| i 2 cosh (Amy) 5 (13) 
using 

2” th {cosh 7—cos (2k— 1) /m} =4 cosh? (}my). (14) 
In the same et 

VP, (=H, —H,) =|(2 sinha)" If 2 sinh Qm7a..), (15) 

VP, (=H, —H,) =| (2 sinh 2H,)"™"| I 2 cosh mj). (16) 


Substitution in (5) gives the result of Kaufman’ viz. 


ane (Fi; Fy) 


= )/(2-sinh 2Hi)"""| { ii 2 sinh (Am7,) + i 2 cosh (}m7.,) 
lat is 


“(G77 2 Stak (iny ep) el Sob de (17) 
jul Jani 


§ 3. Correlation functions 
The combinatorial method 


The combinatorial method of calculating correlation functions is based on the formula 


Pages| S999 Sa+2,b+2 ) 
= (2 cosh fab cosh H,) ™™ coth® H, coth” H, Sg (r, s) éanh? H, Sank H, (18) 


where (55,0 S4:9.542) is the correlation between the lattice oi e ° ° ° 
points 2,2 and a+2, 6+2 (this choice is convenient 
because it avoids boundary effects). The function g(r, s) 
is the number of closed graphs with r vertical and s 
horizontal bonds including 6 extra bonds from lattice 
points 2,2 to 2,b+2 and a extra bonds from 2, 6+2 
to a+2, b+2 (see Fig. 1). In the usual way, the 
counting is achieved by superimposing the lattice on it- 


self and constructing a matrix ¢ such that 


C| => 'g* (r, s) tanh” H, tanh’ He. (19) Fig. 1. An example of a graph 

to be counted in (59,0544). The 

where g*(r, 5) is the number of closed oriented graphs extra bonds (shown dotted) close 

including the extra bonds taken in both directions. If the graph which is otherwise 

the lattice is assumed infinite, then from (1) and (19) Rit des a he eee 
and 4,4. 


[E+ A, | ( 5550 $a+2,5+2) =coth™ H, coth”H, 


c| (20) 
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Construction of the counting determinant 


The matrix ¢ is obtained from E+ A, by bordering with additional rows and columns 
to allow for the extra bonds. There are 2(a+b) of these, remembering that they are 
directed, and using the notation” L, left R, tight U, up D, down they will be denoted by 


de 2,8 2.8 | C2. baed oR 2,622 - 
P22 5 US ,0--2, 2D*3 b-F2 5 +. s Ua 2, b+ 2: (21) 


The non-zero elements in these new rows and columns are the same as those appearing in 
the corresponding rows and columns (ie. L 2,2; R2,3 etc.) of A, except for the additional 
element as listed in Table II. 


Table Il. Non-zero elements in the additional rows and columns of ¢ and 
not appearing in the corresponding rows and columns of A, 


Elements of ¢ Entry 
CRs De SDD) rere (oeeteleee (R*2, b+2|L2,6+1) a* tanh Hp 
(L*2, 2|R2, 3) srrrereteeeeees (L*2,6+1|R2,6+2)> @? tanh He 
(U3, 64+2|D2,b6+2)-++++ (U*a+2,b6+2|Da+1,6+2)> a tanh Hy 
«D* 2, b6+2|U3, b+2)---- (D*a+1,b6+2|Ua+2, 6+2) @* tanh H, 
(R2, 3|L*2, 2) -rrrerere rere (R*2,6+2|L2,6+1)> @* tanh Ho 
(L2, 2|R*2, 3) -vererreeete ee (L2, 6+1|R*2,6+2> a? tanh Ho 
(U3, 6+2|D*2, 6+2)----- (Ua+2, 6+2|D*a+2,6+1)> @* tanh Hy, 
(D2, b6+2\|U*3,b+2)-+-++ (Dat+1,b6+2|U*a+2,b6+2) a? tanh H, 
(R* 2, 3|R*2, 4) verre eres (R*2,6+2|R*2, b6+2) tanh H» 
(L*2, 3|L*2, 2) vererreee eee (L*2, 6+1|L*2, b> tanh Hy 
(R*2, 6+2|U*3, b+2) a@ tanh H, 
<OF3; 6 2/04, 6-4-2). <U%a +1, 6+ 2|U* at 2, 64-2) tanh H; 
¢D*3, 6+2|D*2, b6+2) --- <DX¥a+1, 6+2|D*a, b6+2> tanh H, 
(D*2, 6+2|L*2,6+1)> @ tanh Hp 


The diagonal elements (L*2,2|L*2,2) etc. are zero so that |e| counts oriented graphs 


which are forced to include all the extra bonds in both directions. 


Reduction of |c| 


The fect that many of the elements in the additional rows and columns in ¢ are the 
same as A, enables |c| to be reduced to a simpler form. If from the additional rows 
and columns of ec the corresponding rows and columns of E+ A, are subtracted, then |c| 


is unchanged in value and can be written 
rf 
E+A, P, 


(22) 
PP, -E 


l= | 


where, from Table II, the 2(a+6) by 4mn matrix P, becomes when its zero columns are 


deleted, the direct sum 
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—1 a@ tanh H, |. b terms —1 @ tanh H, 
P= a afeia Wfoist s:6¥n a 
a’ tanh H, —1 a’ tanh H, —1 
_[ -1 @ ton ti, | a terms >| a’ tanh H, 
= Se ipa gh =e ; 
a’ tanh H, —1 a@ tanh H, —1 (23) 
One further simplification can be made by writing 
| E+A, | Sei a | E —(E+A,) 'P,’ | 
|e|= | ls 
P; E | O E | (24) 
=|E+A,| |E—P,(E+ A) “P,'|, (25) 


noting that the second factor in (24) is simply 1. If Q is the 2(a+6) by 2(a+6) 
matrix obtained from (E+ A)~' by deleting all rows and columns except those labelled 
12,2; R2,3 3 --3(Ua+-2, 64-2 (ct, (21)); then 


P, (E+ A,) “P/=PQP’ (26) 
so that (25), together with (20), gives 
(5550 Sa49,042)°== coth"H, coth”H,|E—PQP’| 
=coth”*H, coth”*H,|E—P’PQ| , (27) 
where, from (23), P’P is the diagonal matrix 
P’P=sech? H,E,,-+sech? H, Enq - (28) 


The matrix Q is evaluated in the appendix. 
In the special cases when H,= Hy, (square lattice) or when correlations in the one 


row or one column (a=0 or b=0) are required, P’P is a scalar matrix and the formula 


(27) is considerably simplified. 
Correlations in a row 


To illustrate the application of (27), the correlations in a row will be considered. 
Thus 


(S059 S935 42) = |coth H, E—coth Hy sech” H, Q| (29) 


and using the results established in the appendix this determinant can be written 


ron Of toe, 0 ca 0 
0 (ah Oe Kc, 0) Co 
—C 0) Ch Oe cay 0 
A) = oe 0 CG 0 —<¢, 
C. Dis ae 0) C 0 
Or cage 0 ( e-earen 9 % , 
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where this determinant is of order 26 and the elements c, are defined from exp (10*) 


o 
= DJcz'. Taking the square root of this determinant gives, finally, 
-o 


@, G G A Ge Ps 
Cuy a) C 2 Cy—2 
C9 Cu ca) ie Cy-3 
oo eae) =+/| ; : SE aoe a : (30) 
Crp eS F Se So 


the appropriate sign being taken so that the correlation is positive. This result depends, 
of course, only on the distance between the lattice points.* 
It is interesting to compare the formula (30) with that** obtained by Onsager and 


Kaufman” 


, which expresses the correlations in terms of two determinants whose elements 
are the coefficients in the expansion of exp(io’) rather than exp(id*). There are rather 
complicated relations between these two sets of coefficients (compare their equation (63) 
with the second equation in their (74) and likewise (68) with the first in (74)) and 
the complete identity of the present result with Onsager and Kaufman’s has not been proved. 


However in several cases checked the two formula agree; for example, (30) gives 


( S252 S295) =o==I" cos 0 dw (31) 


7] 


which is their result (18). 


Appendix 


To find the matrix Q required in equation (27), it is necessary to evaluate (E+ A,)™. 
As proved in reference 5), the matrix E+ A, can be reduced by a unitary transformation 
to the direct sum of 4X4 matrices. From the inverse of this direct sum, (H+ A,)~' is 
obtained by transposing again with the unitary transformation giving, in the limiting case 


m,n —> ©O, 


(r, s| E+ A,)~"|7’, 5’) 


el (dy, "on Bm, wy) exp {i(r’ —1) wm, +i(s’—5) mo}, 30) 
(27) *Jo : 


where B(w,, 7) is the matrix given by 


{(1+tanh’ H,) (1+ tanh’H,) + 2tanh H, sech’ H, cos w,+ 2tanh Hy sech” H, cos »,} B(m,, 7») 


* Note added in proof. Ward has shown that the well-known result for the spontaneous magneti- 


zation can be derived from this formula with b->0o. — 
** Their equations (41) and (43) contain misprinted signs. 
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jh 
Re eort is i Wi, Wo) b(A, Falileis Mo) 
L| 6,(a, Hy, Hys 5. — We) b, (Hi, Hes #3, — 9) 
=U h(a HH; =e) le ble ed ag 
D| 6,(@, H,, Hi, —We, ;) b,(a, He Hy oan 
U D 
b, (a, H,, Hy 75 2) b,(a, H,, Hy, —, We) 
b,(a, H,, Hy, 1, —%») 6,(a, H,, Hy, —m, —W2) 
6, (H,, H,, %2, —;) 6,(a, H,, Hy, %, —) : 
Ce atch, b, (Etihad 


b,(H,, H,, ,, v7) =1-+tanh” H,+ 2tanh H, cos w,+tanh Hy sech” H, exp (im) , 
b,(a, H,, Hy, ,, ¥) =2a°tanh H, tanh H, sin », exp (im), 
6, (a, H,, H,, ,, #.) =a tanh H, {tanh H, tanh H, exp (iv.) —tanh H, exp (iv, + iny) 
—exp (im,) —tanh H}}. (33) 
For example, the (Rr,s|Rr, 5’) element 
coth H, {E—sech°H,(E+A,)~"} is 


1 
A, y= 
2 


| dye af (eta) 3 (34) 
0 


7 
where 
(z+ coth H,* coth H;) (z+ tanh H,* coth H,) 


A Beas PAS GER RTT OTE ee H.+1)” 


(35) 
In terms of function 0* (wv) introduced by Onsager’ 
f(—z) =0" (z) =exp (i0*). (36) 
If #*(z) =) ¢,2” is the series expansion valid in a region containing the unit circle, 
then 
H, = (= 1) spit Sot : (37) 
The coefficients c, can be expressed in terms of elliptic integrals”. 
In the same way, the elements (Lr, s|L 1,5’) of coth H,{E—sech? H, (E+ A,)~%t 
are (—1)*~*’ c,_,, the only difference being that exp(im,) is replaced by exp(—im,), ice. 
". The elements (Lr, s|Ry, ) and (Ry, sl\L 1, s’) of the same matrix are zero 


gig: 208 
since b,(a, H,, H;, »,, »,) contains the factor sin w, which vanishes when integrated over 
O to 27, 
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The method of construction of nuclear potential is represented in charged scalar meson theory 

3 example, assuming that (i) the kinetic energies of the nucleons are not very large, and (ji) interaction 
etween nucleons and meson field is not very strong. Starting with the single cloth 

restrict the number of mesons exchanged between ae nucleons 2 to two. This A ; Be 
expansion of the nuclear potential into the power of exp(—yr). The assumption (i) guarantees this 
procedure. 

The potential of order of exp(—yr) differs from the conventional one by the factor (1—P,,)2 which 
is due to the dissociation probability Pz of the single clothed nucleon. The potential of order of 
exp(—2yr) originates from the effects: (i) distortion of zero-meson fields, (ii) transition to the isobaric 
states, (iii) emission and absorption of s-mesons by the individual particles. 

The exchange of the s-meson cannot occur, so far as we are concerned with the potentials up to 
the order of exp(—2yur) This suggests that the zero-mesons described by intermediate coupling meson 
theory would give the good picture of the meson cloud around the nucleons, for the low energy 


nuclear forces. 


§ 1. Introduction 


The intermediate coupling meson theory of meson-nucleon scattering has already 
been formulated by Maki, Sato and Tomonaga”. Investigating the interaction between the 
nucleons, we meet some difficulties anew. Firstly, the nucleons cannot be regarded as to 
be at rest and we must primarily take into account the effect of the nucleon motion. 
Secondly, the numerical coefficients of the equations to be solved so as to describe the meson 
cloud varies with the internucleon distance r, and the eigenvalue does so too. This eigenvalue 
variable with r gives the nuclear potential. Therefore, we must solve many differential 
equations numetically and would be tasked very tedius work. Moreover, if we would have 
got the solutions, we could not have drawn the clear-cut picture of the two nucleon system from 
them. We know one nucleon well, but the solutions above have no apparent relation with 
the single nucleon. In view of these points, the previous works by Muiyazima and 
Tomonaga,” and Watson and Hart” are both not so acceptable. 

Now we put the first assumption to avoid these difficulties. 

Assumption 1. The kinetic energies of the nucleons are not very large. 

The limiting case corresponds to the two nucleons at rest. By this assumption we can 

neglect the effect of the nucleon motion in zeroth order approximation. Moreover we can 


consider two single clothed nucleons separated by infinite distance as the standard case. 


48 H. Hasegawa 


Since the single clothed nucleon is known well, we need not solve the differential 
equations again. 

Nextly we are confined to the case where the intermediate coupling meson theory gives 
the good picture for the single clothed nucleon. Then we put the second assumption. 
Assumption 2. The interaction between nucleons and meson field is not very strong. 

This assumption enables us to do actual calculation. 

In this paper we develop the general formulation in § 2, and treat the special case 
of the distant separation in § 3. In §4 some remarks on the zero-meson fields in the case 
of two nucleons are given. We consider the effect of the isobar transition in § 5, and the 


effect of s-meson fields in § 6. Lastly, we discuss the results and the assumptions in we 


§2. General formulation 


Since we ate concerned with the small kinetic energies of nucleons, they are neglected 
in the zeroth order approximation. 


Denoting the positions of two nucleons by x, and x, respectively, the Hamiltonian is 
H= fg Oe rie Aint ? (2 F 1) 
Hlaeam= | K(a* (Bt) a (hk) +6 (ht) (k)) dh, 

Aie= oe a | G(K) {[a* (k) exp (—ikx,) +6(k) exp (ikx,) ] t© +-comp.conj.} dk, 


G(K) =gF (k)- (2K), (2-2) 


= Ty 9 . . . 
where 7, c©, etc. are iso-spins of the nucleons 1 and 2 respectively, and the other 
notations are same as in MST. 


Analogous to the one nucleon case, we can construct the orthonormal set involving 


A GR), at 
gi(k) =, : ) vy ylexp (—ikx,) +exp (—ikx,) J, 
(2-3) 
gi (k) = 1 G(K) wa [exp (—ikx,) —exp (—ikx,) | 


VE tk 
as its two members. The mesons, whose wave functions in k-space are ¢§(k) or o%(k), . 


distribute only near the nucleons and do not arrive at infinity. We call these mesons 


“cc > 
zero-mesons ’. The mesons represented by other functions extend to infinity and we call 
them ‘ s-mesons ”’. 


The meson fields a* (Kk) etc. are expanded into this orthonormal set, and the parts 
referred to s-mesons are denoted by a*(k) etc. ; 


a* (k) =A'*9)* (k) + A*¢%* (k) +a*(k), 
a(k)=A'gi(k) +Atgi(k) +a(k), 
b* (k) =B*g5* (k) +B**¢5* (k) + B* (k), 
b(k) =Bgy(k) +B'gi(k) +8 (k). 


(2-4) 
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Now the rearranged Hamiltonian becomes 
H=H/+H¢+H,+H,, (2-5) 
Fiy'= Keil (AA + BB!) — (4/2) { (A+B) D+ (AB) OF], 
Hiy= Keil (A A* + BB*) — (V2) 2) { (A +B) 7 + (A*+ BY) 7 @}], (2-6) 
Ki=| Kigi() dk, KE=| Rigo (hy fa, (2-7) 
St. er es tr =rP — 1, (2-8) 
Hi,=| K[gs(e) a* (B) (AV 1/2 +2) +99" (b) B (W) (BV V 2-2) | dh 
+ comp. conj. (2-9) 
+| K[ys (ke) a (he) (A 14/222) + 9" (RY A(R) BY V/V 22)] 
-+comp. conj., 
Hy=| KLa* (he) (he) +9 (le) Ch) Jd, (2-10) 


HY and H@ involve the iso-spin and zero-meson fields. The magnitudes of the coupl- 
ing between them are V* and V’*, and the energies of zero-mesons are K,j and Ky. From 
(2-3) these quantities are all the functions of the internucleon distance 7, and therefore 
the magnitudes of interaction between nucleons and zero-mesons vary with the relative 
position of the two nucleons. For large distance V* =~ V* = V, and therefore both the 
symmetrical and antisymmetrical zero-meson fields couple with the nucleons with nearly equal 


coupling constant. Here V is given by 
y2=| [G(K) /K}dk, 


which is the coupling constant for the case of the single nucleon. 

For sufficiently small distance, (we omit this case in our considerations, since the 
kinetic energies of the nucleons are not very large.) V° = VY2V, V* =k, where k,, is 
the cut-off momentum. 

Thus the magnitudes of the interaction between the zero-meson fields and the nucleons 
vary largely according to the internucleon distance. Moreover K,§ and K,j do so too, though 
their variations are not so large as V° or V%. It is therefore very tedious to solve the 
equation numerically to get the nuclear potential. 

Now, we ate concerned only with the small kinetic energies of the nucleons. The 
low energy scattering or the deuteron problem are governed by the behaviour of the outer 
part of the potential, and the answers do not so much affected by the shape of the 
interior potential. Therefore it is sufficient to investigate the outer part of the potential 


by letting two nucleons approach from the infinite separation, 
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In the case of the infinite separation, the meson fields which combine with one nucleon 
do not extend to the neighbour of the other nucleon. Thus the two clothed nucleons exist 
independently. Such a nucleon is just as the same as that of MST. We call it “ single 


? 


clothed nucleon ”’. 4 


In the following the term “ nucleon > must be understood in this sense. 


§ 3. Case of the distant separation 


Now we take the single clothed nucleon as the standard. 
In the case of the distant separation, the meson fields, combined with one nucleon, 
hardly extend to the other nucleon. Then, it is convenient to choose the zero-meson fields 


A'* etc., performing the canonical transformation ; 


(AA AMD Ae (Me Ae) iM eee, (3-1) 


where A"*, etc., are the zero-meson fields which exist almost around the nucleon 1 only, 


and A™*, etc., almost around the nucleon 2 only. Hamiltonian becomes 


H,)=H,'+ A," 
= (Kot U,(1)) (2? +2) +U,() (RP+N®) 
+W, (1) (APA? 4+ AO*A® + BOXB + BO*B) (3-2) 


PPL) eC Lia et ee eee 
+ (A°*+4+ B®) 7® + (A? 4 B*) 07 
4+ 2V7W, (7) (cP OM 4+ eO7rM) , 
where 
U, (1) = Vi Kg +V"Koi) /2V— Kyo 5 
U, (1) = (1/2) [Kip + K— (V*K§ + V*Kx) /V], (3-3) 
which are of the order of exp(—2ysr) for large 1, and 
W,(r) = (1/2) (Ko— Kit) 
W,(0) = (1/2) (KK) — VK VK) /V, Sf 
which are of the order of exp(—yir) for large r. 2” and 2° ate given by 
2 = A%* AY 4 BO*BY—Y[ (A* 4 BY) OY 4 (AV 4 BM*) 2], 
O° = AO* 4 4 BO*B— Y[ (A* + B%) 4 (4 4 BO*) 2O], (3-5) 
respectively, which are the Hamiltonians of the single clothed nucleons. Q” and N® are 
NOS AMKAY 4 BUEBO, NOR AM* sO 4 BO*BE, (3-6) 
respectively, and A* etc. are the similar quantities as those given in MST, and 


(* — 4d)* __ p71) )* — 4e 
A A Ve, A®* = A* _ Vr, etc, (3-7) 
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These cause the transition to the isobaric state of the single clothed nucleon. In the 


following the terms, ground state, isobar states, etc., always refer to the single clothed 
nucleons. 


As usual we denote the ground state of the total charge 1, ice., proton state by P. 


> 
and the ground state of the total charge 0, i.e., neutron state by N. For the two nucleon 


system we distinguish two nucleons by denoting as P(1) or N(2) etc., and write as 
X,=PQ)PQ2), X= (A/V 2) (PQ) N(2) + P(2) NQ)), 

X_,=N(1) N(2),, X7= (1/2) (P(1) N(2) —P(2) NQ)). 

In the case of the infinite separation, the Hamiltonian (3-2) becomes 

a ae ALG C1 (3-9) 


This is just what describes the system consisting of two nucleons which exist independently, 


(3-8) 


and the energy of the system is just twice that of the single clothed nucleon. When 
the two nucleons approach each other, the zero-meson fields of one nucleon arrive at 
the other nucleon position more or less and the exchange of the zero-mesons occurs. To 
ask for this effect, we calculate the diagonal element of (3-2). From the first and the 


second terms of (3-2), we obtain, 
2K yf?) + 2[ 25U, (1) +%U,@)], (3-10) 
for all the four states (3-8). Here 2, is the energy for the ground state, and ‘, is the 


mean nutber of zero-mesons in the cloud of the ground state nucleon. The matrix ele- 
ment (3-10) does not exchange the charges of the two nucleons. 

The diagonal elements of the third and the fourth terms vanish, as A*, A, etc., have the 
non-vanishing matrix elements only for the isobaric transitions. In the last term of (3-2), 
z, and t_ change charge between the two nucleons, and we get the non-vanishing diagonal 
matrix elements for the states X,° and X,* only. The wave functions P(1) and N(1) are 


represented by 


Eppa) sla fo) aa)bwn shee 


respectively, following Tomonaga” ; where the normalization gives 
| (FG) 249 (0)"} ded = 1. (3-12) 
The quantity 
| g (r) *rdrd0 


is the dissociation probability that the bare nucleon is neutron for the clothed proton. 


Hence 


(P(1) || NG) =| f0) 4rd =1— P (3-13) 
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We can define the T operator, analogous to the ordinary iso-spin operator operating to the 


bare nucleon, as follows ; 

P(1)=TON(1); NG) =T2PO). (3-14) 
Then we have from the last term of (3-2), 

2V°W, (ry A — PP) (TO Te + TOT?) (3-15) 


Summarizing the results, we get the energy of the system consisting of the two nucleons 
separated by the distance r as follows ; 


2Ky +2 [2,U, (1) + NU; (r) | 
+2V° We) =P.) (EP Te + Ie To). (3-16) 


The first term is constant, which gives their own energies of the two clothed nucleons. 
The second and the third terms vanish when 7 becomes infinite, and we regard these as 
the nuclear potential between the clothed nucleons at the ground state. 


Especially 
Vigo = 22,U, (7) +29U5 (1) (31%) 


is the effect of the distortion of the design of the zero-meson fields from the spherical 
symmetry owing to the approach of the two nucleons, as clarified in the next section. 
This potential is the same with all four states (3-8). 


PRE DOW sy a ee (3-18) 


is the effect of the exchange of the charge due to the exchange of the zero-meson between 
the two nucleons. This potential is of different sign for the state X,° and X{. For large 
r, restricting to the order of exp(—yr), we have 


V.= — 208g? (1—P,)* — (TOTO 4 TOTS), (3-19) 
r 
This differs from the conventional one by the factor (1—P,)*. In the limiting case of the 
weak coupling theory, P,=0 and T, etc., coincide with the usual iso-spin operators, and 
therefore (3-19) completely agrees with the result of the perturbation theory. In the 
strong coupling limit, where the interaction constant V becomes very large and P, becomes 
(1/2). Thus the factor (1—P,)” gives the value (1/4), and there may be the agree- 
ment between (3-19) and the result of the strong coupling theory. But in this case, the 


zero-meson fields (2-3) are not too good a picture of the meson cloud and the apparent 
agreement is not always justified in the real sense. 


$4. Wave functions of the zero-meson fields 


In section 2, the meson fields are expanded in the orthonormal set whose two members 


are (ik) and ¢"(k). Now we must show that such a orthogonal set can actually 
be constructed. 
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Go’ (k) and y,*(k) contain the nucleon coordinates x, and x». Representing them by 
the coordinate of the center of mass R and the relative coordinate r, ,°(kk) and 2," (k) 
both contain R as a factor exp (ikR). We see that since ¢,'(k) is symmetric in the 
relative coordinate r, it represents the mesons whose angular momentum referred to the 
center of mass of the two nucleons is even, while ¢,*(k) is antisymmetric and represents 
the mesons with odd angular momentum. 

Next we divide the total meson fields into two parts, one of which is of even angular 
momentum and the other of odd. Then for the even angular momentum, the integral 
equation similar to that of MST 


(K-S) 9°) =95() | $5") Ke" (Bde + gi (K) K] esd 423) 


gives the eigenfunctions 9,(k), s=0, 1, 2,:--, which make up the orthonormal and complete 
set in this space. For the odd angular momentum the same holds, ie., 


(K—S*) 9" (k) = 95 (k) | go* (k) Kg" (k) dk + 95 (k) K{ gi* (hk) g" (k) dk (4-2) 


gives the eigenfunctions ¢$(k), s=0, 1, 2,----:- , which make up the orthonormal and 
complete set in this space. Of course, the whole space is the sum of these two spaces, and 
also ¢¢(k)’s and g§(k)’s are orthogonal to each other. Thus ¢$(k)’s and ¢%(k)’s con- 
struct the complete orthonormal set. 


Now we consider the meaning of the transformation (3-1). Putting 


pr 1 G®) 0 (ikx,), $= 1 CK) 0 (ikx,), (4-3) 
Wig VK 
a the mesons in these configurations are spherically 
‘ symmetric around the nucleon 1 or 2. These 
go gy two functions, are however, not orthogonal to 


each other. But the linear combinations of 


Y, %; and #° give g}(k) and ¢¢(k) which are 
orthogonal to each other. But both ¢}(k) and 
z yt(k) now distributed around both nucleons. 
ih These circumstances are symbolically shown in 
Figs ie 

Transformation (3-1) corresponds to the rotation of the coordinate axis by 45° in 
Fig. 1. The new axis is, of course, orthogonal, and moreover it coincides with the original 
oblique axis when the internucleon distance 7 is infinitely large. That is to say, the trans- 
formation (3-1) corresponds to choose the meson fields which is around one nucleon and 


can hardly arrive at the other nucleon, as the modes. Moreover in this transformation 


Fig. 1 


both nucleons are equally situated. 
It is to be noted that after the transformation (3-1), the meson fields are not 


‘ Couns: 
spherically symmetric around nucleon and distort more or less. Therefore, the “single 
clothed nucleon” in this paper wears the clothes of mesons with a slightly different design, 
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because the clothed nucleon in MST wears the spherical symmetric clothes of mesons. The 
potential energy V;;., in the previous section is originated in this circumstance. But it is 


true that the way of dressing is of the same manner. 


Isobarie transitions 


§ 5. 


Since Hamiltonian (3+2) contains N’, Pt 0,=0.488 K., 


* Re - 
A*, B*, 7, etc., the nucleons can be Rt0977 


excited to the isobar states. According rz. 0.207 
to the assumption 2, the levels which He 
aes aan Z 
strongly resonate with the ground state oy See he 
are only two as shown in Fig. 2, Le., A* 0.724 
the isobar states P* or N~ whose total z, 0.461 
charge is 2 of =I, and the excited PN Oe 0167 & 
9 / Coa ae ae ta 
states P’ or N’ whose total charge is P,=0.351 ” 
1 or 0. We consider only these two Fig. 2 N,=0.530 
Table 1 Matrix elements for isobar transition. 
Matrix element is represented by 
2W (7) -x+4(W(r) +Wo(7)) 9. 
= - —— 
System Coon Excited state x y | notation) ,°oCr8Y 
ate wkd difference 
P* (1) N(2) %c(1—P.) @(—Pa) a Le 
P*(2)N(1 sf) wd 2 
x, ;. )l é ) te 1 =P) a@(1—P,) a 2. 
Pa) INE) Tot aer+Pre b’ 2,+2, 
PEO) INGE) TcT wr Pre b/ Qe+2) 
1 Ne 
P’(1) N(2) £y7 571 Pa) +175 BUL— Pa) +a, Qy 
: dL, 1 
P’(2) N(1) V9 t(l—Pu) v7 7 8 U—Fa) ay Q 
‘p iH : 1 : 
- N’(1) P(2) V7 9 tA—Pa) 79 2 A—Pa) ca Qi 
Xs 
: 1 1 
(Xr) N’(2) P(1) ty 51 (l— Pa) ae 1p Pu) tay 2) 
P’(1) N/(2) +rt/¥ 2 +V 2 Br +b, 22, 
P’(2) N’(1) 72/V 2 V2 pr b, ZO 
P* (1) N-(2) Paar V 2er b 22 
c 
P* (2) N-(1) +roV2 +V 2ayx +6 22 
SES 


Double sign in x and y corresponds to the states X)* and Xo". And, in our case (V2=1) 
B= (N’|B*|P) =0.977, 
Y=(N’|r_|P) =0.207. 


a= (Pt| A*| P) =0.724, 


Neo (Ptlr4|P) =0.461, 
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excited levels, which is equivalent to the one-level approximation in MST. 

Now, the two nucleons are in the ground state when they are separated by the infinite 
distance, and then they approach each other. The case of the small distances is out of 
our considerations. In the following, the potential energy of the order of exp(—2pr) for 
large r will come into question. 

Since the isobar transition matrix elements in (3-2) are of the order of exp.(— Un), 
only the processes that the nucleon is excited from the ground state to the excited level shown 
in Fig. 2, and then falls into the ground level, are considered. 

The necessary matrix elements are shown in Table 1. One level approximation enables 
us to omit the matrix elements of the third term and the nondiagonal elements of the 
second term of (3-2). It is not only unnecessary to use the symmetrized or the anti- 
symmetrized wave functions for the excited states of two nucleons, but inconvenient so as to 
calculate the effects of the s-meson fields. 

For the system of total charge 2, i.e., proton-proton system, the matrix element 6’ is 
very small compared with a, and can be neglected. We note that in the following the 
energy levels of the excited states are measured from the ground level. 

Potential energy = Viney 
Al through the isobaric transition, 


O.1b ec? is correctly given to the order 
of] exp (— 2x), "by 


—, |Matrix element|” 
or OAD 
excited “e + “oe 


states 
Ca 


where 2, is the energy difference 


> 


V.= a 


tabulated in the last column in 
Table 1. 42, is the energy 


shift owing to the emission and 


6 — 
hie bo 02 oF eile 20 absorption of the s-meson of the 
eg) teohal Va, for pin (ey stem. clothed nucleon in excited state, 


and is investigated in the next section. 
In Fig. 3, V;,’s are shown for the neutron-proton system. Vien potential is of the 
same sign for X,' and X,* states contrasted to the V,,.. Throughout this paper, the 


calculation is performed in the case V°=1 and k,,=5/. 


§ 6. Effect of the s-meson fields 


Now we proceed on to the estimation of the effects of the s-meson fields. Let us take 


the necessary terms in the Hamiltonian (2-9) for our purpose, and rearrange them. We get, 


Hye Byaallls Ged) 


ee | Kdke, (k) [ax* (It) (exp (ikx,) A + exp (ikx,) A”) 
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+ 8* (k) (exp (ikx,) B® + exp (ikx,) B®) ] (6-2) 


-+comp. conj., 
H! = — (g’/V°) K, (ur) | Kdleg, () 


X [a* (k) (exp (ikx,) 7? + exp (ikx,) 72) (6-3) 
+B (Ke) (exp (ikex,) + -+exp (ilex,) ¢?)] 
+ comp. conj. 


In H,,, the factors Ky, (k) exp (ikx,) a@*(k) or Ky, (k) exp (ikx,) a* (k) correspond to 
the emission of positive s-meson from the nucleon 1 or from the nucleon 2. The factors 
Ky, (k) exp(—ikx,)a(k) or Kgy,(k)exp(—ikx,)a@(k) correspond to the absorption. 
Therefore the Hamiltonian H;,, causes the processes that one nucleon falls from the excited 
state to the ground state accompanied with the emission of one s-meson, and the reverse 
processes. Whereas, in H’, exp(+ikx,) combine with c7{?, and exp(+ikx,) with 7, 
and thus H’ causes the processes that one nucleon emits or absorbs one s-meson when the 
other nucleon changes its cloud. 

Because of the one level approximation, the nucleons in ground state cannot emit s- 
mesons through H,,. The probability of finding one s-meson must be of the order of 
exp(—2yr) or higher, and the resulting potential must be of the order of exp (—2y:7) 
at most. If the s-meson emitted from one nucleon propagates to the other and then 
is absorbed by it, the factor exp(—yr) must be multiplied moreover, and the potential 
energy will become of the order of exp(—3yr). In this paper, we are concerned with 
the potential up to the order of exp (— 2s), therefore the s-meson emitted from one nucleon 
must be absorbed by the same one and its propagation does not occur. 

We arrive at an important conclusion, that the potential of the order of exp(—yr) 
and exp(—2yr) are attributed to the zero-meson exchange but not to the s-meson exchange. 

Thus, since the exchange of the s-meson can be neglected, H,, actually is to be divid- 


ed into two parts, viz., 


= T7 2 
Fi, =H +H, 


H®O= | Ky, (Kk) dk| a (I) exp (ikx,) A” + §* (k) exp (ikx,) B® + conj. comp.], 
| | (6-4) 
H®= | Ky, (kt) dk| a* (k) exp (ikx,) A® + 9*(k)exp (ikx,) BO + conj. comp. |. 


Let us consider, for instance, that the nucleon 1 is excited to the isobar state P+ by 
Hamiltonian (3-2). This nucleon falls into the ground state through the emission of the 
s-meson by H,{”, and the isobaric energy 2, of the state P* shifts by 42., which has been 
mentioned in the foregoing section. Nextly, supposing that the nucleon 1 emits the s-meson 
through Ky, (k) a* (k)7exp (ikx,) in H’, the s-meson will be absorbed by H,® and es 
nucleon 1 will be excited to the state P*. Hence, the energy of s-meson emitted through 


Intermediate Coupling Meson Theory of Nuclear Forces, I Sf 


H’ will be also corrected byh HS, 
As an example we take up the 
case of physical proton-proton system. 


The transition scheme is shown in 


(Pa) N@) 
P+ (2)N() 


Fig. 4, in which the symbol (Pa), Fig. 4 Transition scheme for p-p system. 


Pd) P(2) PO) P)} 


denotes the state in which the nucleon 1 is proton with one positive s-meson. The values 
of the required matrix elements are easily gained. 


Substituting these values into the Schroedinger equation, we obtain 


E®=H®, 


P=C,P(1) P(2) +CPP* (1) N(2) + CPt (2) N(1) 
+C (Kk) exp (ikx,) (Pa (k)) ,.N(2) + C® (k) exp (ikx,) (Pa(k)).N(1), (6-5) 


EC,=4(CO4.C®) +40—P,) | Kdky, (&) [C® (k) +C® (k)], 

Poco. e al Kdkg, (k) C (k), 

(Oe ee al Kdkg, (k) C® (k), 

(E—K)C™ (k) = —¢ (k) \ Kdkg, (k) C (k) + @C$ +4 (1 — Py) Cy] (R—Koo) $0 (), 


(E—K)C (k) = —¢,(k) | Kdkg, (k) C® (k) +LaC? +4 (1— Py) Co] (K— Koy) 0 (4) » 


(6-6) 
eS A= — (79° /V*) K, (7) (6-7) 

( (Pa) ,.N(2) |H’|P(1) P(2)) =4(1— Pi) \ Kdkg, (k) a* (k) exp (ikx,) , 

(6-8) 
((Pa) ,N(2) |HO?|P* (1) N(2)) =a Kdke, (E) a* () exp (ix), 
Eigenvalue E is easily computed, and 

a 69 9 1 = 1 ; 

E= aia +28 (1—P,)°R (0) —4aatd (1 PR) >» (6-9) 


where 


1 Pa = (kh) yp, A= —a k(0y/ 24 (6° 10) 
R= Gi —X— Ke OOO {ee a 


(6-9) consists of three terms. The first term 


9 


a (6-11) 
pag 
< 2,(1—4) 
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has been mentioned in the foregoing section. The energy shift due to the s-meson emis- 


sion and reabsorption is given by 
42,= —2,-4=a°R(0). (6-12) 


The second term 


V,=28 (1—P,)*R(0)—— (6-13) 


is the effect of the s-meson emission and absorption through H’. The last term 


x i 
V wert = — 4aa@A (1 — P,) R(O) ————_. 6-14) 
iterf aa ( 1) R( Pine 2) ( 
is the interference term. 


In the above expressions, if @ were zero, (6-13) would become 
V,=2# (1—P,)°R(0). 


Since #°(1—P,)°* comes from the matrix elements and the factor 2 from the number of 
states combined with P(1)P(2) through H’, the factor R(0) is the energy factor originated 
in the process that one nucleon emits a s-meson and then absorbs it. 

From the expression (6:10), we can see that this expression consists of two factors. 
The factor a°R(Q) is due to the s-meson emission-absorption through H,, and the other 
factor (—1/2,) is due to the transition of nucleon to the state of energy 2,. Thus the 
factor R(0) corresponds to the process that by the s-meson emission the transition from 
P(1) N(2) to (Pa),N(2) occurs and then the reverse transition does. Now the correction 
factor (1—4)~* appearing in all terms of (6-9) is expanded as 


(’—4) *=1444+F4---+4"+-.., 


where 4” corresponds to the n time emission-absorption of s-mesons, and we can see that 
the factor (1—d)7~' involves all the effects above mentioned. Numerically, 4 is not so 

large in out case (/*2 7, 
f k= 5/0). 

In Fig. 5, the potential 
energy for the proton-proton system 
is shown. In this case, of course, 
V.,=0. All the potentials V,,,, 
Vi, Vineery ate attractive and V,,, 
is repulsive and smaller than the 
attractive potentials. The result- 


ant potential is attractive. 


Sa 06m 08 Bo Similar discussions hold in 


DOR 


. the case of the neutron-proton 
Fig. 5 Resultant potential Vp, for p-p system. 


potentials. In Fig. 6, the transi- 
tion scheme is shown. For the upper four processes in Fig. 6, we get 
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PND} —F Way N OD | 


N'(2) PQ) = (PB), P(A) ; 


2 


P*Q)N-(2) 


P* (1) (NB). 


) 
OP (NB), (Pa), 


( 


(Ne) ,N’(2) 


Q@) (PP)» 


(PB), P’(2) 
N’(1) (Na) 


Fig. 6 Transition scheme for n-p system. 


K(O)= i 
py es 


4a," i Poe 


V = poe Ne 
ia) 2,(1—4) 1—4, 


8a,84(1—P,) 


4, = —$R(0) /2,. 
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For the other processes, using an appropriate approximation to solve the Schroedinger 


equation, we get 


26° ooR(2,.+aR(0)) 1 


ioe — + 4273 

Ae 20,(1—d) 12-4! j a 
he ey a 
1—d’ 22,(1—4) 

far eRO) ype waelR (Gy 

Dade * 2,+eR(0) ’ 

4 599 Q 2 0 if 

FO Seeman oe oes ya RLO)) 


22, (1—4,) 1—4/ 1—4, 
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where V, is of the order of exp(—yr), and the others are of the order of exp(—2pr). 


S 8°R(0 
— 86,047 ROS! R(0)) 
Fn PRO at ee 
1.0, TENE SE eee een) 


0 
0.4 0.6 08 1.0 
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Fig. 7. Resultant potential for n-p system V4 is the 


resultant potential of the order of exp(—2yr). Vex is plott- 


ed eventually for X,“% state here. 
potential for X,% state. 


Ving is the resuitant 


1=Zf 22,(1—4,) 


(6-18) 


In our case, the correction factors 
4,=0.143, 4’=0.171, d= 
0.175, 4,=0.167, and J,= 
0.170. These correction factors 
are generally small but not 
negligible. 

In Fig. 7, the potential 
energy for the neutron-proton 
system is shown. V;,, V, and 
V energy ate attractive. But they 
almost cancel out the repulsive 
potential V,,,. and the resultant 
potential of the order of 
exp(— 2/7) is small. Thus the 
character of the potential of 
neutron-proton system is deter- 


mined by /,,. 


§7 Summary and discussions 


We set up the potential in the form 


V= Pa + Vais a ae a Vj r V enter} ~ (7 3 1) 


So far as we ate concerned with the exp(—yr) and exp(—2yr) potentials, the potential 


energy is due to the distortion of the zero-mesons from the spherical symmetry and the 


exchange of the zero-mesons. 


The s-meson is always emitted and absorbed by the same 


nucleon and its exchange only affects the potential of the order of exp (— 3yr) and higher. 
This is an important conclusion, and also shows that the intermediate coupling meson 
theory gives a good approximation for the problem of the low energy nucleon, too. It has 


already been shown that for the meson nucleon scattering this theory divides the meson 


fields into the bound part and the unbound part in a very good approximation, and gives 
an excellent model for the meson cloud. Now it may be shown that, for the problem of 


low energy nuclear forces, this theory is also appropriate to describe the behaviour of the 
meson cloud. 


Nextly, we Ctiticise our two assumptions. 


When the assumption 1 is not valid, our procedure, that is the two single clothed nucleons 
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at infinite distance are taken as the standard, is much doubtful. For the large kinetic 
energies of the nucleons the interior of the potential plays an important role in deciding the 
characteristics of the phenomena. Therefore, even if the foregoing procedure were allowed, 
the potentials of the order of exp(—3yr) or higher could not be neglected. 

For these potentials, circumstances are very complicated. Firstly, the higher levels 
other than those shown in Fig. 3 might contribute. Secondly, it is an essential point, 
s-meson exchanges also might occur. Thus the nuclear forces cannot be discussed through 
the concept of the “distortion of the meson cloud”. In other words, when the two 
nucleons approach much closely, their clouds are extraordinarily distorted, and the original 
form of the clouds are completely destroyed. 

For the still higher energies, the neglected term 


(p, +p.) /2M (7-2) 


plays an important role. This term also gives rise to the meson production with sufficiently 
large cross section in nucleon-nucleon collisions. Under the threshold energy, the virtual 
s-meson emission will cause the so called velocity dependent potentials. 

When the assumption 2 is not valid, the intermediate coupling meson theory does 
not give a good picture of the meson cloud originally. Even if only one nucleon exists, 
the mesons whose configuration is ¢,(k) cannot completely describe the meson cloud. In 
addition to the zero-mesons there are always several s-mesons around the nucleon and the 
whole of these mesons constitute the meson cloud. 

Accordingly, the “distortion and exchange of the zero-mesons”’ does not mean the 
‘distortion of the meson cloud” itself. Actually, the potential energy of the order of 
exp(—2y:r) would be affected strongly by the smeson exchange. Thus the intermediate 
coupling meson theory cannot be effective in this case. 

Exceptionally, the exp(—/r) potential is not influenced by the s-meson exchange. 
The effect of s-meson is due only to the change of the dissociation probability P, of the single 
clothed nucleon. Therefore the expression (3-17) still holds, so long as the P, including the 
effect of the s-meson cloud is used. Especially, in the limit of the strong coupling, P, will be 
(1/2) even if the effect of the s-mesons is taken into account. After these reconsiderations, 


it may be said that the expression (3-17) agrees with the result of the strong coupling theory. 


The author wishes to express his sincere thanks to Prof. M. Taketani Dr. S. Tani 
and Dr. K. Sawada for their helpful discussions. He also thanks to Mr. Y. Nogami for 


his computational work. 
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Derivation of the Value of the Coupling Constant g from 
the Rest Energy of the Nucleon* 
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The static interaction energy between two nucleons and the value of the coupling constant g are 
derived from a unitary nonlinear charge symmetrical pseudoscalar meson theory that contains no free 
parameters. 


As is known, it is possible to derive nuclear forces in first approximetion in a classical 
way”. Because quantization of field theories offers great difficulties, it appears to be of 
advantage to find the results of such theories first of all in a classical way. 

Nonlinear field theories offer the possibility” to consider the source of the field (nucleon, 
electron) as spatially narrowly limited regions with high values of the energy momentum 
tensor of the field (meson field, electromagnetic field). The ‘‘ unitarily ’ described particles 
themselves are punctiform, whereas the vacuum polarization charge that belongs to them 
is extended”. It is possible to interpret the physical effect producing the nonlinear terms as 
vacuum polarization”. 

It will not be possible to build such a theory, starting with a boson field, for sources 
which, like the nucleon and the electron, have the spin }. As is known, particles 
with half number spin are represented by spinors”. While it is possible to build up tensors 
by spinors—thus having the possibility of a unitary nucleon theory (according to Fermi 
and Yang the pion consists of nucleon and anti-nucleon"), the reverse is not possible: Only 
if the spin of the nucleon is neglected or, introduced later ad hoc in a purely formal way 
as ““moment”’, it is possible to consider the spatial concentrations of energy of the meson 
field as nucleons. If one really wants to introduce the spin of the nucleon into such a unitary 
meson theory”, then it is necessary to add to the Lagrangian &y of the meson field also 
the Lagrangian of the free (linear) Dirac nucleon {y. It is possible to obtain the 
interaction energy between two nucleons in good approximation from the purely unitary 
theory ; on the other hand, it is also possible to set £y under the root of 4, and if 
this root is expanded into a series one automatically obtains interaction terms”. 


It is possible to represent the nonlinear unitary meson theory proposed by the author” 


* The research reported in this document has been made possible through the support and sponsorship 
extended by the Air Research and Development Command, United States Air Force, through its European 
Office, under Contract No. AF 61 (514)-633-C. It is published for technical information only, and does 
not necessarily represent recommendations or conclusions of the sponsoring agency. 
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in one of its forms (i.e. special €) by the Lagrangian Z y: 


£u=—_{V1-adj,— ae}, 4 p= OAy/Ox, A= 1; 2,3 (1) 
where @ is a constant [g~'cm sec"], A, is the charge symmetrical meson field, and K=m,¢c// is 
the reciprocal range of nuclear forces. A similar Lagrangian (with positive signs under the 
root, in analogy to Born’s electrodynamics) was given by Heisenberg already sometime ago”, 
but that Lagrangian leads in the static case to a potential A(r) that is strongly singular 
at r=0" and to a negative energy density. Therefore the author has chosen (1) because 
this ansatz leads to a potential that is regular at r=O and nevertheless has all the 
properties that are postulated by Heisenberg for a strong interaction which causes real 
multile production". 


While £ < 0, the energy density x 
H=9L4/04, A—Lu > static: —Ly (2) 


is positive definite. In a unitary meson theory of the kind treated here it has to be possible 


to express the rest energy Me’ of the nucleon by the mesic field energy : 
Mc’ = 938.5 Mev=| 26d-=—| Leyjar . (3) 


In order to be able to compute this integral, A(x, y, z, f) must be known. We introduce 
spherical coordinates, restrict ourselves to the static case 0/dt=0 and specialize to 0/dg=0. 


Variation of (1) gives: 


ye baa : Aggy + . A, : cotg IA, — = A,,.A,—“<APAgy + 
a r 1 od r 


Tr 


4 2% 4A, Ay— 2 & — — cotg 8 AA, = 22 A Aa — “ cotg 3 A+ 
ie rT fe if 


74) act Fhe pens 2 4, +" 4.) + 
Ue if 


4 CA+200A (4: a8 
Tf i 


+ar'4=0. (4) 


Now we want to solve this differential equation for two special cases. 

Case I (Pole Solution) 

With 0/03=0 we obtain a central symmetrical solution that corresponds to a pole of the 
linear theory. For large distances this solution goes over into g-e*"/r, the potential of 
the scalar meson theory, and this potential corresponds to a pole at r=0. For the time being, 


we write simply A instead of A). 


y(x), x=«r produces the following differential equation 


1 
The assumption A (r) = ya 
aK 


that is made free from parameters : 
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5 foci) J 
me 


[ORT Me Pe 
ie ag? y y ine 


(5) 


Except for y=cos(x+a), this differential equation seems to have no analytical closed 


solution. With the boundary condition 
xs; Waser eies My dfx) Gry), (6) 


a numerical integration was executed. The solution y(x) thus obtained will be found in 
fig. 1. If we substitute y into (1) and 
into (3), then we get after numerical 


integration 


y from integration T r 
“ ste = 
ys 2y-y e-2y ane 


a=+9.049-10-* [cm-g7*-sec’]. (7) 


For large x (x = 3), the term to the right 
of the equal sign in (5) is already so small 
that it can be neglected; for the potential 
A(r) =gk(e*/x)[g'"em"*sec| is an exact 
solution of (5) and (4), respectively. Because 


lim y=e"*/x we have by comparison of 
x70 


coefficients 


g=1/VaKw. (8) 
With m,=276 my, 1/k=1.399-107"%cm., we have then 
J7= 0.6495 -10~*|cm*?g"/"- sec]. (9) 


Because the potential A(r) is regular, no cut-off method (and accordingly no cut-off 
radius) is necessary ; g is fixed by means of (8) by the rest energy of the nucleon so that 
the theory under consideration has no free parameter at all. Therefore it is quite easy to 
verify it, e.g., by computation of the binding energy € and of the quadrupole moment Q of 
the deuteron. The values of € and Q were computed with the interaction energy resulting 


from A(r) by means of Ritz’s variation method. These computed values 
€=2.2 MeV 
Osa wom Cn 


lie more or less close to the experimental values (always depending on the trial functions 
used). For these reasons, a final decision on this theory seems to be possible only by a 
numerical integration of the deuteron equations. This computation is in due course. 


Case II (Dipole Solution) 


Now we investigate such a solution A(r, 2) of (4) which, for large distances, goes over 


; : dve* ; 
into the dipole solution gi — “cos 2 of the approximate linear differential equation 
K x 
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2 
A,, + —A, +e eco 0A,—K«A~0. (4a) 
r r 


Therefore we make the assumption 

A(r, ¥) =1/V ak-R(x) cos? (10) 
If we put (10) into (4), then we obtain for a definite angle @ a total differential equation 
for R(x). (See Fig. 2.) The computation of the interaction between two nucleons, which is 
produced by the theory under consideration, shows that only the cases J=0°, 180° are of 


interest, if the dipole moment m runs parallel or antiparallel to the zaxis. (Dipole in 


r=0). With 


m=-+(1/VW ak’)x, 2 the unit vector of the zaxis, 


(11) 
V=0/or, 1/r-0/dv, i= Deal 2%, E); 
it is also possible to write (10) in the following way: 
A(r, 9) = (MP) -g (ae, (102) 


where 


g(x) =| RG) dk. 


For medium size (1.5 << x< 3) we have g(x) =y(x), thus R(x) =y’(x),as shown by 
comparison, and for x >3 we have R(x) ~ (d/dx) (e-*/x) as well as g(x) ~e*/x. 
Because the nucleon has the spin } and can run only parallel or antiparallel to a given z 


direction, it is possible for us to set 
m = (1/«) (1/Y3a)o, |ol*=3 (112) 

and from (10a) we have 

A(r, 8) = (1/V3ax’) (oP) 9G). (106) 
The second nucleon can only take a position that is parallel or antiparallel to the spin of 
the first one, i.e., with the zaxis (next to each other or behind each other) : therefore, if 
the second nucleon is located at r, /, y, at arbitrary r and %, we are interested only in 
#=0° and 180°. Nucleons that are located next to each other, with parallel or anti- 
parallel spins, 3=90°, 270°, are physically possible, but the potential (10) vanishes for 
these angles. For %=0° we have the differential equation from (4) using (10); 


ag coe py pg rd ae VE (12) 
x x ae he 


which probably has no other analytical solution except for R(x) =cos(x+a). A numerical 


integration with the boundary conditions 


x=3, R(x) = (d/dx) (€*/x), R(x) = d'/de) - (*/x) (13) 
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is produced in Fig. 2. Substituted into (3) and (1), we had after numerical integration 


a=16.02-10-[cm g7'sec’] . (14) 
As for large x, A(r, ¥) = He q (ST) cos gee © cos J is a solution because of the 
‘ x oe Mec 


vanishing of the term to the right in (4), and (8) immediately follows by comparison 


with (10b) and therefore we have with (14) 
G7= 9489 10 [am 9"¥sec_ (15) 


We call a nucleon that has a moment m a 
unitary mesic pseudoscalar nucleon, in other 
words: we consider this particle to be a R from iagration 


° 9? bt oS. of . 
“concentration”? of a pseudoscalar unitary |- RAR 2R-R = 


2-2" FLA WE 4s 


nonlinear meson field. If such a nucleon as 


rests at r=O, and if its moment m runs 
parallel to the zaxis, then it produces the 
potential (10b) at 7,%,¢. The potential 
energy E of a punctiform trial charge g there 


is then given by 


E=gA=(«R(x)cos? [erg] (16) 


or an (or) | R(x) dk= ge (o2)\r (x) dx. 


But if we set not a pole but rather a dipole there, that is to say, such a second pseudo- 
scalar unitary nucleon, then we obtain for the interaction energy of these two nucleons the 
following expression (17). As a matter of fact, it is possible to consider such a nucleon 
that has a moment m to have been produced by a limiting process: two charges +g and 
—g, respectively, the distance between them being d, approach each other in such a way 
that lim g:dr=m= lim (1/v ae’) -dx remains finite. 

90 23-50 

Now let —gA(r) =— (9°/¥ 3) (6) g(r) be the potential energy of g in r; then 
the potential energy of +g in r+dr is given by 


+gA(r+dr)~+gA(r) +gVA(r)dr+:--. 


In the first approximation it will be permissible also in this nonlinear theory to superpose for 
the total energy, and thus we obtain for the interaction energy of two “ nucleons ” formally 


AGyot gP A(r)dr= (mp) 9 7 NIG), (17) 


E() = 9 (OP) (GF) 9) = 29 *e(o,o \(o. 2)9@). (17a) 
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Now we have also to take into consideration the charge index 2. It is possible, for instance, 
to set in a formal way 

A, =tA (18) 
and thus we obtain for the potential of a pole and dipole, 


AY = 7, 9ky (x) (19) 
and 
A, (7, 8) =7,(1/Vv 3 )g (OP) 9 (x), (10c) 
respectively. We obtain the same effect, if we substitute g by g,, where 
G05. (20) 


For the interaction energy between two nucleons we thus have 


weak dg anvAlea is 
E() = Flr) (02 a. a) = (17) 
; ( il ial 1 al it al dA tbl 
= 9K (TT) 40 ;0.-——>-++ —0,,05.x ——==_ Si, oar : 
EEF a) | ag Sea a x dx aes x dx 9) 


This interaction energy becomes for x > 3 identical with the second order of the usual 
linear non-unitary pseudoscalar meson theory, because for x — 3 (virtually already for x~2) 
we have (x) ~e“/x. The conclusions that can be drawn from (17b) for low and high 
energy are being examined at the time being; the interaction mentioned under Case ['” 


is obtained by g(x) =y(x). In concluding, a compilation of the g-values shall be given: 


Bethe’ g=—0.452- 10. ", 

Taketani’” §=0:578 4107, 
this paper, Pole G=0.6495-10 *, 
this paper, Dipole g=0.489-107°. 


It can be seen that the values derived for gy in this paper coincide very well with the 
values derived by means of the usual cut-off theories from the data of low energy (€, Q etc). 


The author wants to express his gratitude to Dr. Ladurner, Dr. Lesky and Dr. Gromer 


for numerical computations. 
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Note added in proof: It should be mentioned that quantum-theoretically the term 3/4z appears in the 


expression for the interaction energy. (See Taketani, J.C.) Therefore our comparison gives only the order 
of the constant g. 


Meanwhile, we have shown that the interaction (17 b) yields for the deuteron: 


€=2.2 Mev, g=1,818.10-9, Q=2.80.10-*7 cm?, 
Ppa=TAlLy; Lp= 0.83925, 
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We study the temperature dependence of some idealized ferrimagnetic crystals. The whole lattice 
of the crystal discussed here can be divided into two sublattices. These sublattices are generally 
inequivalent to each other, and any lattice points of one sublattice L, is nearest-neighbouring to some 
number of lattice points belonging to another sublattice L2 and vice versa. Every lattice point of Ly 
is occupined by a certain kind of magnetic atom A, and that of Lz by another kind of magnetic atom 
A>, In this confguraticn there exists an antiferromagnetic coupling between every pair of A, and A, 
nearest-neighbouring each other. 4j-atoms and A»-atoms have their own magnetic moment generally 
different from each other. We compute without intreducing any approximation the spontaneous ma- 
gnetization of such ferrimagnetic Ising model by making use of the well-known Onsager’s theory!) and 
especially of the solution of the temprature dependence of the spontaneous magnetization of the plane 
square lattice obtained by Yang.) Our exact results on the magnetic behaviour of the idealized simple 
model are quite similar in character to those of the actual ferrimagnetic crystal computed by Néel in 
the Weiss approximation. 


§ 1. Introduction 


C. N. Yang” succeeded to derive the exact value of the spontaneous magnetization of 
the ferromagnetic plane square lattice. By making use of his result we can evaluate the 
spontaneous magnetization of two types of ferrimagnetic plane crystal lattices where the an- 
tiferromagnetic spin coupling exists between every pair of nearest-neighbouring atoms. One 
of these is the plane square lattice. This lattice can be divided into two congruent plane 
square sublattices, L, and L,. Every lattice point of LE, is occupied by one kind of atom 
A,, and that of L, by another kind of atom A,. This lattice is found to give rise to 
the simple magnetization-temperature dependence similar to the ordinary ferromagnetic lattice. 
This is computed in § 2. Another model of ferrimagnetic lattice is the so-called decorated 
lattice. All types of one-, two- or three-dimensional lattices L, are able to have their own 
decorated lattices EL which we obtain by adding all points equidistant from two nearest 
neighbouring lattice points of the original lattice as the lattice points to the original ones. 
We call the sublattice L, consisting of all the added points as the decoration lattice. The 
spontaneous magnetization of the decorated lattice L can be derived from that of the ori- 
ginal lattice L,. In these ferrimagnetic decorated lattices the temperature Bependenee of 
spontaneous magnetization prominently changes its feature with the change of the ratio of 
spin magnetic moments between A, atom and A, atom. There appears three types of 
magnetization-temperature-curve remarkably different from one another in the main feature. 


This state of affairs is similar to the case of more realistic ferrimagnetic models treated 
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) We can also work even if there exist the spin-coupling be- 


. . . 3 
by the Weiss approximation. 
tween every next-nearest pair of A, atoms. The ratio of strengths between this coupling 
and the nearest-neigbour coupling also plays a role similar to the ratio of magnetic moments 
between A, and A,. If we consider the decorated lattice of the plane square lattice we can 

pete ; : 
derive the concrete formula for the spontaneous magnetization by making use of Yang’s 


result”, These computations are exhibited in § 3. 


§2. Ferrimagnetism of the Ising plane square lattice 


The plane square lattice L is divided into two sublattices L, and L, which are also 
plane square and congruent each other. We use the notations /4,s and »,’s for the spin 
variables of A, and A, atoms on the lattice points of L, and on those of L,. These 
variables can take values+1 and —1. Let the antiferromagnetic exchange coupling constant 
between jz; and », nearest neighbouring each other be —J (J>0) and the spin magnetic 
moments of A, and A, atoms be ff, and /,, and the partition function of the whole system 
is 


L333 {pad oa {u,b exp| —J’ SO aati ¥,— Hy dfs Hye, (2-1) 


where 3} {/4;} or >} {/,} means the summations over all range of variables, viz. all u,s= 
+ 1 in the former, and all »,’s=-+1 in the latter; S‘(ik) is the summation over all 


nearest neighbouring pairs, and $'; and S$}, are those over all lattice points of L, and of 
L,. Furthermore we use the notations, 


J’ =J/*T, 
Ei SS JALe Tg =P eds (2-1’) 
where H is the applied magnetic field. By the transformation ; /4;>/4;, ¥.—> —¥;, eq. (2-1) 
becomes, 
Z= Sit 25 Yeh expl! SY wobec %e— ADs + Hyde Ye] (2-2) 


2n columns In the square array of the lattice points as shown in 
Fig. 1, we assume the periodicity of period 2m in the 
longitudinal directions and that of period 2n in the trans- 
verse direction. Then we apply the matrix method to 


the array system of 2m rows and 2n columns. 


E By introducing the notations C,’s and s,’s for the 
a quaternions used by Onsager') operating on any function 
©(/;) of #; in the manner, 
SP (Hi) =e 9 (4), (2-3) 
Rion: 
©: The lattice points of LD, Cy (4) =9(—/,), 


@: The lattice points of Do. 


we derive the expression of Z, 


Z=trace(V"), 
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V=[2sh (J) |" VV,V,V.V. Voy 

V.=exp [ J*(C,+C,+...+Co,,)], sh(2J’) sh (2J*) =1 

Vie=exp [J (550+ 5053+ +++ +5051) | (2-4) 
Vi=ezp (A, (5, S54 #** A Sym —1) — Hy (59-54 +++ + Sam) |) 

Ve=exp | H, (SF 54+ + + Som) — Hy (5, 55+ +++ Sms) 


From this we can obtain the magnetization per one lattice point, viz. 


es 1 n-trace [VeV,V.VcV, V)"py | 
4mn trace [Vo V,V,V_V,V,) |" 


1 n-trace KAAAAAD SS 
4mn trace [VeV,V,VeV,V,)"| 


oa 


where we use the notation, 


p=, (G+ 53+ °° Sam 4) — 8, (S-+ 54+ oR TAL NS 


2-5! 
Po= Ps et Sat °° + Sam) — Bo (5, + 5gF 0+ + Soma) > 
This expression can be rearranged as follows. 
‘tes il [ae (W,” p,) 4 tface (W” po) I; (2-6) 
4mL trace (W,") trace (W,”) 
where 
W = co VeVVeV,V{Ve'", 
(226°) 
We=eVi pA VY VeV, We hei®: 
The two matrices W, and W, are the transposed matrices of each other : 
Wi Wes Weal. (2+6”) 


When n—co, by using the eigenfunctions , and ¢/, respectively corresponding to the largest 
eigenvalues 2, and /, of W, and of W,, we can obtain expression 


M=1/4m[g,, pi $1) + (Yor po $2) |; (2-7) 
where 
Wh =A, dr) (2-7') 
Wy Pr= ho: fo. (aa7%) 
In the limit of vanishing applied field H-+0, W, and W, both tend to the same matrix, 
W=V PV, VeV, Ve". (2-6"”) 


Over the whole temperatures under the Curie point T¢ given by 
sh (2J¢’) =1, (2-8) 


where 
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c ==] /k re 
the maximum eigenvalue A doubly degenerates. We express these two eigenfunctions corres- 
ponding to 2 as ¢, and ¢_, viz., 


Wh.=A-$., ) (2-9) 


Wh_=1-$- 
The signs + and — as the suffices of these eigenfunctions come from their eigenvalues for 
the operator, 
aC Crea (2-10) 
In effect 
Ud,=+ bes 
2 % (2-11) 
Ug_=—¢-. 


The perturbation matrix for an infinitesimal external magnetic field H is in the equation 
(2-7') 


X=Ve"V, pVoV Veh + Ve2V,VoV, p, Ve, (2-12) 
and in the equation (2-7/’) 
Mareen rere e +loe Verors tele - (2-12’) 
We have the following relations also for these matrices as a special case of eq. (2-67). 
2A, ae MN: (2-13) 


Furthermore if we make use of the operator D which displaces the whole lattice by one 
lattice distance in the lonigitudinal direction, we have the relation 


Ao 1) saa Eos (2:14) 

X, and X, both anticommute with U, 
and ¢, and ~_ are the eigenfunction” of D, (2-15) 
Dib, =e (Dido d. (2-16) 


The relations (2-11) and (2-15) tell us the fact, 
(Pr, X14) = Pr, Xo $,) 
= (b_, X, de) = ¢.; X% ¢_) =0 (2-17) 
(2-13), (2-14) and (2-16) lead to the relations, 
(Y., Xi, $_-) = (¢_, Xf.) 
= (P41, X2$_) = ($_, X $,). (2-18) 


If the phase factors of eigenfunctions are appropriately chosen, the common values of eq. 
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(2-18) can ke made positive. Then, if 8,> B., there hold 


f=1/V2 - (¢,+¢-), 
Wireal avi Dua (la tds). (2-19) 


in the limit H-0. 
Now (2-6) can be evaluated immediately as follows. 
M=1/8m- ($.+$-, Ve" (py +p) Ve? ($.4+¢-)) 
=1/8m- ($.+$_, Vo? (p, + po) Vollp_) 
=1/4m- ($., Vo (B,— Bs) (5+ 52+ +++ + 5m) Ve ?_) 
= (8,—,)/2 ($4, Vo” 5, Vie? f_) 
=1/2-(8,—f,). My. (2-20) 


Here My is the spontaneous magnetization of the ferromagnet of the plane square lattice 
as obtained by C. N. Yang”, where the spin magnetic moment is taken as unity, viz. 


1/4 
> 


My=| 1 ** 642%" (2220) 


a—#) 
x=exp (2]’) 


The above M exhibits a simple behavior quite similar to the ferromagnetic lattice as shown 


in Fig. 2 or Fig. 4 (c,) in the following paragraph. 


§ 3. Ferrimagnetism of the decorated lattice 


We here take the decorated lattice ID of any one-, two- or three-dimensional lattice 
IL,, which we decorate by extra atoms, one on every bond of L,, to build up a decorated 
lattice L, where the lattice constituted by extra atoms only will be called L, as before, we 
give the notation /4; and v, to the spin variable on the lattice points of L, and of L,, 
and let the antiferromagnetic exchange coupling constant be —J. Then, utilizing the same 
abbreviation as in (2-1), we can write down the partition function of the system as 

Z= Died Yat explL—J’ Dew Hs Y,— Hy ts— AyD, (324) 

quite similarly to (2-1). If the summation of {y,} is at first carried out, this is reduced 
to the form, 

LZ=A™D) eb explK en hs Hy— WO 4 J=4* ZK’, FX), (3-2) 
where N is the total number of lattice points of L, and the following abbreviations are 
made use of. 

H=H,+lnch (2J’—H,) —Inch (2)’+H,), 

K’=1/4- Inch (2J’+H,) +1/4-In ch (2J’—H,) —1/2-Inch H,, (3-3) 


A=2{ch (2J' + H,) ch (2 J/—H,) ch” Ese ie 
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Further 
a CRS H)=35 {/43 exp [K’ Da Mi fy—H Ds Hi), eS, -4) 


where S'(ij) means the summation over all the nearest neighbouring pairs of Ly eZee 
just the patition function of the ferromagnetic lattice having the coupling parameter kT- K’ 


(> 0). Then the spontaneous magnetization M of the ferrimagnetic lattice L, 
M=kT.- [9 In Z/dH] y=05 
becomes 
M=([(8, 8/0H, +. 0/AH,) In Z] n= 1-0 


[{( 4.22 os) 2a g,( 2% 9.4 0A 2 
CE “OH, aH 2 


! aN Meee | 
0H, OK’ OH, OA j= H2=0. 


Because of the relations, immediately derivable from (3-3), 
(@H'/8H,) moo=1, (BEP/9H,) ramo=2th (2)'), 
(OK’ /O Hz) 7.-0= (0A/0H2) m=0= 9, 
the above expression is found to be 
M= {1—20 th( 2J/kT)} -[8; Olu Z/0H'|q20 
=i+f(T, o)-M,(T), (3-5) 


where 


f(T, 0) =1—20 th (2J/kT), = Ps/B (3-5!) 
and 
M,(T) =8,{0 In Z/9 Jj =0 
=f -[d In Was CK, ED) J OTT | wreo (3 ag 
The appropriate one of the double signs + in (3-5) is to be taken so that M be positive. 
This rule of selection is based on the following fact. In the case of no external field, 
the maximum eigenvalue of the matrix in our problem corresponding to the previous W, 
eq. (2-6), is also doubly degenerate in the same way as represented in eq. (2-9). 
When an infinitesimal external field perturbs the system, this degeneracy is removed, and 


M, the eigenfunction corresponding to the maximum 


| eigenvalue is either 1/V2 (¢,+9¢_) or 1/2 
(o, —¢_) according to whether H> 0 or H’ <0. 
This consideration leads to the alternative in the 
double signs in (3-5). The M,—T curve has 
an ordinary ferromagnetic form as illustrated in 


0 T r rig, 2; where, to be precise, we must bear in 
¢ — 2 , : 
Fig. 2. mind that the exchange coupling parameter kT - K’ 


The. curve showing the relation between is actually a function of T, but this state of 


the spontaneous magnetization My of L; affairs does not change the main feature of the 


and the absolute temperature T. M,—T curve. The temperature dependerce of 
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f(T, o) which modulates the M,—T curve is represented by Fig. 3 (a), (b) and (c) 


corresponding to the values of co. 


1—2¢ 


(a) No <2 Oc =12 (©) WRG 


Fig. 3. ihe. f(iiva))— 7. curve. 


The resultant form of the M—T curve is found to be as in Fig. 4 in each case, where 


the case (c) is furthermore divided into two cases (¢,) and (c,) according 


T,<T, or T,<T, (T, being the T-value where the f(T, ©) —T curve cut the T-axis). 


; + 


(a) o<1/2 o=1/2 


M M 
| 
ey, 1 


(cq) 1/2<0<1/2 cth (aJ/kTc) (ce) o>1/2 cth (@J/kTc) 
Fig. 4. The M—T curve. 


to whether 


In the special case thet the lattice L, is the plane square lattice (Fig. 5), the T dependerice 
of M,(T) can te represented explicitly by making use of Yang’s result”, viz., 
tH 


M,(T) =My Cale ey. Moise Es | 


(3:6) 


where 
x=[exp (2K’) |y-o=ch (2J/kT). (3-6’) 
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The Curie point T, is determined by the equation, 
(sh (2K’) ]w-0 r=r,=sh In ch (2J/kT,) =1. (37) 


Then the condition for the occurence of case (c¢,) of 


case (c) is 


: 1/2>0> V24+2V2/4, 
(4) ii / (3-8) 


(ay: V2+2V72/2 <o. 


The calculation is able to be a little more extended, 


namely it may be carried out for the case where a 

Fig. 5 The decorated plane square further exchange coupling (ferro- or antiferro-magnetic) 

lattice is introduced between every pair of the nearest neighbours 

among A, atoms occupying the lattice points of L,. In this case only the expression of 
K’ is modified in (3-3) as 


K’=ajJ’ +1/4 In ch(2J’ + H,) +:1/4 In ch (2J’— H,) —1/2 Inch H,, (3-9) 


if the parameter of the newly introduced exchange coupling is @J. This modification leads 
to a change in the temperature dependence of M,(T) in eq. (3-5), viz. the modified 
form (3-9) of K’ must be adopted in eq. (3-5’’), and this affects the value of Curie 
temperature T,. In the special case of the decorated plane square lattice, M,(T)) is again 
expressed by (3-6) but here 


x=exp (2aJ/kT) ch (2J/kT). (35673 
Then the Curie point T, is determined by 
sh[ 2a] /kT, +n ch (2J/kT) |= 1. (2577) 


Also in this more general problem each case (a), (b), (c,) and (c,) in Fig. 4 appears 
if the corresponding condition of each case as shown in this figure. The difference with 
the condition in the before-mentioned particular problem is that the value of T, appearing 
in the equations of condition is not given by (3-7) but by a more general expression (3-7) 
Each of the cases is realized, even if only one of the parameter o or a@ is varied while 
the other remains fined. The limiting case a=0, has been treated already. As another 


limiting case we mention the case where a@ is variable and o=1, which corresponds to the 


problem discussed by Neel. 


$5. Conclusion 


We have investigated the temperature dependence of spontaneous magnetization of 
certain kinds of Ising model which are regarded as simple models of ferrimagnestism. This 
dependence we have calculated without any use of approximation has the features quite 
similar to the one of the more realistic ferrimagnetic crystal obtained by Neel” in the Weiss 
approximation. The curves representing this dependence has the form characteristic of fer- 
rimagnetism as shown in (a), (b) and (c,) of Fig. 4 under the condition : 
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(1) the two sublattices L, and L, of the total lattice L are not congruent to each 
other, 

(2) the spin magnetic moment of A, atom which occupies every lattice point of L, 
is not equal to that of A, atom which occupies every Ittice point of L,. 


If one or both of these two conditions is not fulfilled, the curve have the simple form 
similar to that of ferromagnet as in Fig. 4 (c). 

We should like to express our cordial thanks to Prof. K. Husimi and our colleagues 
in this institute for their valuable discussions. 

One of us (H. N.) express his heartful thanks to Prof. K. Ariyama, Dr. S. Nakajima 
and other members of Department of Physics of Nagoya University for allowing him the 
agreeable chance for study during his stay. 

Both of us sincerely appreciate receiving stipend from the Yukawa fellowship of Osaka 
University during the course of part of this study. 


Note 


After we had finished this study, we came to be aware that the exact expression for 
the spontaneous magnetization of ferromagnetic plane lattice had been already obtained not 
only for the square lattices: viz. for the triangular lattice by Pott’, for the honeycomb 
and the kagomé lattices by Naya”. If we write the spin coupling constant between every 
pair of nearest-neighbouring atoms as K (> 0) the spontaneous magnetizations of ‘different 
lattices as functions of absolute temperature and the formulae determining their Curie point 


are given by* 


2 1/8 a 
My=|1— Aes | cy Matis v3) (1a) 


for the triangular lattice, 


37.8 1/8 a 
My=|1— Sgt sues) | peer err 4 (1b) 
(x8—1) &’—1)? 
for the honeycomb lattice, 
My=|1— POH Oe) {Sear (16) 
(1—x*) ®(1+ 3x7)” 


for the kagome lattice, 


where x=e™ and K’=K/kT and x, is the value at T=T,. By taking these functions M,, 
My, and Mx for M,(T) in eq. (3-5), we can obtain the psec magnetization M(T)) 
of the decorated ferrimagnetic lattice derived from each lattice (Fig. 6), where we must 


consider that x relates to temperature as (3-6), viz. 


x=ch (2f eT i 


* We can rewrite in a similiar form also in the square lattice ; viz. 
M, = [1—16x4/(x?—-1)4] 1/8 =My. 
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Fig. 6. The decozated lattices 
(1): of the triangular, 
(2): of the honeycomb, 


(3): of the kagomé lattices. 


O: original lattice point. @: decoration lattice point. 


and in particular 
x,==ch (2) /kT,) : 


We can give a common set of conditions for the appearance of different features (a), (b), 


(c,) and (c,) of temperature dependence of spontaneous magnetization as shown in Fig. 4. 


(a) eve ay CP) rh eae ee 
(b) o=1/2, (a) po ees 
where o =1/2 cth (2J/kT,). 


Values of o’ for different plane lattices considered here are as follows. 
square V2+2V/2/4=0.54935-, 

triangular V6 /4=0.61237--, 

honeycomb V18+1273/12=0.51897---, 


kagomé V6+6V3/4=0.50609:--, 
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To study the properties of the symmetrical pseudoscalar meson theoretical potentials in nuclei, 
we apply them to Li® that is expected to disclose the properties of two-body forces in nuclei as directly 
as possible and investigate how favourable these potentials are to the static properties of Li’. The 
potentials between two nucleons are divided into two regions at 0.6 times the meson Compton wave 
length. The outside potentials are derived from the symmetrical pseudoscalar meson theory, while 
the inside potentials are determined from nucleon-nucleon scattering experiments phenomenologically. 
The excitation energies of the levels and the nuclear moments are calculated according to the intermediate 
coupling method. The meson theoretical potentials are very favourable to Li® without any modification, 
though the contribution from the potentials of the inside region is large. The order and spacing of 
the levels and spins are reproduced correctly up to the 3rd excited state. The corresponding spin-orbit 
coupling strength is large, namely, —8~—12 Mev, and can also explain the nuclear moments in the 
same region, so it is rather close to the jj-coupling limit than the LS-coupling limit. The tensor 
force does not affect the results essentially. 


§1. Introduction 


Meson theory of nuclear forces has developed on a large scale recently. On the one 
hand, field theoretical nuclear force between two nucleons derived from symmetrical pseudo- 
scalar meson theory seems to have been determined almost definitely if the distance between 
two nucleons is larger than 0.6 X%/pc, 4/ c= 1.40 X 10~" cm being the meson Compton wave 
length, because improvement in approximation methods has made it possible to take various 
effects into account.?** On the other hand, the nuclear force thus derived has succeeded 
in reproducing nucleon-nucleon scattering features at both low and intermediate energy regions 


including deuteron parameters.” 


At the present stage of the theoretical development, it would be significant to analyse 
properties of nuclei using the nuclear force thus derived. Our aim is to find to what 
extent it is modified in nuclei phenomenologically. We assume that the field theoretical two- 
body force would serve as a standard in nuclei also, because we do not know nuclear forces 
in each nucleus meson theoretically. Brueckner, Levinson and Mahmoud have also applied 
the same nuclear force to the nuclear saturation problem and got very interesting results, 
though their formalism must be criticized for some points, for instance, its omission of 
the surface effect.” 

It would be possible in future, to treat the various properties of nuclei from unified 
and meson theoretical point of view. However, at the present stage, care should be taken 
in the choice and treatment of nuclei, if we want to keep as unified point of view as 
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possible and demand the results thus obtained to be significant. 

Our object of analysis is Li’, as it is expected to disclose the properties of the two- 
body force in nuclei more directly than the other nuclei. Namely, it can be regarded as 
consisting of tightly bound Hle*core surrounded by one proton and one neutron. 
Experimental data also show its deuteron-like properties." Moreover, as the number of 
nucleon is not so large, complicated effects due to the presence of many nucleons are 
expected to be less important in Li® than in the other nuclei consisting of closed shells plus 


two nucleons. 


§ 2. Subject for consideration 


Many works on Li® have been done from various points of view. They are roughly 

divided into two groups. One is formulated by taking into account the two-body inter- 
; : ; , é, Bet 

actions between all possible pairs taken from six nucleons that construct Li®.”’” The other 


leaves the He‘-core untouched and considers the interactions between two Ip-shell nucleons 


11),12),13),14) 


and between the core and the 1p-shell nucleons. Works belonging to the former 


group aim mainly to calculate the binding energy’ 


) 


and to derive the spin-orbit coupling 
from non-central forces."” Some of them also calculate the level spacing and nuclear moments. 
According to this method the binding energy can be roughly fitted to the experiment, if 


suitable phenomenological potentials of Feshbach-Schwinger type”? 


including tensor force 
are adopted and a suitable radial dependence of the wave function is assumed." However, 
agreement of the other physical quantities with experimental data is not satisfactory. Works 
belonging to the latter group intend to investigate the level properties and spacing and 
nuclear moments. As to the two-body potentials adopted so far in these works, some are 
central potentials only and some include tensor force or even two-body spin-orbit force. 
Most of them are adjusted so as to fit the low energy scattering data in even  states,* 
while in odd states some are same with even states potentials and some satisfy the con- 
ditions for nuclear saturation derived by the variational method. As to the strength of 
the spin-orbit coupling, various values from LS- to jj-coupling limit are assumed. However, 
none can explain all experimental data concerning the physical quantities of Li® consistently. 

Inglis” calculated the energy levels by intermediate coupling method assuming the 
phenomenological central potential satisfying the saturation condition between two 1p-shell 
nucleons, and determined the spin-orbit coupling parameter and the matrix elements of the 
exchange integrals, fitting up to the 2nd excited state of Li’. According to his result, Li® 
is very close to LS-coupling limit. Regge" took into account the tensor force of Feshbach- 
Schwinger type and corrected the result of Inglis. According to his result tensor force 
affects the results rather worse as the trend, though the available region of the strength 
of the spin-orbit coupling becomes wider. Similar works were published by many other 
authors. On the other hand, Hitchcock" used a potential which includes the tensor force 


* : “ ” ry ¥ 
In this paper, the terms “even” and “odd” states concerning nuclear potentials are referred to the 


relative coordinate between two nucleons, while the nuclear states are referred to the center of mass system 
of the nucleus. 
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and fits with the low energy data in the even states, the odd states potential being the 
same with the even states, and calculated the level ordering and spacing in jj-coupling limit. 
According to his result, the level spacings are smaller than the experimental values, but the level 
ordering is consistent up to the 3rd excited state and the tensor force is very important for it. 

We take in this paper the method of the latter group, because according to this 
method, one can easily find how favourable potentials are to explain the Li’ data, as is 
clear above. 

According to the shell model, spin-orbit coupling exists in almost all nuclei. However, 
it is not clarified from what this phenomenological spin-orbit coupling comes. Some attempts 
have been made to derive it from tensor forces or from the spin-orbit force between two 
nucleons introduced by Case and Pais’ to explain high energy nucleon-nucleon scatterings, 
but they have been attended with unsatisfactory results. We assume in this paper that 
this spin-orbit coupling, a I-s, is a consequent effect due to all or some of many body forces 
between Ip-shell nucleon and 1s-shell nucleons, other effects owing to the presence of 
many nucleons, tensor forces and unknown interactions when the nucleons come very close 
together. So that we treat the spin-orbit coupling strength a, as a parameter. 

It is generally considered that, as the mean potential acting on nucleon in light nuclei, 
the harmonic oscillator potential is quite good.) In practice, of course, this mean 
potential may damp to zero outside the nuclei, but for the simplicity of the calculation, 
it is not cut off. Usually, the range, 1/W », of the wave function of this potential is 
determined by the Coulomb energy difference’ or nuclear radius,’ but we tried with 
various values of 1// », as there are no definite methods to determine it. 

The successful development of the meson theory of nuclear forces is owing to a guiding 


ptinciple which is reasonable physically. It was first proposed by Taketani and others’ 


and applied in many works.” That is, when two nucleons come close together, many 
complicated effects become very important, for instance, effects due to the sixth and higher 
order terms with respect to the coupling constant g°/42 between nucleon and z-meson, 
non-adiabatic terms, multiple scattering, presence of heavy meson etc. Although these 
effects are estirrated to be large when the inter-nucleon distance is smaller than 0.6 X 4/ic”, 
nothing cuaatitative can be said definitely. Therefore, we replace phenomenological potentials 
for the unreliable meson potentials when two nucleons are nearer than 0.6 X%/pc. These 
phenomenological potentials should be adjusted in such a way that they can explain the 
phenomena in question and may well be changed for another phenomena. According to 
this principle, it can be shown that the application of meson theory of nuclear forces to 
the nucleon-nucleon scattering should be limited up to the incident nucleon energy of 100 
Mev in the laboratory system”? and actually the meson theoretical nuclear force has succeeded 
to explain the nucleon-nucleon scattering up to 100 Mev.” The special features of 
the symmetrical pseudoscalar meson theoretical potentials in comparison with phenomenological 
ones are mainly as follows: they have very strong tensor force in the triplet even. state, 
they are not Serber type though the interactions in the odd states are rather weak, they 
do not satisfy the conditions for nuclear saturation given by the variational method, they 


do not predict strong two-body spin-orbit force, they demand a strong repulsive interaction 
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when the two nucleons come very close together, at least in the even states. Thus, we 

regard it significant to divide the inter-nucleon distance into two parts at the point 0.6 X ?/pc 

on analysing Li® data as well as nucleon-nucleon scattering, though the situation might be 
more complicated in nuclei. 
Therefore, problems to be treated here are classified as follows : 

1) Which region of two-nucleon potentials is more important, the outer region or inner 
one, to give the order and spacing of levels of Li’ ? 

2) If the contribution from the outer region is more important, how favourable the meson 
theoretical potential shape, exchange character, coupling constant g /4% and so on are 
to the features of Li’ ? 

3) If the contribution from the inner region is more important, can all data about Li’ 
be reproduced by an appropriate choice of phenomenological inside potentials? How 
much they are different from those predicted from nucleon-nucleon scattering ? 

4) What results are obtained about the magnetic moment, #4, and the quadrupole 
moment, Q? 

5) Problems (1), (2) and (3) predict the spin-orbit coupling strength a, while problem 
(4) also restricts a. Are these two a’s consistent each other ? 

Can we infer something about the nature of the spin-orbit coupling by investigating 
the effect due to the presence of tensor force ? 


Does the range, 1/ » , of the wave function not contradict with other experimental data ? 


Results obtained for problems (1), (2) and (3), and for a part of the problem (5) 
are discussed in Sec. 4 and 5. Results for problem (4) and for the rest of the problem 
(5) are discussed in Sec. 6. 


§ 3. Method of calculation, potentials and experimental results 


We consider the level spacing and spin and isotopic spin of each level in this paper, 
so that we leave the 1s-core untouched. Hence, we treat the correlation between two 
nucleons in the Ip-shell and the spin-orbit coupling as a perturbation, and then calculate 
the excitation energies according to Inglis’ intermediate coupling method.” The investigation 
of the matrix elements is performed by Talmi’s method." 

The wave function of a nucleon of the unperturbed system is given by the Ip-state 
wave function of the harmonic oscillator : 


$ (1, 6, p) =R(1) /r- XY." (6, ), 


ay Te 
R(r) =| | ea" r, 


where, as the range 1/“v of the wave function, we adopted values 1.8, 2.4, and 
200X100 emyiof whichi2.4><11 074em nisntherwaluesthatutis.: determined eftans Coulomb 
energy difference of Li’-Be’.’” 

The energy of the perturbation is composed of the meson potentials and the spin-orbit 
coupling, so that we get the cnergies as a function of the strength a of spin-orbit coupling 
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resolving the secular equations for these energies. 

In this paper, the term ‘meson theoretical potentials” means the symmetrical 
pseudoscalar potentials of the 2nd plus 4th order in the static approximation’ which is 
corrected by non-adiabatic terms derived by Brueckner-Watson’ in the triplet even state. 
Potentials which have been derived by Fukuda, Sawada and Taketani taking the dissociation 
probability of nucleon properly into account” is expected to be very close to the ones adopted 
here. As has been stated in Sec. 2, we divide these potentials into outer region and inner 
region at 0.6X%/pe. For the simplicity of calculation, we approximate the outside 
potentials by the superposition of two square well potentials of range 1.0 and 2.0X&/wpc. 
As we shall find later, this approximation does scarcely affect the results. The coupling 
constant is chosen so as to give the two-body data, namely g°/427~0.08 in the pseudovector 
coupling and G"/47~18 in the equivalent pseudoscalar coupling. The depths of these 
potentials are tabulated in Table I and IJ. The figures in these Tables for the triplet 
even states have already been used, as an approximation to the meson theoretical potential 
for the analysis of deuteron problem and n-p scattering at intermediate energy.” The 
phenomenological potentials of the even states in Table I are determined from low energy 
nucleon-nucleon scattering, while those of the odd states are not so certain. However the 


latter scarcely affects the results, as will be discussed later. 


Table I. Meson theoretical potentials in the outer region approximated with superposition of two square 
well potentials of the range 1.0 and 2.0 4/yc. Phenomenological potentials in the inner region are 
predicted from nucleon-nucleon scattering data. 


inner region outer region 
0.3~0.6 4/pyc 0.4~0.6 0.6~1.0 1.0~2.0 

sing. even —110 Mev —60 —3.5 

trip. even | —500 —46 —5.5 
central 

sing. odd +40 +6.5 

trip. odd —100 —10 +0.5 

trip. even +300 =o Sali 
tensor | 

trip. odd =20 aim 12 3 


ne 


Table Il. Exchange character of the meson theoretical potentials in the outer region. 


Wigner Majorana Bartlett Heisenberg 
0.6~1.0 4/pc —19 Mev — 34 —9 +16 
central = 
1.0~2.0 =—0:5 — 4 zy ao) 
: 0.6~1.0 25) 0) 0) 28 
tensor = 
1.0~2.0 a 0) 0) = 8 


re 
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As the first step, to find the effects of the outside potentials that are derived be 
the meson theory, we put all the inside phenomenological potentials to be iti and estimate 
the excitation energies. As the next step, we take into consideration the ey part of the 
potentials. At this time, we assume the interactions, which is of the repulsive nature when 
the nucleons approach inner than 0.3~0.4 X%/p1c, to be active only to push out a pk 
function outward, so we cut off the wave function of these region and renormalize . se 
the outer region. The effect of this renormalization, however, is negligibly small as it is 
of the order of 1/100 at best. Such prescription is not strict mathematically. 


The excitation energies, spins and isotopic spins 


seer ees of the levels of Li® are given in Fig. 1. In these 
3,58 Mev T=Op TSE experimental data, the data up to the 2nd excited state 
2.19 Mev J 5s LO are already known well,” but the spin of the 1st excited 
0 I=1, T=0 state is not conceivable. The data of the 3rd excited 
Fight) Hietgy levels of Lie e19 state are not published as far as we know and the 


data of Fig. 1 is the one referred in Regge’s paper’ 


communicated from S. Nilssen™ to him. This level probably corresponds to the Ist 
excited state of He." 

The experimental values of the magnetic moment and the quadrupole moment of Li® 
are 0.8219 nuclear magneton and |< 0.001|6 respectively.” The sign of the quadrupole 


moment is not determined yet. 


§4. Estimation of the effect of the outside potentials 


According to the problem (1) and (2) in Sec. 2, we take into account the part of 
the meson theoretical potentials outside 0.6 X4/f1c only, and put them to zero inside, as 
the first step of approach. 

Results for 1/W » =1.8, 2.4 and 3.0X107"%cm are plotted in Figs. 2, 3 and 4 
respectively. From these results, we can find that tensor forces are essential to give the 
ground state spin 1. It is natural as the tensor forces are stronger than the central forces. 
In the LS-coupling limit, the value of 1/“ vy giving the ground state spin 1 must be 
larger than 2.0X107"cm and for 1/Vv ¥ =1.8X107" cm there is no corresponding 
region. For 1/“ » =2.4 and 3.0107" cm such region of a is restricted to be very 
close to LS-coupling limit, where, however, the spins of the 1st and the 2nd excited states 
are reversed compared with the experimental data. So it is quite far from reproducing 
experimental data well. 

Thus, it may be rather better that 1/W» is equal to 2.4107" cm or somewhat 
larger. The reasons why the order of levels is not reproduced should be that the potential 


of the Heisenberg exchange type is large and positive, which pushes the *S, state higher 
than 'S state. 
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4E (Mev) , 4E (Mev) 


Fig.2-1 1/V y =1.8X10-cm Fig. 2-2 Wy =1.8X10-Uem 
The outside central potential only. The outside central+tensor potential. 
4E (Mev) 4E (Mev) 
10 10 
5 
1 0 
—5 
—10 


Fig. 3-1 1/V¥y=2.4X10-% cm Fig. 3-2 1/V vy =2.4X10-¥ cm 
The outside central potential only. The outside central+tensor potential. 
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4E (Mev) 
10 


Fig. 4-1 1/V vy =3.0X10- cm Fig. 4-2. 1/V ¥ =3.0X10-"cem 


The cutside central potential only. The outside central+tensor potential. 


§5. The results including the inner part of the potentials 


The results of the calculation including the inside potentials discussed in Sec. 3 are 
given in Figs. 5, 6 and 7, and summarized as follows ; 


i) Comparing with the Figs. 2, 3 and 4, we find that the inner region of potentials has 
large contribution. However, the main contributions to lower several levels come mainly from 
the even states potentials. The inside potentials for the even states are determined by the 
low energy nucleon-nucleon scattering experiment with little ambiguity, while those of the 
odd states contribute little to the results for the levels we are interested in. 


ii) Thus, the results do not change so much, if we make the approximation to the 
outside potentials better. 


iii) When we take into account the effect of the inner region, the spacings and order of 
levels are changed considerably, and spacings become larger than the outer region only. 
This effect is the larger when 1// v is the smaller. 

iv) Our results are very favourable to the experimental data of Li®. 


Spins and spacings 
up to the 2nd excited state are given correctly. 


The corresponding strength a of the spin- 
orbit coupling is, on the contrary to the results up to date, close to the jj-coupling limit, 
namely, the region of a is from —8 Mev to —12Mev. For the 3rd excited state, spin 
and spacing is right and reasonable in the same region of a. 
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v) The meson theoretical potentials, especially of the even states including both the outer 
and inner region can thus explain lower few levels of Li® very well without any modification. 
This fact can probably be interpreted to reflect the deuteron-like properties of Li’. 
vi) The tensor force is not so essential to this results, because the effect of the attractive 
part of outer region and the effect of the repulsive part of inner region in the even state 
cancel each other. 
vii) The results do not exclude the possibility that the spin-orbit coupling in nuclei comes 
partly from tensor forces between two nucleons, because the fact that tensor forces do not 
affect the level spacing etc. and the fact that a fairly strong spin-orbit coupling of the order 
—10 Mev is obtained do not contradict each other. 
viii) The range 1//“ » of the wave function is consistent with 2.4107“cm derived 
from Coulomb energy difference of Li’-Be’. For the change of 1// », the level order 
and spacing does not change seriously in the region of 2.4~3.0X107"cm. 

For the smaller 1/“», the contribution from the inside potentials is the more 


important. 


§6. Magnetic moment and quadrupole moment 


The wave function of the ground state can be written as follows : 
¥ I=1, T=0) =€,9(°S,) +C,P CP,) + Ca CD,), (1) 
where Ser =1- (2) 


The coefficients C,, C, and C, are expressed as functions of spin-orbit coupling strength a, 
where the value JE for the ground state is needed. They are plotted in Fig. 8 for the 
case 1/V ¥ =2.4X107%cm with the inclusion of tensor force and the inner contribution, 
corresponding to Fig. 6-2. 

If we neglect the contributions from exchange currents the magnetic moment // is given 


by the next formula”, since the spin of the ground state is 1: 


BL (Lee ea 5 (5 1) (3) 
I(I+1) é 


pag=— (1 +In+ Gp) +2 In—-9) BCis 


where J, and g, ate the g-factors for neutron and proton respectively. From equations 


(2) and (3) where pz is put equal to the experimental value, 0.821 nuclear magneton, 


the values of C’s are restricted as follows : 
G7204e ae, <= 0,927; 
0 = |C)2 <0.146, (4) 
Oese.| 0.095, 


also from eq. (3) 


|Cy/?=|C,|?—2|C,|? =0.707. (5) 
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From these figures we see that the region of a which satisfies the equations (4) is 


—10.5 <a< —8.5 Mev 


(6) 


and the value of a which agrees with =0.821 nuclear magneton is, using (5) 


a=—9.5 Mev. 


(7) 


Thus the region of a which can account for the experimental value of #4, (6) and (7), 
agrees well with the region of a which gives the correct level spacing discussed in Sec. 5, 


1.e. 


—8~—12 Mev. 


—6 a (Mev) 
Fig. 8-1 |C)/? 
0.06 
0.04. 
0.02 
a= (TE 
ere ote id —6 a (Mev) 
Fig. 8-3 |C.|? 


10 ~—38 —6 a (Mev) 


Fig. 8-2 |C,|* 


—10 —8 


—6 a (Mev) 


Fig. 8-4 |C)|*— |Ci|2—2|Co|2 
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—Q(10-* cm’) The quadrupole moment Q of Li is given by 
10 


°+10jC,|?—8Y 5C,C,). (8) 


1 
ee see 
Q==—(-71C, 


If C’s given in Fig. 8 are used, Q depends very strongly 
on a in the region in which we are interested, as shown 
in Fig. 9 and is also sensitive to the range of the wave 
function through 1/». Therefore Q is much changed 


by a small variation of a and 1/“v. So it may ‘be 


inadequate to determine a from Q and to discuss about 
it quantitatively. Qualitatively, the region |a|< 8.5 Mev 
satisfies the experimental value of |Q| < 0.001 6. 
(see Fig. 9.) The sign of Q obtained here is negative. 

From the discussions above, we can see that the 


strength a obtained from the level spacing and level 


- aye as properties on the one hand, and that obtained from the 
= —6 a (Mev) 


magnetic moment and the quadrupole moment on the 
Fig. 9 Quadrupole Moment other, are consistent each other. 


§ 7. Conclusions 


The symmetrical pseudoscalar meson theoretical potentials between two nucleons including 
the phenomenological inside ones are consistent with the energy levels and nuclear moments 
of Li® and are very favourable qualitatively without any modification. It might correspond 
to the experimental facts that Li® has deuteron-like properties. However, it will be 
premature to say that the interaction between two nucleons in nuclei is the same as that 
when the two nucleons are free, since the phenomenological potentials inside 0.6 %/pEc 
affect the results. As the results are hardly changed whether the tensor forces are considered 
or not, the large spin-orbit coupling parameter a has the possibility to include tensor force 
effects. 

According to our results, the energy levels and nuclear moments of Li® can, contrary 
to the results obtained so far, be explained by adopting the large strength a of the spin- 
orbit coupling, ie. about —9.5 Mev. The third excited level which can not be explained 
by phenomenological potentials proposed so far, can be well reproduced. Hence it would 
be much better to think Li® to be near the jj-coupling limit rather than LS-coupling limit 
as has usually been believed. 

The average nuclear potential in which the individual nucleon moves is generally 
considered to be nearly harmonic oscillator type as far as light nuclei are concerned, but actually 
it will damp into zero outside the nuclear radius. So it may not be a very good 
approximation to use the harmonic oscillator wave functions. The perturbation method Bey, 
not be quite reliable. The range of the wave function 1 [Vv » obtained here, 2.4107" 
cm, is however, quite in agreement with that obtained from the Li’-Be’ Coulomb energy 
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difference. It will also necessary to study about the binding energy. 

According to the shell model the procedure adopted here is valid also for N" if the 
sign of a is reversed. But we feel the results thus obtained to be very doubtful. If only 
one were to imagine the presence of many body forces in nuclei, the situation when ten 
nucleons exist in 1p-subshell will be much different from that when two nucleons do. 
Effects due to the presence of many nucleons may be more complicated, for example the 
configurational mixing will become important for such a many particle configuration. If 
all these circumstances are neglected fictitiously, the meson theoretical potentials can reproduce 
the ground state of N'. The level spacing of the 1st and the 2nd excited levels, 2.32 Mev, 
and 3.9 Mev can also be explained with 1/VW » ~3.0X107"cm and a~several Mev as 
can be seen from Fig. 7-2, though their spins are unknown. 

We wish to express our cordial thanks to Prof. M. Kobayasi and Prof. S. Takagi 
for their valuable discussion about this problem and other members in our laboratory for their 
continual encouragement. One of us (S.S.) wishes to express his thanks to the Yukawa 


Yomiuri Fellowship for the financial aid. 


. 
References 


1) M. Taketani, S. Machida and S. Onuma, Prog. Theor. Phys. 7 (1952), 45. 
2) K. Nishijima, Prog. Theor. Phys. 6 (1951), 815, 911. 
3) K. A. Brueckner and K. M. Watson, Phys. Rev. 92 (1953), 1023. 
4) N. Fukuda, K. Sawada and M. Taketani, Prog. Theor. Phys. 12 (1954), 156. 
5) S. Fujii, J. Iwadare, S. Otsuki, M. Taketani, S. Tani and W. Watari, Prog. Theor. Phys. 11 
(1954), 11. 
S. Otsuki and S. Fujii, Prog. Theor. Phys. 12 (1954), 521. 
S. Otsuki and R. Tamagaki, Prog. Theor. Phys. 12 (1954), 806. 
6) M. Matsumoto and W. Watari, Prog. Theor. Phys. 12 (1954), 503. 
7) K. A. Brueckner, C. A. Levinson and H. M. Mahmoud, Phys. Rev. 95 (1954), 217. 
8) M. Q. Barton and J. H. Smith, Phys. Rev. 95 (1954), 573. 
9) A. M. Feingold, Thesis, Princeton University (1952). 
J. P. Elliott, Proc. Roy. Soc. 218 (1953), 343. 
10) M. Morita and T. Tamura, Prog. Theor. Phys. 12 (1954), 653. 
11) Ishizu and S. Obi, Prog. Theor. Phys. 10 (1953), 690. 
Komoda and M. Sasaki, Prog. Theor. Phys. 8 (1952), 669. 
. Zeldes, Phys. Rev. 90 (1953), 416. 


12) . R. Inglis, Phys. Rev. 87 (1952), 915. 

14) . Hitchcock, Proc. Phys. Soc. A65 (1952), 661, Phil. Mag. 45 (1954), 385. 
15) . Feshbach and J. Schwinger, Phys. Rev. 84 (1951), 194. 

16) . M. Case and A. Pais, Phys. Rev. 80 (1950), 138. 


An 
iby 
M 
D 
13) T. Regge, Nuov. Cim. XI (1954), 285. 
A 
H 
K 
I. 


17) Talmi, Helv. Phys. Acta 25 (1952), 185. 

18) W. J. Swiatecki, Proc. Roy. Soc. 205 (1951), 238. 

19) M. Taketani, S. Nakamura and M. Sasaki, Prog. Theor. Phys. 6 (1951), 581. 

20) See references 1), 5) and 6). 

21) S. Machida and K. Semba, Report for the International Conference on Theoretical Physics, held 
in Kyoto (1953). See also reference 3). 

22) M. Matsumoto and W. Watari, Prog. Theor. Phys. 11 (1954), 63. 

23) S. Nilson in Lunds University (Sweden). 

24) P. F. A. Klinkenberg. Rev. Mod. Phys. 24 (1952), 63. 

25) R. G. Sachs, Phys. Rev. 69 (1946), 611. 


93 


Progress of Theoretical Physics, Vol. 13, No. 1, January 1955 


Fluctuations in the Number of Photons in 


an Eleciron-Photon Cascade 


Alladi RAMAKRISHNAN and S. K. SRINIVASAN 
Department of Physics, University of Madras, India 


(Received October 26, 1954) 


Numerical results are given relating to the mean and mean square number of photons in a cosmic 


ray cascade to supplement those given earlier by Ramakrishnan and Mathews relating to electron dis- 
tribution. 


In a previous contribution to this Journal, Ramakrishnan and Mathews (1954) discus- 
sed the well known stochastic problem of cosmic radiation and presented their latest nume- 
rical results relating to the mean and mean square number of electrons above a specified 
energy in an electron-photon cascade. Since those results are of considerable interest to 
stochastic theory in general and to the theory of cosmic radiation in particular, we wish to 
supplement them by numerical results on the fluctuations in the number of photons in a 
cascade. According to Bhabha and Ramakrishnan (1950), the mean and mean square 
number of photons above energy E, at thickness t in a cascade generated by an incident 
electron of energy E, are given by* 

it G+to Ch ev art ey7-)) 


SING sf t= j dr, 


QMio-io ,—A, = =r—1 


EIN? (y; YD} =EIN(y;. OM} 


ioe Gtio atin G@ iS t) aie: Fe oe) dr ds, 
(271) ° O-iw G—io (hres 1) (em 1) 
where y=log (E/E); 
Bee. jy UC, 3) errtrsArts_)t 
da ad eras ; 
(7 iS ) AAAs Artes 
CRE 1 , 
= h ay s a Cn 5) C, ec 
G, (r, ) (yu —2,) (Pe Ae) Pani — 4r— Ae ion 


roe =? D-1,-2) + ay (50 =? (=1,-1) |, 


s Lia 


Ce) = Kes CHE EAPC ay Homme 


a5 {A, (x, a x3) a) [sds a (4) (Lr x) } dy (r, 5) (D= Le ee ) 


* As to the notations, see Ramakrishnan and Nathews. 
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$A G5) — Pe bet 8) 49) baa.) (D=Pesss) |: 
ot 

| Pr+s-1 mack 8 (A+ fs—Arx ens) Ose Avan) (4+ ov) | ° 
E{N(y; 8} and E{N*(y; 4} have been calculated using the well known saddle point 
method which has been elaborated in the paper of Ramakrishnan and Mathews. Tables of 
E{N}, &{N%3, PH=E{N—[E{N} P, o°/E{N} and o° /([E{N} P—E{N}) are given 
Tables of G,(7, s) and G,(r, 5) are also given to enable any 
In the Table V, €{N} 


and [E€{N}}—€{N} are referred to as o,° and oy respectively for the obvious reason 


for various values of y and ¢. 


one interested to compute €{N’(y; t)} for any value of y and t. 


that they correspond to the mean square deviations we should expect if the distribution were 


of the Poissonian or the Furry type. 


Table I 
G(r, s) 
ee 11 1.2 13 1.4 1.5 - 1.7 
tis 15.168 
12 8.9458 4.9582 
A 6.7202 3.5690 2.4922 
1.4 5.5625 2.8567 1.9458 1.4880 
1.5 4.8493 2.4223 1.6150 1.2124 27146 
1.6 2.1287 1.3923 1.0279 sees eacet 
1.7 1.2314 9498 | 69570 alahees 47055 
1.8 79396 HOGS sili 40035 
ra 53969 42576 Bee 


2.0 24562 20290 -16907 

eau | 21259 17291 -14168 -11659 

Dae | 18495 14802 Pg hs NS} .096126 -077509 

2.3 12711 -10041 .079270 -062324 048639 

2.4 .084704 -065303 -049881 -037550 .027671 
7S -053696 -039671 -028566 .019773 
2.6 -031302 .021312 -013491 
27, | -015481 -0085335 
2.8 | -0046600 


$$$ a inert annintaes afl fat OTS | 
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ey 2.5 OY: 2.8 3.0 31 
Bory 019837 

2.6 | .0074075|  .0027246 | 

2.7 | .0032046 | —.0008263 | —.0038157 

2.3 | —.0000029 | —.0034656 | —.0059729 | —.0077225 

2.9 | —.0024059 —.0053758 | —.0074708 | —.0088774 | —.0097490 

204 | —.0067081 | —.0084516 | —.0095713 | —.010211 | —.010487 

3.1 — .0090332 | —.0099143 | —.010365 | ~—.010492 | —.010385 
ew —.0099942 | —.010292 | —.010304 | —.010110 
3.3 —.010057 | —.0099793 | —.0097226 
3.4 —.0095652 | —.0092634 
a5 —.0087636 


en 


Table II 
G, Gs 5) 


et iil 2 1.3 1.4 i163) 1.6 1.7 

el 24.182 

1.2 19.591 7.4664 

1.3 118.73 5.8236 3.5582 

1.4 — 10.457 6.0508 2.8456 2.0057 

£5 —3.7128 9.0209 2.6054 1.6285 1.2231 

1.6 196.45 2.6492 1.4275 99869 .77352 

£7 3.0127 1.3160 .85426 .63115 49598 

1.8 1.2591 .75160 53046 .40319 

1.9 .67266 45355 .33432 

2.0 .39150 .28042 

2 .23676 
be Tt, 1.8 1.9 2.0 2.1 a2 2.3 2.4 

1.8 31887 

1.9 25810 .20473 

2.0 21183 .16515 .13126 

2.1 17549 .13470 10571 084226 

22 14627 .11070 .085931 .067841 .054222 

2.3 .091464 .070340 .055102 043751 035106 

2.4 .057897 045056 .035575 028411 .022898 

2.5 .037051 029117 .023158 .018601 

2.6 .023965 .018997 .015214 

2.7 .015676 012521 

28 .010363 
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25 015065 
2.6 012290 .0100029 
27 010091 .0081974 .0067057 
2.8 0083360 | .0067595 | .0955206 | .0045385 
2.9 0069245 .0056061 .0045720 0037537 0031007 
3.0 .0046745 0038075 .0031221 .0025759 .0021377 
3.1 .0031873 0026106 0021517 .0017838 .0014869 
3.2 0021940 | .0018064 0014961 .0012459 
3,3 .0015238 .0012608 .0010491 
3.4 .0010676 .00088746 
3.5 | .00075409 
2 
Table III 
E{N(y; t)} 
[e{N(9; 2) }]2 is given in brackets 
ees 2 3 4 5 6 7 8 
3 2.40 2.09 1.62 1,12 729 | 450 271 
(5.77) (4.36) (2.63) (1.25) (.532) | (.203) (.0732) 
4 4.88 5.42 4.97 4.02 2.98 2.08 | 1.38 
(23.8) (29.4) (24.7) (16.2) (8.87) (4.31) (1.90) 
5 8.93 11.9 12.9 12.0 10.1 7.88 5.77 
(73.7) (142) (166) (145) (102) (62.0) (33.3) 
6 15.0 23.7 29.7 31.6 29.8 25.8 20.9 
(226) (562) (880) (996) (890) (664) (439) 
7 43.6 62.3 74.7 78.6 75.0 66.1 
(1900) (3880) (5580) (6180) (5630) (4370) 
8 122 163 190 199 191 
(149X102) | (265X102) | (360x102) | (395x102) | (364102) 
9 225 333 426 487 507 
(508X10-) | (111X10%) | (182X108) | (237x103) (257 X 108) 
10 397 644 900 1120 1250 
(158X105) | (415x10°) | (811x103) | (124x104) | (157x104) 
12 2120 3420 4990 6490 
(448X104) | (117X105) | (249x105) | (422x105) 
14 114x102 | 190x102 280 x 102 
(131X105) | (360%10%) | (785x106) 
16 632X102 105 x 103 
(399 x 107) (110 x 108) 


nn 
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Table IV 
E{N*(y; O} 


o*(y; ¢) is given in brackets 


Bo 3 4 5 6 7 s 
3 7.07 5.62 3.82 2.19 1.34 653 364 
(1.30) (1.26) (1.18) (.94) (.81) (.450) (.291) 
4 27.0 33.1 28.4 19.8 11.6 6.59 3.60 
(Ge) (3.7) (3.7) (3.6) (2.8) (2.29) (1.70) 
5 90.1 156 180 157 113 73.0 41.9 
(10.4) (13.9) (14) (12) (an) (9.9) (8.6) 
6 280 623 906 1050 933 703 471 
(54) (62) (62) (55) (43) (39) (32) 
7 2400 4200 5890 6430 5790 4510 
(500) (320) (310) (250) (160) (140) 
8 162X102 282 X10? 373 X10? 405 X10? 37310? 
(1320) (17X10?) (12102) | (1000) (900) 
9 557 X10? 119X103 191X103 245 x 108 261X103 
(4930) (80 X 10°) (9 X 103) (8X 103) (5 X10?) 
10 174X103 450X103 860 X 103 130X104 159 X10! 
(168X102) | (35xX10°) (49 x 108) (5 X 104) (2X 104) 
12 495 X10! 131X105 266 X 105 438 x 10° 
(47 X 104) (14 105) (147X105) (17X10) 
14 145 x 106 389 X 106 831X106 
(15 X 10°) (29 x 108) (47 X 10°) 
16 438 X 107 118 x 108 
(39 X10’) (8X 108) 


Discussion of results 


One of the peculiar features of the fluctuation problem has been long recognised to be 
If we use the Bethe-Heitler expressions, the total cross-section 
for Bremsstrahlung process is infinite. In an earlier paper Ramakrishnan (1951) had proved 
that if the total cross-section were finite, for all but small thicknesses the electrons and 
photons were statistically correlated in a manner such that the probability distributions of 
the numbers of both electrons and photons were of the Furry type. Ramakrishnan and 
Mathews (1954) therefore argued that in the cascade problem where the cross-section for 
radiation is infinite, so long as we are dealing with a finite ‘ population’ i.e., the number 
of particles above a specified energy, the mean square deviation of the number of particles 
will be small compared to the Furry value though it is many times the Poisson value. 
To support their arguments, the authors (1954) built up two simple models of nucleon 
cascades (i.e. single particle type) with finite and infinite total cross-sections and obtained 
numerical results which seemed to support the conjecture of Ramakrishnan and Mathews. 
Their view seems to be further confirmed by the numerical results of this paper. The 


the ‘ infra-red catastrophe ’. 
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Table V 
9 / 9 
o-/o Rr" 
o’/op* is given in brackets 


~y) 2 3 ae es hip ¢ ty 8 

oe mare al bee | (18 | 7.0 | —41 | a8 ie 
| 54) tory | (ean “| logeoe | haa | (1.0) (1.1) 
4 AR 15 tee. | | .30 AGE | | 16 3.3 
(65) (.68) (74) | (91) (92) | (2) (1.2) 
5 15 aol 091 | 088 ier | 18 31 
(1.2) (1.2) (1.1) (om | ‘amt | (033 (1.5) 

6 26 id 076081] | 057 050 060 077 
(3.6) (2.6) Gainers (a4 (1.4) (1.5) (1.5) 

a 27 |p OBA el ONSEN ar 029 0.032 
(11) Coes! CAT NOREG hs 105.9) (2.2) (2.1) 

8 089 064 034 026 026 
(11) (10) (65) | (5.1) (4.9) 

9 Dyas aS 036 018 
(24) (22) (17) (8.9) 

10 085 .060 043 010 

(55) | (54) (48) (13) 
12 10 o71 | 067 039 
(220) (250) (340) (250) 

14 aol 081 059 

(13x10?) | (15x10) | (17x10°) 

16 097 078 

(61 X 10°) (79 X 10°) 


following objection may be raised to the above conjecture. 

If R(E’\E) dE’ dt represents the probability that an electron of energy E in passing 
through matter of thickness dt, drops to an energy lying between E’ and E’+dE’ produc- 
ing a photon of energy between E—E’—dE’ and E—E’, then the Bethe-Heitler expression 
for R is such that (jR(E’|E)dE’ is infinite though |7,R(E’\|E) dE’ is finite if E, is greater 
than zero. It may therefore be argued that since the particles do not increase in energy 
there is no contribution from the particles with energy less than E, to those with energy 
greater than E,. So as long as we are dealing with particles above a finite energy E,, 
the probability distribution function of the number above a certain energy should not be 
affected by the ‘ infra-red catastrophe ’. 

Such an argument is not tenable since from a stochastic point of view it is clear that 
the glistribution function of a partial system (i.e. the particles with energy greater than E,) 
is dependent upon its relation to the entire system (i.e., the particles with energy greater 
than or equal to zero). One of the causes for the fluctuation in the number of particles 
above the energy E, besides that of multiplication is that particles drop to an energy below 


E,inarandom manner and so the magnitude of the total cross-section should affect the numbers 
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above a specified energy. This will be clear by a mere examination of the product density 
equations which involve the total cross-section. 

Ramakrishnan and Mathews have mentioned that their results are not in complete 
agreement with the earlier calculation of Janossy and Messel (1950). In a private com- 
munication, Messel has pointed out that the discrepancy is essentially a result of incomplete 
tabulation in the original paper of Janossy and Messel and a consequent error in their 
inference. Janossy and Messel tabulated o°/([€{N} }/+&{N}) and whenever they obtained 
a value of the order of .05, they inferred that it was nearly 0. If they had tabulated 
a /E{N} they would have realized that it would be many times the Poisson value even at 
the shower maximum. Then they would not have been led to the conclusion that the 
distribution is Poissonian at the shower maximum. 

In their paper Ramakrishnan and Mathews have stated that the product density equa- 
tions of degree greater than two have not been solved. Our attention has been drawn by 
Messel to a paper by Messel and Potts (1952) in which formal Mellin’s transform solu- 
tions for such equations have been obtained. 
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the Editor 


Effect of Radiation on the Self-Energy 
of an Electron 


D. S. Kothari and F. C. Auluck 
Delhi University, Delhi 
December 30, 1954 


We have recently discussed the effect of electro- 
magnetic radiation on the self-energy of an 
electron.1); 2);5) Consider a free electron (at rest) 
placed inside an enclosure containing radiation. If 
n denotes the initial state of the electron, and n’, 
n’ any intermediate states, we have for the self- 
energy W of the electron 


= rs n(h)+1 (uta, u’) (u*/a,u) 
ares Z k p—ck—E’ 


n(k)  (u®a,u”) (uta, u) } 
2 k utck—E" 


(1) 


where p= mc", «= aee, e is the direction of polari- 
zation of the photon of momentum &, and u the 
Dirac amplitude for the electron in the initial state: 
u’, u” are the Dirac amplitudes for intermediate 
states with energies E’ and E” respectively. n(&) 
denotes the number of photons of momentum & in 
the enclosure. The first term arises from an emission 
followed by absorption of a photon and the second 
term arises from an absorption followed by emission 
of a photon. The part W’ of W which depends 
on n(k) is then given by 

co 

\ n(k) kdk, (2) 


U 


yl =- 2ac* 
7 


where a is the fine-structure constant. As this ex- 
pression holds for all n(k), no matter how large, it 
should admit of a classical derivation. This is be- 
cause, as is well-known, when the electromagnetic 
field is large the quantum effects can be ignored. 
(It is on this account that whereas: spontaneous 
emission can only be treated quantum-mechanically, 
stimulated emission can be treated classically as well.) 
We give below a classical derivation of (2). 

Take the electric field of the radiation to be des- 
cribed by 


ao 


e()= [{E@) ct E(w)e-tt}dw, (3) 
Q 


where w=ck/@ is the angular frequency of radiation. 
Assuming that the enclosure is of unit volume, the 


energy-density is 


U(t) =Jé (8) |?/4z 
= we { J {E(w) E(o’) et(w—w! )e 
vv 


+ E(w) E(w’) et wtw!t +conj. terms} dw dw’, 


and therefore the average density, averaged over a 
time duration T, is given by 


— jU@de= am { 12a) Po a dude? 
= | E@) Pde 
v0 
=  u(w)do. (4) 
0 


Hence, the average energy-density per unit range of 
w is 
u(w) =(E(w)|?/T. (5) 
The number of ‘oscillators’ per unit range of w is 
a(w) =8rw*/(270)8, 
and thus we have for the number of photons of 
momentum k 
u(w)/#o _ E(@)!2@n0)? 
a(w) Ttor8rw0* 


n(@) = : (6) 


The velocity of the free electron subject to the field 


Gras 


— {= -E@ye™ Ew) eda, 
mi 3 w 


and its average kinetic energy W” is 


id 


é. om { n(w)de fo (7) 


Replacing w by & according to the relation 4w=ck, 
we have 


2ac* 


| n(kdk, (8) 
y 


wl= 
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which is the same as equation (2). 


1) D.S. Kothari and F. C. Auluck, Nature Lond., 
162 (1948), 143. 

2) F.C. Auluck and D. S. Kothari Proc. Roy. 
Soc., 214 (1952), 137. 

3) Inderjit Singh, Prog. Theor. Phys 10 (1953), 
476, 


On Fermi’s Theory of Multiple 
Production 


Ken-ichi Ono and Kei Yokoi 


Department of Physics, College of General Education 
University of Tokyo 


January 12, 1955 


In Fermi’s theory of multiple production of 
mesons!) the volume 2, into which the energy of 
the two colliding nucleons is dumped, is assumed in 
the center of mass system as follows: 

2Mc* 
ES 


where 2) is an adjustable parameter and is expected 


2Q= 2o q@) 


to have linear dime: sions of the order of the Compton 
wave length of the meson @/uc, M is the nucleon 
mass, and E is the total energy of the system. 
Although in Fermi’s theory the volume 2 is assumed 
to be affected by the Lorentz contraction due to the 
initial velocity of the nucleon, such an assumption 
should be investigated carefully from following 
reasons. 

Let us consider the moment at which mesons 
start to disperse after they attain statistical equili- 
brium. The energy which the nucleons have before 
collision may be shared to each meson during the 
equilibrium state. Consequently each meson may 
have slower velocity than the initial one of the col- 
liding nucleons, Therefore it seems unplausible to 
assume the Lorentz contraction of the volume Q, 
which contains the total system, corresponding to 
the initial velocity of the nucleons. 

Concerning this point Takagi*) has pointed out 
that the Lorentz contraction of 2 should be taken 
at the moment the equilibrium is attained. He 
replaced the denominator E in eq. (1) by TE, 
where J” is a positive number less than 1 and to be 


determined experimentally. Takagi interprets I” to 
be the energy fraction Jett tc the nucleons after 
emission. of mesons. However he still treats J” as 
a new parameter. Unless he determines I” theoretical- 
ly, his treatment does not seem consistent. 

On the other hand Fukuda") assumed that the 
linear dimensions of the contracted volume 2 should 
not be smaller than the order of the mean wave 
length of emerging mesons, because mesons to be 
emitted have to spend their several periods in the 
volume 2 before they attain statistical equilibrium. 
However, it had been shown by Lewis!) that the 
wave length of very strongly coupled particles as 
those confined in 2 may be much shorter then that 
of free particles. It seems plausible to assume that 
the real volume is larger than Fermi’s proposition. 
Unfortunately Fukuda’s explanation of the mechanism 
does not seem very convincing. 

When we apply the statistical treatment to the 
total system, it seems unnecessaty to assume the 
“common” Lorentz contraction for all states which 
are allowed as final states. Therefore we would like 
to assume that the volume @ is contracted at each 
final state corresponding to the relative velocity of 
the nucleons at the state respectively. Since the 
more energy emitted mesons take of the less energy 
is left to the nucleons, it gives rise the less Lorentz 
contraction and Q becomes the larger. Consequently 
the emission of mesons with more energy contributes 
to the result with relatively larger statistical weight. 

For the purpose to investigate results which will 
be derived from our assumption, let us treat the 
problem in a simplified thermodynamical approxima- 
tion. Creation of nucleon pairs will not be taken 
into account. Furthermore we shall neglect conser- 
vation of charges, spins and angular momenta. If 
mesons are emitted symmetrically in the center of 
mass of the total system at final states, the center 
of mass of the two nucleons coincides with that of 
the total system. Because contributions from these 
states are supposed to be large, we assume the center 
of mass of the two nucleons to be same as that of 
tke total system in the following discussion. It is 
also assumed that contributions are large at the case 
where the energy left to a nucleon is given as fol- 
lows : 

E/=E/(N+2), 
where N is an average number of emitted mesons, 
In the thermodynamical formulae we may therefore 
replace 2 by 


Me N+2)Me2 


Q= 
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Using such approximations we obtain the number 


and energy of the mescns emitted as follows: 


7@ Vv 2)Me ¢ °de 
nie 4xQ) (N+2)Me (<* 


Qnty Ban oh tld 
swe 
_FR)EB)__ 20M Ne AY ens, 
2K" B%¢ 
N 429) (N+2)Me j _etde | 
NEE SO antges oe eas 
_ TEC) BoM Ne? ) ary. 
25- #8 


From these two equations a relation between the 
number and the energy is obtained ; that is, 


[P@)¢(3)]4_ 20M 


2)?=— a 
NNTB ST raye (ayy ant ase 
In the case N>>1 the above equation is reduced to 
INI CD (2) 


It is very interesting to see that our result (2) agrees 
with the result obtained by L.O.W. Although the 
same result can be derived in Fukuda’s treatment, 
we have misgivings in his discussion as have been 
mentioned above. 


1) E Fermi, Prog. Theor. Phys. 5 (1950), 570. 

2) S. Takagi, Prog. Theor. Phys. 7 (1952), 123. 

3) H. Fukuda, Phys. Rev. 89 (1953), 842. 

4) H.W. Lewis, Rev. Mod. Phys. 24 241 (1952),. 

5) Lewis, Oppenheimer and Wouthuysen, Phys. Rev. 
73 (1948), 127. 


A Note on the Damping of Pair 
Formation in Pseudosealar 
Meson Theory* 


Tetuo Hamada and Yoshiyuki Shéno 
Department of Physics, Hokkaido University 
January 13, 1955 


Much has recently been talked about the damp- 
ing effect on the nucleon pair formation in pseudo- 
scalar meson theory.') Especially, Brueckner et al.) 


* The content of this note was read at the meet- 
ing of the Physical Society of Japan held in Osaka, 
October, 1954. 


have shown that the effect of nucleon pair formation 
is damped by a factor of ten if one takes into 
account the simplest type of radiative correction to 
the nucleon propagation function Sj. It has been 
noted, however, by several authors”) that it is rather 
hazardous to discuss the pair formation effects by 
using the radiative-corrected S;- only. Present writers 
believe that this opinion is right, since, as noted by 
those authors, the damping of the pair formation 
effect due to the radiative corrections to Sj» may be 
well cancelled out by the ones to the vertex operator 
7; In the present note we would like to remark 
that one cannot legitimately conclude the damping 
of pair formation effects even if it were correct to 
discuss this efect by taking into account only the 
radiative corrections to Sy}. 

We have calculated the nucleon propagation 
function modified according to the process indicated 
This, added to the result of Brueckner 


et al., gives, after the conventional renormalization 


in Fig. 1. 


procedure, 
Sp! (p) =Sp(p) 1- (SF (p) 
+5“ (p))Se(p)]-', (1): 


where 


— hy ( 3 = . 
Sr (p) =- 25 fp) p+), 


ae 2\2. 9 
sre te( = 7 (ip+M) 


4r 


J 
2M?x(1— ~~ 8—atie =x)? 
1 a6 seaaiad Gar Wie ence 
i 
~2{ Gilp)_, | A(—M"*) 
x {ar = log A) - Go} 


7 


1 
step < oat (OEE Eg Xe os 
x+A(1—x) 2 7 lear ‘ 
MG:(p) , 2M? sd 
{ ip+M +O) F-!(F—1+y) 


x [1-F-1(F-1+9) 169} | 


] 
es —i(l—x)p—M 2 
f(p)= Gai repre aml fear 
_2M?x?(1—x) 
om 
$(p*) = (1—x) p2+xM?+x(1—x)p*, 
G\(p) =iptl—xy(1—x) F] +M, 
Gyo = 2x? y* M? F-2(1—x)* 
x {xy Fo! (1—x) —1}/A(— M2), 
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G2 (p) =2 log ((p*) /¢(—M2)) 
—~MPF~°*(F—1+y°)/b(—M*) + A(p)/o(p"), 
Gy=M?F-2(F+y—1)/o(—M?) —3 
A(p) =p?xy(1—x) Fy [1 —xy(1—x) Fy] 
+ Fy lxyM?+ Fol 2(1—xy) , 
¢(p?) =p°F-1(F—1+y) [1-F- 
+ M?F~'y(xz+1—z) 
+ 2F-[1—y+ (1—x) yz] , 
A(p)=—p*(1—F-1(F—1+y)]? 
+2iMp(1—F-\(F—1+y)]+M?, 
F=1+(Fo-1)z, Fo=1—yl1—xl—x)], 
P=Puty, 4=(u/M)?, 


Me=nucleon mass, 


1(F—1+y)] 


=meson mass. 


Cd == oe 7. 
APS ERO Fe ES 
~ 
‘ty pf? SES oe bad BR 


Fig. 1. Radiative corrections to Sj. The subset 
considered in this note consists of the iteration of 
The solid and dashed 


lines represent a nucleon and a meson, respectively. 


this particular correction. 


In order to see the damping effect, we have to 
calculate the value of the following expression : 
15S’ (Pp) rs|p= im =Sp/(— Pp)! |p=iM « (2) 
Parametric integrations in (1) has been performed 
numerically to lead to 


SF (—p) |p=in-~2M (g2/4z)? 9/1627 x 0.3, 


(2 % (3) 
Dt (—p) |paiu~ —2M (g?/4z) 3/42 X0.7. 
Hence we have 
Bots vi 73S0/75 0) 15 
B 
~g? s_ ee 
B/ Mik ra 4x 
stg aa ere = x03) 5 ott), (4) 


where p(r) is the nucleon source density. The first 
term in the denominator of (4) is the result of 
Brueckner et al. which gave a damping of a factor 
about ten. Now we see that this damping is almost 
cancelled out by the second term, i.e., by the parti- 
cular radiative corrections considered in this note. 

S’-function (1) has recently been calculated by 
Mitra®) in connection with the pole consideration of 
Feldman.) Mitra’s result agrees with ours in the 
limit »/M-0. 

We finally note that the numerical values in (3) 
are to be considered to indicate only the order of 


magnitude, with errors which might be included in 
the numerical integrations being perhaps 2027. We, 
however, believe that our conclusion on the damping 
effect is essentially established in spite of the crude- 
ness of the numerical results. 

In conclusion, the present writers should like to 
thank Messrs. Yamazaki, Furui, Sakashita and Kawai 


for their aids in numerical calculations. 
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(1952), 802; K. A. Brueckner, M. Goldberger 
and M. Gell-Mann, Phys. Rey. 90 (1953), 476. 

2) N.M. Kroll and M. A. Ruderman, Phys. Rev. 
95 (1954), 233; S. Deser, W. E. Thirring and 
M. L. Goldberger, Phys. Rev. 94 (1954), 711; 
M. Gell-Mann and F, E. Low, Phys. Rev. 95 
(1954), 1300. 

3) A. N. Mitra, Phys. Rev. 95 (1954), 1697. 

4) G. Feldman, Proc. Roy. Soc. 223A (1954), 112. 


Recoil Correction to the Adiabatic 
Nuclear Potential 


Mitsuo Shindo* and Kazuhiko Nishijima** 
Department of Physics, Kyoto University* 
Department of Physics, Osaka City University’* 


January 18, 1955 


In the non-relativistic meson theory of nuclear 
forces, the problem is usually decomposed into the 
following two steps: 

(a) First, one calculate the lowest eigenvalue of the 


Hamiltonian 
H,=Hy+HAawy (1) 


for a two nucleon system. Hy, and ies are the 
Hamiltonians of the free meson field and for the 
interaction between meson and nucleon fields respec-. 
tively. The counter terms to cancel self-energies are 
involved in the latter part. 

Since H; commutes with the space coordinates 
of nucleons, the lowest eigenvalue Woo is a function 
of the distance between two nucleons. Wo is the 
so-called adiabatic nuclear potential. 

(b) Next, one solve the Schrédinger equation 


(Hy+Wo)¢=E¢, (2) 
where Hy is the total kinetic energy of two nucleons, 
Le., 


Hy=1/2M+(p,?+p-") . (3) 
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In some cases, however, the above treatments 
cannot be retained, since the meson cloud around 
the fixed source nucleons may considerably be deform- 
ed when the nucleons are put in motion. For this 
reason we shall investigate correction for this effect 
in the present letter. 

The exact equation to be solved is 

Hut Y= (Hy+H,) V=EP. (4) 
Suppose that H, is transformed into a diagonal 
matrix 1 by a suitable canonical transformation 
T=U0, (5) 
where by ‘diagonal’ we mean that no-meson states 
are decoupled from all other states, i.e. 


, 


(0) 1, 2,--- (no. of mesons) 


U-'H,U=W= 0 


rT | 
a 


Then the eq. (4) is transformed into 
(U-'Hy U+W)0=E0. (7) 


It is readily seen that the adiabatic approximation is 


(6) 


attained by putting 
U-1Hy U~Hy (8) 
and - 

O=f°Dy , (9) 
where @ is the nucleon wave function and @) the 
vacuum. 

The recoil correction arises from the non-com- 
mutativity of Hy with U which is a function of the 
space-coordinates of two nucleons. 

Putting 

(12) <U>" 0Uj0x,=D,, (s=1, 2) (10) 
then. D, is hermitian and represents the generating 
operator of deformation of the meson cloud caused 
by the motion of the “s”-th nucleon. 

The eq. (7) can be written in terms of D, as 

(Hyt+W+w)0=E0, (11) 
where 

- w=1/2M> ({P1, D,}+{po, Dy}) 

+1/2M- (D,*+ D,*). (12) 

For the solution of the above equation we can refer 

to the method of perturbed stationary states.!) In 

eq. (11) the only term that is not diagonal is w and 
its rough order of magnitude is given by 

v~n/MOW, (13) 


so that the contribution of the non-diagonal part of 


w to the nuclear potential is of the order of (/M)? 
of the adiabatic potential. Hence the Schrodinger 
equation which is correct up to the first order in 
(n/M) is 
(Hy t+Wot wo) P=EY. (14) 
The condition for the validity of the adiabatic ap- 
proximation is expressed by 
1! <<! Woo! « (15) 
In general wp is a velocity dependent potential 
of the L+S coupling type since the first term of w 
in (12) is linear in the nucleon momenta and the 
quantity that is linear in p and invariant under the 
space-reflection and time reversal should involve a 
factor L+S, L being the relative angular momentum 
and S=o")+o6°), 
We have calculated mp9 up to the 4th order in 
the coupling constant for the symmetrical pseudo- 
scalar meson theory with derivative coupling.*) For 


the Hamiltonian 
Ayy=s)ee S (6-7) (6) g (xs) —self energies, 
5=1 


(16) 


we have 


WoO=H (>) (4): (> —7) +) (L+S) 
(1+ ur) (3+3ert (ur)*) 
(xr)® 
It must be noticed that wo) vanishes in the second 
order (g*) and that the second term in (12) does 
not contribute to wo) up to the 4th order (g'). 
The sign of the LE+S coupling obtained here is 


en fer, (17) 


opposite to that required from the shell model,*) as 
noticed by several authors. 

The contributions of high frequency virtual 
mesons to wo are so large that even near the force 
range woo is depressed by a factor of about 1/3 with 
a suitable cut off procedure. 
(15) is satisfied. 


Then the inequality 


1) Mott and Massey, The Theory of Atomic Col- 
lisions 2nd ed. p. 153. 

2) K. Nishijima, Prog. Theor. Phys. 6 (1951), 
815, 911. 
M. Taketani, S. Machida and S. Onuma, Prog. 
Theor. Phys. 7 (1952), 45. 
S. Fujii, J. Iwadare, S. Otsuki, M. Taketani, 
S. Tani and W. Watari, Prog. Theor. Phys, 11 
(1954), 11. 
K. A. Brueckner and K. M. Watson, Phys. 
Rev. 92 (1953), 1023. 
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N. Fukuda, K. Seweda and M. Taketani, Prog. 
Theor. Phys. 12 (1954), 156. 

3) M.G. Mayer, Phys. Rev. 75 (1949), 1969; 78 
(1950),, 16, 22. 


On the Equivalence Theorem 
Yasushi Takahashi* 


Division of Physics, National Research Council, 
Ottawa, Canada 


January 19, 1955 ~ 


In a previous paper we were concerned with the 
problem of gauge invariance, i.e., the photon self- 
energy and the non-gauge matrix element for the 
m°—>2y decay process.!) It is recognized that the 
discrepancy between the formal proof of the invariance 
and the actual calculation can be removed only when 
the point medel condition of elementary particles is 
satisfied, as it should be. Therefore, it may be ex- 
pected that the same is true for the term which 
contradicts the Equivalence Theorem in the 7°>2y 
decay process. The aim of this note is to examine 
this expectation. 

The serious situation in which the Equivalence 
Theorem is destroyed in connection with the non- 
gauge term in x°—>2y is discussed at length by 
Fukuda et al.2 According to their analysis, the 
matrix elements for n°—2y are 


9 
e 


(P(x) 150(x) = (Fye F34+ Fo3 Fig + Fai F24) 


4rk- 


x fae | SIO], wo 
(1) 


(p(x) T57Te d(x) bang [4 FvsiGaivant 
) 


A) 


Ay 


(Fy: F34+ Fog Fi3+ Fs) Fos) 


== 


ete | , PS(PV) (2) 


1 1 
Oe J one 1—€¢/(y/K)? 


‘=u(1—y)/2, 


f=u(1t+y)/2, 


* National Research Laboratories Postdoctorate 


Fellow. 


F,y=0A,/0x, —0A,/Ox, 5 (3) 
and « and y stand, respectively, for the masses of 


Although the 
first term of the right-hand side of (2) is not gauge 


the nucleon and the neutral meson. 


invariant, this is related to (T,,)o in a simple way 
as follows : 


(P(x) Ty %5 (x) dnon-gauge 
ee a 5, 0) 


82 Lae? ok Ok 
X Eovap 4a (x) Fya (x) (4) 


This vanishes by a physical condition which was 


ae 
ef =a CTnon 
Fa 


given in I**, The omission of the non-gauge term, 
however, introduces a new difficulty in that (1) and 
(2) are now no longer equivalent. Thus, we have 
now to examine the characteristics of the first term 
of (1), in order to see how this discrepancy between 
the formal proof and the actual calculation of the 
equivalence arises. 

Let us separate the first term of (1) by putting 
“u=0. This separation is simply done in coordinate 
space as follows: 


(p(x) %s y (x) 72—phbotou 


=— “a dx}dx*Kyy (%, x', x*) A, (x) A, (x7) 
=— —| dd dxAK yixs 00, ) 
0 
| (2) Ay (2) + (32) 0 5 — ha @) +A (9) 
0 
hi Mes 9) bee th C9) irre A, (x) 
+ (x! =x) 4 (x27 —x) = A,, (x) eee A, (x) 
a # Ox ie Oxo 4 


+ eeeeee | (5) 
with 
Gy (x, KP x") 
=Sp {Sr (x—2)) ty Sr! —2*) ry Se (2? — x) 75} « 
(6) 
A, (x!) = A, (x) + Gx) , OA, (x) [Oxa toy } (7) 
Ay (2) = Ay (3) + G22) 0A, (2) Oa 
The first, second and third terms of the right-hand 
side of (5), however, vanish due to the pseudoscalar 
property of K,,,. Furthermore those terms not 
explicitly written out in (5) will not be considered 
** Since we put the mass of the z°-meson to be 
zero in order to separate the term (4), the mass pz 
does not contribute to the dimension of (74,70. 
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because we are interested in the non-vanishing matrix 
element when =O and, from the Taylor expansion 
in (5) and the pseudoscaler property of K,,,, these 
terms are reduced to Eyyaol_](Fyuy Fyo) which equals 


WEnvac (Pur Fryo)- Therefore, we have 
(O(e) 150%) =o 
= —— \ xd Rays (Xai ast Xe) 
X (xl =x) 9 (x2 —x) pA, (x) /0x, 20 A, (x) /Oxp « 
(8) 
If we put 
K€pvap = \ CEE GER eee FeCl 60) Es eo) ; 


(9) 
we obtain, after some tedious calculation analogous 


to the method given in J, 
1 3 3 
eye (aids? Spvae uy hak oD 


(C= 29) EEE 
peli (2202 B50 
mi V2 CFs 


Kane ke 


Simat 
toe |<Taao- (10) 


<T a0 is a quadratically diverging quantity and if 
we substitute it into (10), we get the same answer 
as was given by Fukuda-Miyamoto.*) It is, however, 
noted that (To is a physical quantity which must 
have a dimension [x4]. Substituting <T,,):=ar! 


(a is a dimensionless number) into (10), we have 
K=0;5 


which implies that the equation (8) or the first term 
of (1) vanishes.4) It must be noted that the x- 
dependence of (10) and (4) is exactly the same. 
We have ascertained the fact that the two terms 
which violate the gauge invariance requirement and 
the equivalence property, respectively, can be cancelled 
by the same principle, elthough these two have been 
treated by separate conditions of the regulator which 
are considered rather unnatural.2) 


1) Y. Takahashi, Prog. Theor. Phys. 11 (1954), 
251, hereafter called I. See also ibid. 10 (1954), 
366. 

2) H. Fukuda et al., Prog. Theor. Phys. 4 (1949), 
477. 

3) H. Fukuda and Y. Miyamoto, Prog. Theor. 
Phys. 4 (1949), 347. 

4) The meaning of the dimensional analysis is 


discussed in detail in the previous paper (see 1.). 


On the Structure of Dirac Wave 
Function 


Takehiko Takabayasi 
Physical Institute, Nagoya University 
January 20, 1955 


From Direc electron wave function ¢, we can 
produce sixteen bilinear quantities (density functions), 


GtrAg, of d74d, G=d*Ts), (1) 
by use cf sixteen independent Dirac 4—4 matrices 
74's. The properties of those bilinear quantities have 
occasionally been considered," *);*) but the investi- 
gations heve not been sufficient. In the present note 
we shall make good this defect, and in this connec- 
tion develop further considerations. 

Pauli?) classified the 16 y4’s into I, ry, tty Tvs 
ifatuty and 7;, and derived five identical relations 
holding between the corresponding bilinear quantities, 
by exploiting the formulae existing between the 
matrix elements of the y74’s. It is, however, readily 


observed that there should exist nine independent 


identities between the 16 bilinear quantities, and such 
relations were, in fact, derived later by Kofink*) 
following the Pauli’s procedure. Their method, how- 
ever, is rather complicated and could not disclose the 
unified structure of the set of the density functions. 
Our method which starts from the classification of 
16 y4’s into 


u, v=1, 2, 3, 4, 
j ) (2) 


Tuy = Puy > ( = 
6y=o5=11, 


is more suitable and directly leads to such inter- 
relations between the corresponding density functions 


Cry mee Tuvd, G3) 
which are similar to those between the coefficients 
of a Lorentz transformation. 

The 16 quantities (3), arranged in a matrix form, 
can be rewritten as 
(@) (a2) (a3) (1) 
(71) (v2) (73) i (02) 
(t1) (ta) (ts) (6s) 
i(a)) i(o2) t(o3) —(D) 
employing the usual notations, Ci=0103, Te=P.e7,. 
and also the designation ¢;==¢30;. The quantities, 


od 


BN = — 

(N= (oh), (a), (©), (7), (e), (6s) means the 
densities of charge, current, spin, electric moment, 
magnetic moment, and rest mass, respectively. 


(yw) = (4) 
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We now consider the usual representation meking 
63 Ciagonal, and write the ¢ by two two-component 
functions, ~*, (€=1, 2), such that 
pl 


v=(1) #=(Q)- #= (0): 


Then we have 
Tu) =P Py ov P=oin tan de gs, (5) 
where ot’s are 2—2 Pauli matrices, and o!=il. 


Applying to this the formula for the elements of 
Pauli matrices 


Oy, Ter x)=2 (Gas! Oalg—Oap Oars!) , (6) 


we can derive the fundamental set of our quadratic 


identities at the same time 


: Gray) Giasp) =07,Q , (7) 2) 
with 
Q=Uir)?=41(H' EP, (8) 


(d= da!, —9s")). 
The relation (7) shows that the quantities 


Buv= = OMG) (9) 


satisfy the condition for the coefficients of a Lorentz 
transformation, namely, 


Boy Buv=Ory - (10) 
Also we have 
det |B,yl=+1, ie, det|(7y1)|=Q? (11) 
Replacing (7) by equivalent relations 
(raw) (Yav) =OurQ, (12) 


we can explicitly see that Eg. (7) really contains 
only nine independent relations, since in (12) the 
equation for »=v=4 merely gives a trivial identity, 
Q=Q. As is well known the general Lorentz trans- 
formation contains 6 parameters, the ten relations 
between its coefficients being independent of each 
other, whereas the set of our 16 quantities, (4), 
involves 7 (=16—9) independent parameters, and 
defines a Lorentz trensformation together with its 
length of axes), Q'/?, for each space time point. 
The original wave function ¢ (containing 8 real 
quantities) is represented by the set of our 16 
quantities just with the exclusion of the mean phase. 
It is obvious that the 16 quantities, being all bilinear 
in ~* and ¢, do not depend on the mean of the 


‘phases of qp’s. The fact that (4) specifies a Lorentz 


transformation expresses in a unified form the geo- 
> > —> 
metrical structure of various densities, (a), (7), (t), 


(¢), (D) and (0;). 


Next we shall note some related investigations 


still more briefly. In the first place, our investigation 
cen be generalized to the case of 16 complex bilinear 
quantities produced from two kinds of Dirac func- 
tions, ¢ and g, 


Lv N=O" (x) rv¢Q), (13) 
which still satisfy the similar nine identities : 


Thy Ge Inv (Ge y) =O. = baile. y))?. (14) 


Really, there exist more general 16 independent re- 
lations connecting I,,, at four pairs of points, (x, y), 
(x’, ), (x, 9), x’, y), though we omit to write 
down them here. 

The second point refers to density matrix. The 
usual density matrix for a Dirac particle”) in a pure 


state case is given by 


Rap (x, y) =dp* (y) ba (x) , (15) 


which can be regarded as 16 functions of two argu- 
ments. We can, however, replace (15) ‘equivalently’ 
by 16 functions 


Ruy, =o*(y) tur O@) , (16) 


The 16 independent relations satisfied by R,,,(x, 9), 
similar to those stated above in respect to I,,,,(x, 9), 
specify the necessary and sufficient conditions for our 
density matrix functions so as to correspond to a 
pure state. We can, on the other hand, obtain the 
equation of motion for R,,(x, y) by means of the 
Dirac equation. 

Further, by performing a special Fourier transfor- 
mation upon the above R,,, formalism, we can obtain 
also the formulation in terms of phase space distribu- 
tion function®) for Dirac particle. 

Finally, in order to represent perfectly the wave 
function ~ by local bilinear quantities only, we 
introduce, in addition to (y7,,), the quantities involv- 


ing space derivatives, 
1 /., do dye ) 
= * a 17 
Sys 2i (v Pipe Ox, OP), (7) 


taking into ‘account 11 more subsidiary conditicns 
referring to J, and (7,,), besides (7). The Dirac 
equation can then be expressed in a closed form as 
real simultaneous equations of motion for those 28 
bilinear quantities, (7,,) and J,;. It is also pos- 
sible further to reduce this set of density functions 
to that of ten (7) quantities and three J quantities. 
The method is just the extension of our formulation’ 


given to the non-relativistic spinor equation to the 


Dirac equation. 
Details and further considerations will shortly be 


published. 
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A Tentative Analysis of 7—2z 
Process 


Daisuke Ito and Shigeo Minami* 


Physics Institute, Tokyo University of Education 
and 
Department of Physics, Osaka City University* 


December 30, 1954 


The production ratio of pions in meson-nucleon 
collisions is analysed with the L—S coupling scheme, 
in which the isotopic spins of two pions are composed 


Table 1 
ET RN PT 5 
Processes of pent | ax 
m~+n>r-+n or r-+79+n 55 26 
—>2n-+p 4~6 2 
nt +2n7-+n 1 ~1 
n—~+p>rn-+p 16 6 
—n-+n°+p 31 11 
srt+tn-+n 20 8 
sd gala 
27+ n 22 8 
— A°+ 6° 
etc, 
Toc Poeiin ee matsp 1 ~1 
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at first. In Table 1, we list the numbers of events 
observed by Walker, Crussard and Koshiba!) at an 
incident energy of 1.5 Bev. According to Cool et 
al), the total cross sections for pion-nucleon collisions 
at 1.45 Bev are 
o(z- +p) = (3443.5) mb, 
o(x-+n)=(294+3 ) mb 
From these two experiments, the cross section for each 
process can be estimated as listed in the last column 
of Table 1. 

These cross sections are expressed by L—S coupl- 
ing amplitudes T,(s or a)’s where the sufix I is 
the total isotopic spin and s or a in the bracket 
denotes the symmetry or antisymmetry character with 
respect to the interchange of two mesons. 


a (x~+n>n- +7°+n) =|T3/2(a) |? 
+!1V'1/5 Ts2(s)|?, 
o(x-t+n>a- +27 +p) =| V4/5 T3/2(3) |, 
o(z-+p—or-+7°+p) 
=|1/3 Tsj2(a) —2/3 T12(a) [P+ | V1/5 Ts2(s) [?, 
a(n-+p—2- +2*+n) 
=|W 2/3 Ts2(a) + V 2/3 Ty/2(a) [? 
+ {1/3 W2/5 Ts/2(s) +2/3 Ti2(8) |? 
o(z-+p>7r°+7°+n) 
=|—1/3 V4/5 Ts2(s) + V 2 /3T1/2(s) |2. (1) 
In order to discuss which of the ampiitudes Ty/2 
and 73/2 plays a more important role for the meson 
production in meson-nucleon collisions, let us write 


down their expressions explicitly. 
From eq. (1) we get 
| Tsy2|?=!Tsj2(s) 2+ | Taye (a) 2 
=o(x~+n>n-+7°+n) +o(z- +n>2n-+p), 
(2) 
| Taj2|?=|Tij2(s) |? +] Tij2(a) |? 
=1/2 [3 {o(z- +pon-+ 79+ p) 
to(z~+pon-t+rt +n) +o(z- +p 229+n) } 
—{o(a-+n>7-+7°+n) 
+o(x-+n>2n-+p)}]. (3) 
Some of |T;(s or a)|?’s are determined directly 
from these relations, but, for further analysis, it is 
necessary to know the cross sections ¢ (x~+-n—n~-+n) 
and o(z~+p—>n°+n). As we have no experimental 
information on these cross sections, we are obliged 
to carry out tentative estimates of charge ratio in 


the elastic scattering at 1.5 Bev in the following 
ways. 
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(1) The covariant perturbation theory, results fn the 
charge ratios in the elastic scattering as follows $ 
*)) for Ps(Ps)-theory 

o(z~+n>zn7 +n) :o(xz~+pn- +p) 

26(2-+p—>7r°+n)=19:6:3, 

ii) for Ps(Py)-theory 

o(x~+n>n-+n) :6(n-+por-+4+p) 

20(x~ +pn°+n)=6:6:7. 

The absolute values of the cross sections are 
determined from these ratios and the experimental 
value o(z—+p—x- +p) =6 mb, that is, 

i) for Ps(Ps)-theory 

o(z— +n >r~-+n) =19 mb , 
o(z~+p>7°+n)=3 mb, 

ii) for Ps(Py)-theory 

o(x-+n—>nz-+n)=6 mb, 
o(z-+p7°+n)=7 mb. 
From. these results we obtain 

i) for Ps(Ps)-theory, |Ty/2|?/|T3/|2=3.5, 

ii) for Ps(Py)-theory, |T3/2|?/|Ts2!?=1.. 

(II) Another crude estimate for o(z~+n—>nx--+n) 
is made from the excitation curve of the pion cress 
section observed by an attenuation experiment. If 
the increase of the cross section appearing in the 
energy region higher than 0.5 Bev may be regarded 
as due to the pion production, and if the elastic 
cross section has no strong energy dependence in the 
energy region considered here, its magnitude at 1.5 
Bev will be approximately 14mb. Then, we have 
o(x~+n>27- +7°+n) =12 mb. 

Now, if we change the magnitude of «(x—+p 
—2n%+n) over the whole possible range, then the 
expected values of |T1/2|?/|T3/2|* are as shown in 
Table 2. ‘ 


Tzkle 2 
o(xz—-+p—>27°+n) 0 3 5 7 8 
(mb) 
|Tryol?| Taal |22/14]26/14]29/14 | 32/14] 34/14 


ees 

From these results, it may be said that |T1/2|? 
=2|T:)2!2 for all assumed values of o(x~+p—27° 
+n). 


1) Walker, Crussard and Koshiba, Phys. Rev. 95 
(1954), 852, 


2) Cool, Madansky and Piccioni, Phys. Rev. 93 
(1954), 637. 


Wave Equations in Conformal Space 
—Wave Equation for Nucleon— 


Yasuhisa Murai 
Saitama University, Urawa 
January 5, 1955 


In 1936 Dirac!) investigated the wave equations 
in conformal space and concluded that there might 
be no simple way to generalize the Dirac equation 
so as to be invariant under the conformal group. 
Dirac considered the problem on the hyperquadric 
which lies in the five-dimensional projective space 
and corresponds to the assemblage of the points in 
the Minkowski space. If we consider the same 
problem in the whole five-dimensional projective space 
which corresponds to the assemblage of the spheres 
in the Minkowski space, any kind of wave equation 
can be described in a conformally invariant way: 
thereby the mass is introduced through a procedure 
which is similar to what was used by S. Watanabe 
in his investigation of wave equations in the de 
Sitter space.2) 

We use six homogeneous coordinates X* which 
are related with the co-ordinates x* in the Minkowski 
space and the radius r of the hypersphere around 
the point x? as follows: 


tXt=xt, tX5=1, trX%= (xt x; mene 
The transformations which leave 
Bute VAD) =X) oA DE Xe 
—2X5 X6=72/r2 
invariant form a conformal group. We cequire that 
any wave function or component of wave function 
satisfies the equation 
0p/OAX* OX, =0. (A) 
We require further that ¢(X) is homogeneous in 
X’s. Then eg. (A) becomes in the Minkowski 
space as follows: 
[02/@x* Ax; —67/Or2 + (2n+3)rd/Or]g=0, 
where g is related with ¢ by 
g=t™e, 
if @ is of degree n. Thus the mass is introduced 
through the equation 


110 Letters to the Editor 


[d?/dr? — (2n+-3)/r d/dr—m*] P=0. 


For the spinor wave function it is natural to 
start from the equation which is obtained through 
a linearization of eq. (A): 


By, 0¢/0X,, = 0, (B) 
where f,, ate matrices satisfying the relations 


By By +By By =28yv : 
To represent the matrices $s we need eight-eight 
matrices, i.e., one more set of matrices like p and « 
is necessitated. If we transcribe eq. (B) into the 
expression in the Minkowski space and investigate 
the correspondence to the usual Dirac equation, the 
following results can be found. 

1) Eight independent states which correspond 
to the eight components of the wave function may 
be divided into two groups and these are distinguish- 
ed through an interaction with the electromagnetic 
field; the one does interact with this field while the 
other doesn’t. The interaction term can be introduced 
in a conformal and gauge invariant way. Therefore 
it may be admitted to regard eq. (B) as the equa- 
tion for nucleon. 

2) Isotopic spin operators are expressed with 
the aid of matrices f,,. 

3) The total inversion X¥——X", which has 
nothing to do with the coordinates in the Minkowski 
space, can be considered the rotation around the 7, 
axis through 180°. 

4) The inversion X*>—X", X° 3X9, X55 
X*, X"-»>X" is a product of the usual spatial 
inversion and the rotation around the rx axis through 
180°. 

5) The linearized expression of 7°, i.e. (X, 
X¥) 129, X" plays the réle of ta. 

6) When the interaction with the pseudoscalar 
boson is considered, only the direct couplings are 
permissible. (Because of the fact stated in (3), the 
charge symmetry is guaranteed though the charge 
independence is not; the reason is that the rotation 
in the isotopic spin space is not fully contained in 
the transformations in our six-dimensional space). 

We have got these results through a provisional 
treatment of the newly introduced variable r, The 
adequate treatment of this variable might be able to 
throw some light on the problem of the unstable 
heavy particles, mass spectrum, the value of the 
coupling constant etc. 

The detailed account of this work will appear 
in the Science Reports of the Saitama University, A, 
around June 1955, 


1) P. A. M. Ditac, Ann. of Math. 37 (1936), 
429. 
2) S. Watanake, Phys. Rev. 76 (1949), 296. 


On the Multiple Scattering of an 
Electron in Lattice 


Nobuyuki Fukuda and Shuichi Otake* 


Tokyo University of Education 
Tokyo College of  Science* 


December 23, 1954 


In the usual calculation of the electric conduc- 
tivity in metals, it is always assumed that the 
scattering of an electron in lattice can be treated by 
the Born approximation. But, there are so many 
scatterers in metals, the number of which increases 
in proportion to the square of the distance from a 
certain scatterer while the intensity of the scattered 
wave decreases inversely proportional to the square 
of this distance, that the applicability of the Born 
approximation is very doubtful in this case, though 
the interaction of an electron with each lattice point 
is sufficiently weak. It seems very important, there- 
fore, to take into account especially the effects of 
multiple scatterings.!) As is well known, the total 
transition matrix T satisfies the integral equation”) 


(WT) ky = (R/V |b) + SR VR” 


1 
Sr TE eT a MRE 1 
Ex — Eg +i IT|kO, ye 
where V represents the perturbing potential in lattice 
and its matrix element (k’|V|k)> can be written in 


a general form* : 


(kV k)=S6k|V4\ kD, 
(kV) k)=iC(|kK—B/|) tgs (kK—K’) ehh rg, 
(2) 


Here rz and uy denote the normal position of a 
lattice point a and its displacement, respectively, and 
C is a function determined by the original potential 
in lattice. If one may assume that, first, the indi- 
vidual scattering can be treated by the Born ap- 
proximation and, second, the scattered wave is in the 


* For the sake of simplicity, the lattice excitation 
is entirely neglected in this paper, 
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wave zone at each lattice point, then eq. (1) reduces 


to the following one: 
(k\T| k)=¢k’| Vik) 
In DK V IK) 8 (E,—Exn) (kT ik). (3) 


Ate 


This is nothing but the Heitler equation of radiation 
damping applied to the many-body problem.®) The 
above two assumptions are rather well satisfied in 
actual applications. It is to be noted here that eq. 
(3) contains the matrix elements only on the energy- 
shell, whereas in eq. (1) all virtual states should 
be included. 

Now, in orer to solve eq. (3), one should, first 
of ajl, obtain the eigen-values K_,’s and eigen-functions 
tara of the matrix (k’|V|k) in the following form: 


j (kV k> d2f4(k) =V4 fa (k’), (4) 


Y : 
where the orthogonality and the completeness condi- 
tion of f4’s are given by 


aha (k) f.1* (k) =d (cos 8—cos6’)d(y—@’). (5) 


Then the solution of eq. (3) is obtained as follows : 
(kT! k)=SITA fa(k) fat (hk), 
Fi 


VA 
oe ) 
1+ (tkm/8n77%7)VA 
It is to be noted that one can obtain the total scatter- 
ing matrix element (k’|T,|k) from each lattice point 


@ in terms of V, and T as follows: 
{k\Ta| kb) =¢k’\ V,| kD 
ikm : 
Se \ (hN Valk”) dQ”k\Tik>. (7) 
Since all the scattered waves from various lattice 
points are incoherent in the case of thermal agitation, 
it is sufficient to consider only each Ty in place of 
T 
One may assume here that the perturbing poten- 
cial V is spherically symmetric in the present case, 
w, has its own orientaticn. Then the f4’s and 
VA's must be given by 


fF = Yom k) 2 


VAzayin j Yim (Kk) (KV RD Yim (Kd 2d’, 

(8) 
where Y,»,(k) represents the spherical harmonics of 
[-th order.4) If one further assumes that the force 
range is significantly small compared with the wave 
length of the electron, in order to illustrate the effects 
of multiple scatterings, then C in eq. (2) becomes 
constant, and V? and T” are easily calculated, Thus, 


one has finally the solution of eq. (7) as follows: 
NT Ak =iCw, (bk) 
kmC kmC 


8 30) ok/ ——-—- e 
see T(ugsh/) +2 T/(uyk), 9) 


where the second and the third terms represent the 
effects of multiple scatterings. A rough estimate 
shows that these effects are rather large, but rigorous 
calculation is very complicated on account of the 
random vibration of u,’s. Detailed accounts and 
applications will be published in this journal. 

The authors would like to express their sincere 
thanks to Professors S. Tomonaga, T. Miyazima and 


M. Toda for valuable discussions on this work. 


1) K. A. Brueckner, Phys. Rev. 89 (1953), 834. 
K. T. Watson, Phys. Rev. 89 (1953), 575. 

2) B. A. Lippmann and J. Schwinger, Phys. Rev. 
79 (1950), 469. 

3) W. Heitler, Proc. Camb. Phil. Soc. 57 (1941), 
2915 
N. Fukuda and T. Miyazima, Prog. Theor. 
Phys. 5 (1950), 849. 
M. L. Goldberger, Phys. Rev. 84 (1951), 929. 

4) J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (1952). 


On the Interaction of V—Particles 


Syurei Iwao 


Department of Physics, Osaka City University 


December 25, 1954 


So far several models of V-—particles have been 
discussed. We may tentatively regard them as 
elementary particles...) The even-odd rule can be 
derived on the assumption of the charge independence 
hypothesis (abbreviated as C. J. hereafter) and on 


the suitable isotopic spin assignment to V—particles.?) 


> The cascade decay can also be explained on the same 


assumption as above.) The above results as well as 
the characteristic behavior of heavy unstable particles 
can simply be described in terms of the -charge.) 

In this letter, we have examined whether or not 
the experimental data so far available can consistent- 
ly be accounted for by a unique value of the coupl- 
ing constant for the interaction among nucleon, A? 
and 6, 
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For this purpose, we have estimated the strength 
of the interaction from the following two different 
sources, i.e. the cross section for the pair production 
of A and 6° and the binding energy of a A® in a 
heavy nuclear fragment *H,3, based on a specifi, 
model of these heavy unstable particles. 

The coupling constants evaluated from two dif- 
ferent sources are found to be approximately equal. 
These two phenomena are the following a), b) and 
c). 

Our problem is related only to nucleon, A)°- 
particle. (the sub-suffix 0 means the zero isotopic spin 
of A°) and 6-meson (assigning J=1/2, 69 0). 

At present, there are three available data. 

a) The total cross section of m—~+p—>Ap+ 6° 
is 1 mb at 1.5 Bev of pion energies.” 

b) Branching ratios: 


o (x7 +p>Ao?+ 6°) 2 1 


5 
o(x+p), total 40° () 
o(n~+p>ptn-) _ 16 (6) 
o(x+p), total § 90° 


Combining these, we get 
o(n~+p—>Ap? + 0°) bed (1) 
o(z-+p—>pt+z2-) ae 

c) Excited triton *H,° is regarded as a nucleus 
in which one neutron is replaced by Ay. The bind- 
ing energy of Ap° is about 15 Mev.”) 

Assuming @-meson to be scalar, we get the 
interaction Hamiltonian density as follows: 

H(x) =i Geta tsdyatal Fan O* 9° 
+ Un by O* 99 +h.c.). (2) 

The totol cross section is calculated by the lowest 
order perturbation theory. 

Taking G*/4z=10 for the pion-nucleon interation 
with direct coupling (2), the values of the coupling 
constant which fit the experimenta! data are found 
to be g*/4z==0.4 for a) and g*/4xn2:09 for b), 
respectively. 

The nuclear force between Ao? and nucleons due 
to the exchange of 0-mesons is 


9 —nogrdAn 
Vny=—— —— P, (A, N)P,(A,N). (3) 
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Using the variational method, we have estimated 
the value of the coupling constant so as to make 
the calculated binding energy fit the experimental 
value and found that it is attained by choosing 
g2/4n c= 1.1. 

This is consistent with the value adjusted to the 
branching ratio, 


Summarizing the above, we may infer that 
g°/4n~1 for the Ao°, N and @ interaction. 

Using the coupling constant estimated above and 
the results of the calculation by C. Iso,‘) we can 
estimate the contribution of 9° and 6° to the 
anomalous magnetic moments of nucleons. They are 
given by 4up~0.2* and 4yz,=0 in the unit of 
nuclear magneton. 

The auther wishes to express his cordial thanks 
to Dr. K. Nishijima for giving him the idea of this 


work, 
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On Products of Quantities as 
Distributions 


Ken-iti Goté 
Osaka University 


November 9, 1954 


The difficulties appearing in the ordinary quantum 
field theory seem to be closely connected with the 
mathematical defect that we have not any correct 
method to deal with ordinary singular functions at 
the singular points themselves. The distribution 


* Note added in proof. According to Iso’s revised 
results,") in which he has corrected some errors in 
the numerical calculations, this value must be changed 
as follows: dup~—0.1,. 


Letters to the Editor 113 


analysis offers a rigorous method to treat such 
extraordinay quantities correctly. Indeed it has been 
shown by T. Ishihara that the singular quantites 
such as 4, Sj, Dj, can be treated as distributions 
on the manifold § defined by L. Schwartz..) In 
order to formulate the field theory rigorously it is 
desirable to try its distribution-analytical formalism. 
In this note we will give a consideration on the 
possibility of such a method. 

In a course of such formulation some troubles 
occur from the lack of the complete definition of 
the products and the definite integrals of distributions. 
As to the products, two sorts of them may be 
introduced. When we describe physical quantities 
A, B,--- with distributions on a manifold, whose 
elements are denoted with ¢, 


A(y) = | AQ) o(@) dé, 


B(g)= (Be) dt srmntes 


we can define two sorts of products in the following 


way: 


A+ By) = | AC) BE) g() dé, 


Ax B(y) = | A) B(x) (2) o(x) dE dr. 


Of course the existence of the former A+B is limited, 
but the latter 4B exists always and it is a special 
case of the direct product of A and B. For example 
in the case of Dirac measure 6 the product 6*6 has 


no meaning but the product 6x6 has: 
dxd(y) = Jaa ¢ He(ndé dy=(¢(0))?. 


The displacement character of 6 as an integral kernel, 
such as \ 6 (x—x’) A(x’) dx’/= A(x), holds for product 
6+A, but not for the product 6x A. However from 
a distributional equation F=0, we can deduce only 

FeeA=05 
‘but not F*A=0 in general. 
induce many troubles for the distributional formula- 
tion foliowing the ordinary covariant theory developed 
by Tomonaga, Schwinger, Feynman and Dyson. 
Moreover the lack of the definite Integral takes away 
any means to describe the integrated quantities such 
as the total charge. Thus we may conclude: it is 
very much doubtful that there is possibility of 
formulating the distributional field theory straight- 
forwardly yielding the S matrix as a distribution, as 
was expected by Guettinger,”) Stueckelberg and 


Petermann,”) and othcrs, 


These circumstances 


In the following we will give a method to avoid 
these troubles. In an arbitrary space-like surface « 
we can define a distribution on the manifold $2, 
which has the same meaning as Schwartz’s on the 
Out of the elements of 67 
we choose ¢° satisfying the following conditions : 


Riemannian space o. 


(i) it is relativistic in the meaning y?do=inv. 
(ii) it is normalized so as | pede =1. 
(ili) it has a parameter / and it approaches to 
6 in the limit of the vanishing /. 
Any space time quantity can be described by 


Ale?) = | AG=¥, 2) 99 (Edo , 


which is a distribution on 5° having a time like 
parameter t, € being three dimensional curvilinear 
coordinates on the surface o. 

In order to give field equations of the quantum 
electrodynamics we use Schwinger’s notations.) We 
assume that field quantities A, ¢ and their deriva- 
tives are involved in a subspace, say %’, of the dual 
space 9’ of © such that their products Liki be od, 
Jabetihy Fa lage eo are involved alsoin 5’. The funda- 


mental equations are established as follows , 
(C14, +1/c+j,] =0, 
[tu {D,—te/4erA, $+] $=0, 
ju =iec/2{ b> ty d— 0’ Ty W3 
as distributional equations in §’, which hold for any 
testing function in % dual to %’. Since § includes 


not only g but also ¢y, Ad, 0, Ay, , we can 
derive the conservation law of the charge current 


Dy jy (¢) =0 


by assuming the relation 
ja@vedt=—) Geroeas, 


which holds even if (~@) is a singular quantity such 
as 4 and S. In this way we can follow the ordinary 
covariant formalism straightforwardly. For example, 
the commutation relation are established as follows: 


[A,(&, ct), 0,4, (6% 1) ] =—i%cdy, 07 (E—€"), 
{de 2), (OE res = ean 07 EE?) 
and in the interaction representation 
[4,.(¢), 4, (6) ] =i%ced,, DE—6), 
{balc), 316) }= —iSa3(¢—¢’) 


; 2 : 
where 67 is the Dirac measure on o and ©, ¢/ are 
variables in the four dimensions. These equations 
are distributional ones and have rigorous meanings 
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as relations between integral kernels. In the Heisen- 


berg representation, defining P, as usual, we can 


deduce 

i/4[PatPy] =D, da, 

1/4 [Age Py] =D, a , 
where [AeB]=A+B—B+A and the commutator 
{4x B]=AXB—BXA _ does not produce such rela- 


tions. 


The total charge defined by 


Qo=1e | jn (Yo (¢—2) doy, (2) 


o 


satisfies the commutation relation 


[p*Qo] =e¢. 
Therefore we can give to # a meaning as an operator 
decreasing the charge by e. The gauge invariance 
holds in both the Heisenberg and the interaction 
representations. The S matrix can be obtained as 


o 


$= 3 (-i/20n/n!) J dev 


@o 
x | dan POH (9? (Ci) +15 AG? Cn an)))- 
-o 

However this matrix depends on o; this is an 
obvious result, because the representation of quantities 
with distributions on o means to describe them 
referring not only to the space time position x but 
also to the surface o. Might this freedom produce 
an extended formulation yielding a new selection rule ? 


1) Schwartz, Théorie des Distributions. 

2) Guettinger, Phys. Rev. 89 (1953), 1004. 

3) Stueckelberg and Petermann, Hely. Phys. Acta 
26 (1953), 499. 

4) Schwinger, Phys. Rev. 74 (1948), 1439. 


Beta-Alpha Angular Correlation of Li® 
Masato Morita and Masami Yamada* 


Kobayasi Institute of Physical Research, 
Kokubunzi, Tokyo 
Department of Physics, University of Tokyo” 


December 1, 1954 


The B-decay of Li® leads primarily to the forma- 
tion of the Be* nucleus in its first excited state, which 


then decays into two alpha particles. In this con- 
nection, the directional correlation between the beta 
and the alpha particles was measured by Class and 
Hanna!) and by Bunbury.2) The results were ex- 
pressed by means of the angular correlation function 
W(0)=1+A2cos?@ in which the numerical value 
of A» is a few tenths. It is well known that any 
anisotropy can not be expected from the usual treat- 
ment of the allowed transition in the theory of B- 
decay. Therefore, Class and Hanna’) once concluded 
that the -decay of Li’ is due to a forbidden transi- 
tion. However, it is inferred that this B-decay is 
allowed from its ft-value (log ft=5.60), its spectrum 
and the consideration in the shell model. Although 
these circumstances have completely been changed by 
the recent improved experiment by Hanna et al.,") 
which shows 4:=0.01+0.03 when averaged over 
large part of energy range, we shall show that some 
angular correlations may exist in these successive 
decays, even if this B-decay is allowed. 

The reason why angular correlation exists in this 
case is apparent from the fact that the #-particle 
from Li> have an extraordinarily large maximum 
energy (W)=12.7 Mev.), so that the contributions 
from the p- and d-waves which are neglected in the 
usual treatment of allowed decay can no longer be 
ignored. These contributions (including the inter- 
ference terms with the s-wave) are about (pp) times 
as large as that of s-wave (p: electron momentum, 
o: nuclear radius, measured in natural unit). Owing 
to the exceptionally large value of p, (pp)? is of the 
order of 0.03 in the high energy region. From the 
above consideration, several percents of angular cor- 
relation can be expected in these transitions. It is 
very difficult to discuss this problem quantitatively, 
because we must take into account a large number 
of nuclear matrix elements which can not be calculated 
exactly at present. However, the above order estima- 
We shall 


supplement it with a little more quantitative argu- 


tion seems too rough to be conclusive. 


ment. 


When the $-decay of Li’ is allowed, this transi- 


tion will be mainly due to the | be term, and the 


\ B term is forbidden if the total isotopic spin is a 
good quantum number. For the sake of simplicity, 
we take into account only the nuclear matrix elements 
of vector operators as I(8e). There is no reason 
to neglect other terms, but in order to find the order 
of magnitudes of the angular correlation, this simple 
treatment will suffice. We use only the tensor type 
interaction, because the scalar type interaction has no 
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vector operator. The Coulomb interaction can be 


neglected because of the large electron energy and 


the small atomic number. Using the notation of 


Yamada and Morita,‘) the angular distribution func 
tion of B-decay to the order of (pp)? can be written 
as 


F,°(6)/Gr?=|M (Bo) |? 
+{M* (Bo) M((Ba+r)r) tc ae 


ewe 
bach a) aie 
aN 10 + 6 cos a 


+ {IN* (Bo) M (Bar?) +c.c.} 
* eS te ae 
3 


6 6W 
+(2 a Sa ) cos” of 
10 ow , 
+ {MN* (Bo) M (Ba xr) +e.c.} 
Fe i pal pers Pp 3 
x4 ( 3 fe ae : cost). (1) 


2Ww 


Then, in rough approximation 

M((Pesr)r)~M (Bor?) ~p? M (Ro), (2) 
with o=1.2X 1071 41/3 om. 
The third interference term of (1), which will be 
far smaller than the other two interference terms, is 
neglected in the following. The numerical calculation 
is performed with the general formulations of the 
directional correlations of Falkoff and Ublenbeck®) 
or of Yamada and Morita.4) We assume that the 
spin of the first excited state of Be® is 2. If the 
spin of the intermediate state is zero, there is no 
angular correlation. The results at the maximum 
‘energy of the emitted electron are indicated in 
Table I. Of course, the smaller the electron energy 
is, the smaller the angular correlation becomes. 


Table 1 
Theoretical values of A. at the maximum f energy 
for Li’ (f) Be®* (a) Het under a very restricted as- 


sumption. See the text. 


Spin change : Ao 
371 — Uy — 0.0015 
Pi ISSA) 0.0052 
i—2—0 —0 0052 


a 

These results show that the previous order of 
magnitude estimation is somewhat too large. How- 
ever, the following point must not be overlooked. 


Namely, the log ft value of the B-decay of Li® is 


considerably large") and this fact indicates that the 
nuclear matrix element (Se) is of the order of 
magnitude smaller than that of a favored transition. 
If, for example, the nuclear matrix element M( (Ao 
Xr)r) is favored, the ratio of M((Bsrr)r) to 
WM (Bo) has an order of magnitude larger than that 
of estimation (2), and consequently the angular 
correlation term may be of an order of magnitude 
larger than those of Table 1. 

The authors wish to express their sincere thanks 
to Professors T. Yamanouchi and S. Nakamura for 
their continual guidance and encouragement. 


1) C. M. Class and S. S. Hanna, Phys, Rev. 89 
(1953), 877. 

2) D.StP. Bunbury, Phys. Rev. 90 (1953), 1121. 

3) S.S. Hanna, E. C. LaVier, Lt. Col., U.S.A.F., 
and C. M. Class, Phys. Rev. 95 (1954), 110. 

4) ™M. Yamada and M. Morita, Prog. Theor. Phys. 
8 (1953), 431. 

5) D.L. Falkoff and G. E. Uhlenbeck, Phys. Rev. 
79 (1950), 323. 

6) This point is completely different from the case 
of B,!° whose highest B-decay has log ft=4.2 ; 
J. Fujita and M. Yamada, Prog. Theor. Phys. 
10 (1953), 518. 


On the Penetrating Showers Produc- 
ed in Paraffin and Graphite 


Isao Miura, Tsuneo Matano, Yoshio Toyoda 
and Takashi Murayama 


Department of Physics, Nagoya University 
December 10, 1954 


An experiment with a cloud chamber connected 
with a hodoscope has been made at an elevation of 
2760 meters above the sea level for the study of the 
meson production in hydrogen. The arrangement 
is shown in Fig. 1. Plates inside the chamber are 
two pairs of graphite and paraffin. Each pair con- 
sists of a carbon plate of 3.3g/cm? thick and a 
paraffin plate of 3.9 g/cm? thick, the latter consisting 
of 3.3 g/cm? of carbon and 0.6 g/cm* of hydrogen. 
Thus, from. the comparison of the showers produced 
in paraffin with those in graphite, information is 
obtained on the nature of the showers produced in 


hydrogen. Stereoscopic photographs are taken when 
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Experimental arrangement 


ever at least two counters in A-tray, two in B-tray 
and one in C-tray are simultaneously discharged. 
Events are selected from the cloud chamber photo- 
gtaphs and neon lightening of the hodoscope, which 
are caused by nuclear collisions in the plates within 
the cloud chamber and have at least two lightly 
ionizing particles penetrating 5cm of lead and at 
least one penetrating 10cm of lead underneath the 
chamber. 

On the meson production in the nucleon-nucleon 
collision, a number of cosmic ray experiments!) 2) were 
performed, but there is a large difference among 
their conclusions. Some) of these experiments were 
done with the similar method to curs using a 
paraffin and a graphite plates, but only counter trays 
were employed for the detection of the showers. 
Recent investigation by Cosmotron”) has shown that 
the multiple production of z-mesons occurred with 


‘O cm 


> 


10 


[J OSOCCOSOOH/ 


a considerable <-oss section in the neutron- 
proton collisions with primary energies 
of a few Bev. 

In our experiment, 204 events satisfy- 
ing the above mentioned conditions were 
obtained from about 4000 photographs. 
The number of the cbserved penetrating 
showers and the frequency ratio of the 
showers produced in paraffin to those in 
graphite are shown in Table 1. This 
ratio was 1.50-+0.17 for the penetrating 
showers with four or more particles. 
This means that more penetrating show- 
ers are generated in paraffin than in 
graphite: that is, the surplus showers 
must be produced in hydrogen in the 
parafhn layer. If only one meson is 
produced in the single nucleon-nucleon 
collision, no penetrating showers with 
four or more particles should be produced 
But it must be 
noted that the frequency ratio of showers 


in a hydrogen nucleus. 


produced in paraffin to those in graphite 
can not be unity but slightly larger 
(calculated to be 1.06), because of the 
fact that the shower particles of these 
showers can make successive nuclear colli- 
sions so as to increase the total number 
of shower particles. The observed ratio 
1.50+0.17 is appreciably larger than the 
value 1.06. 
that the multiple production of mesons 


Therefore, we may conclude 


can arise in the collision of a nucleon 
with a proton in hydrogen. 
Fig. 2 shows tke multiplicity distribution of 
which 


nucleon-hydrogen collisions, obtained from the dif- 


showers are considered apnarently to be 


ference between the multiplicity distributions of 


showers produced in paraffin and those in graphite. 


Table 1 
ses Number | Number 
ie i Number of of 
uhucwar of showers | showers | Frequency 
Sen pe shower | produced produced ratio 
P ices 8} particles in in 
Lt paraffin |graphite| 
Upper 4 64 43 | 1.49+0.19 
Lower 4 26 17 1.53+0.36 
Total 4 90 60 1.50+0.17 
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Number of showers 


Number of shower particles 


Fig. 2. The multiplicity distribution of diference 
between the penetrating showers produced in paraffin 


and in graphite. 


The shape of this distribution, especially in the low 
multiplicity part, may be considered to be affected 
by the speciel condition in detecting the penetrating 
showers, such as the small solid angle kept by counter 
trays A, B and C (0.23 steradian). The distribu- 
tion was classified according to charged and neutral 
primaries. As a result, the tendency was recognized 
that even prong showers (4 and 6) were predominant 
for the charged primary showers, and odd prong 
ones (3 and 5) were predominant for the neutral 
primary showers, although the statistical error was 
fairly large. Such a tendency is naturally expected 
from the conservation of charge throughout the 
nucleon-nucleon interaction. 

Furthermore, comparison of the projected angle 
distribution of all lightly ionizing shower particles 
with respect to the directions of primary pariicles in 
both material wes tried. But there wes no remarkable 
difference among them exceeding the statistical error. 

Full details of the work will be published else- 
whete. We wish to thank Professor Y. Sekido for 
his valuable discussions and encouregement during 
the course of the experiment. We are also very 
grateful to Professor Y. Watase and Mr. Y Miye~ 


zaki who gave us facilities to perform this work. 
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Matrix Elements of $—Decay for a 
Spheroidal Core Model 


Morikazu Nomoto 
Department of Physics, Niigata University 
January 25, 1955 


In 2 deformed nuclear model, the wave function 
of the system is considerably complex and would 
generally yield smaller matrix elements than estimates 
bzsed on the shell model wave functions for the p- 
transitions.!) —°) 

This situation, then, would be obtained in a 
model in which the nucleus is made up of a constant- 
ly deformed spheroidal core and a single particle 
moves in this core’ field. For such a model, the 
energy states of the system are defined by the total 
angular momentum J and its component M on the 
direction of the symmetrical axis z of the core. On 
the contrary, it appears, however, that the interaction 
between the single particle and the rotational core 
leads to superposing of several states, which belong 
to different M values, for the state of the system. 

It may be heped that deformity of the nucleus 
yields larger values for the quadrupole moments!) ~%) 
and the wave functions of such nuclear systems ac+ 
count for the high unfavored ft values. 

Tke Hamiltonian of the system is given by 

H=H;,+Ho 

=Hy+ P?/2n+V+f(L+S) , (1) 
where H, is the Hamiltonian for rotational motion 
of the core, Hp for the single particle, is the 
reduced mass, and V is the potential for which 
spheroidal shape and constant depth are assumed. 
f represents strength of the spin-orbit force and it 
can be readily checked that the spin-orbit coupling 
is much stronger than the coupling between the 
rotational motion of the core and the single particle 


motion. In this case, if the core has orientational 
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coodinates & and the single particle has coodinates 
x in the system fixed on the core, the nuclear wave 
function of the ground state can be written in the 


form 
VE, x) =x (6% G3 & x) 
tat ede p41] 3 &, x) 
aq yy CE) GUM1(j3 &, x), (2) 
where 7% and ¢% are the rotational wave function 


of the core and the single particle wave function, 
respectively, which correspond to the energy levels 


defined by J and M. 


centricity of the core is small and the spin+orbital 


If we suppose that the ec- 


angular momentum j is equal to J in the limiting 
cese where the core takes spherical shape, ¢! is 
expressed in terms of the wave function correspond- 
ing to states j=J, J+1, and J+2. 
shifts on account of the core deformity are given by 


sesannele (EL) Hs} 


The energy 


for J=l+1/2, 


42 3 M? 
me {Br+ 5 (I+ 2 Jatamrezsy }> 
for J=/—1/2, (3) 
which depend on M, with eccentricity parameter 
€=(a—b)/a. Thus, the states of smaller M have 


lower energies for given J, and it will be supposed 
that the nucleon occupies preferentially the levels of 
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Fig. 1. Comparison of measured and calculated 
quadrupole moments for several nuclear elements. 


Xx, experimental values; *, theoretical values calcu- 
Jated with ¢=0.15, 


smaller M for any J value. 

The magnitude of ¢ will be determinea by the 
quadrupole moments observed in some regions. In 
Fig. 1, the quadrupole moments, calculated wich 
€=0.15 for several elements, are compared with the 
observed values. It will be seen that this value of 
& leads to good evaluations for the quedrupole 
moments of these elements, except for Lu!5 and 
Ta!®! for which the calculated values are about half 
as magnitude as the observed values, respectively. 
Therefore, we assume that € has the same value 
(=0.15) for any nucleus, except for light nuclei with 
mass numbers 4< 30. 

In the above model, an allowed transition is 
favored if angular momentum change 4J=0 and 
4M=0, in terms of M values which define the 
initial and final states in the case where the coupling 
between the core rotation and the single particle 
motion is neglected; otherwise the transition is un- 
favored. For the favored transitions, therefore, the 
magnitude of the matrix elements is of the order of 
unity. On the other hand, the unfavored transition 
matrix elements vanish for the Fermi interaction 
unless several different M states are combined. 

a= are given, except for much larger J and smaller 
A, by 
BA fa 9 a, dasa nw} da. 

Ey, m—E,7, 3t+1 ary 


_ Ito USM Fl) (5) 
. Eg e—Ey, eet 22” 


where Ey, 3¢ is the energy of the state defined by 
J and M, and I is the moment of inertia of the 
core about z-axis. In fact, these coefficients are 


a= 


(4) 


Table 1 
Unfavored ft values for the odd nuclei in allowed 
transitions. Data are taken from: P.F.A. Klinken- 
berg, Rev. Mod. Phys. 24 (1952), 63. 


logio ft 


Nu. {Configuration} J and M 
cleus a Santee See 
t | if t | f exp. | cal, 


S35 dsj | 3G, 34) 46,16 4.34 
y ee te 

Cat fiz | %,55|%,% 5.15 

ghee fre | 94, 89) 76,4 4.19 
| Aes. | eras 

Col for2 | V8, 14) 56, 8% 5S) 

FANE: ps2 | 84, 86| 86,14 3.47 

Zno9 14,16 | 86, 3% 4.32 

As™ 84, 36114,14 4.33 
1°97 - - - 

plete 3, 44154, 44 4.78 
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hegligible for heavier elements than Ni‘. 

For the Gamow-Teller interaction, the unfevored 
ft values for several odd nuclei are listed in Table il 
with the interaction strength based on the com para- 
tive half-life of H%, 

It will be seen that the calculated f¢ values are 
smaller than the observed values’) by several times, 
except for the transition Zn®?—>Cu', These theoretical 
values lead to slightly larger unfavored factors than 
those”) that are calculated on the basis of the collec- 
tive model in the form given by Bohr and Mottelson. 
On the other hand, the R values obtained from the 
above results are considerably larger for several 
transitions than the ones") from the Redlich-Wigner 
model, particularly for Cat5—Sc% and Te!??>['27, 

The calculated values for the transition P3/2—>P3/2 
are of the same order of magnitude with the favored 
values. The transition 4J=0 with smaller J leads 
generally to a considerably small magnitude for the 
unfavored ft values. It would seem that this re- 
markable smallness for the ft values is to be inter- 
preted according to a complicated surface oscillation 
which is not reducible to the core rotation. In 
general, such an effect would lead to the more 
satisfactory magnitude for the ft value of any un- 
favored transition. 


1) A. Bohr and B. R. Mottelson, Physica XVIII, 
(1952), 1066. 

2) S.Suekane, Prog. Theor. Phys. 10 (1953), 480. 

3) M. G. Redlich and E. P. Wigner, Phys. Rev. 
95 (1954), 122. 

4) J. Rainwater, Phys. Rev. 79 (1950), 432. 

5) D.L. Hilland J. A. Wheeler, Phys. Rev. 89 
(1953), 1102. 

6) A. Bohr and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 
16 (1953). 

7) <A. M. Feingold, Rev. Mod. Phys. 25 (1951), 
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On the Thermal Conductivity of 
Ferromagnetics 


Hisanao Sato 


Department of Physics, Nagoya University 
December 3, 1954 


It is well known that at low temperatures the 


method of spin waves") is a good approximation not 
only to treat ferromagnetism, but also ferrimagnetism 
and antiferromagnetism. As this method gives us 
a good model especially for the dynamical problems, 
useful results have been obtained applying this to 
the microwave resonance and relaxation phenome 1a. 
So we now have some knowledges of the interactions 
between spin waves, but experiments of these sorts 
contain many points which are not clarified yet. 

As to the mechanism by which a spin system 
loses its energy, Abrahams and Kittel?) proposed an 
ingeneous method of determining the interaction 
between spin waves and lattice vibrations from the 
phenomenological magneto-elastic energy. This pro- 
cess, however, does not concern the microwave 
measurements at the present. We should like here 
to point out that the measurement of the thermal 
conductivity is useful as an experiment by which:the 
essential rdle of the spin-lattice interaction can be 
revealed If we can separate the spin part from this 
experiment, the structure of the interaction will 
become much more clear. In ferromagnetics the 
specific heat of the spin system is large and com- 
parable to that of the lattice vibrations and the mean 
velocities of spin waves are rather greater than the 
sound velocities, and hence the spin waves will 
contribute sufficiently to the thermal conduction, only 
if they have properly large mean free paths. 

The collisions among spin waves preserve the 
total momentum of spin waves and will not cause 
the resistance by itself (no Umklapp-process®)). Ac- 
cordingly, at high temperatures (above 1°K), the 
most important process may be the collisions between 
spin waves and phonons, while at low temperatures 
(below 1°K) it may be the scattering of spin waves 
by the boundary of the specimen. If the mean free 
path, /, can be determined, the thermal conductivity, 


k, of spin waves will be given as follows") : 


1 0U 
= jap lind, 


V 3 
Uk, T) =E(b)n°(&, Tome 4nk*, (1) 


Where E(k) is the energy of spin waves of wave 
vector k, n°(k, T) is the number of spin waves at 
equilibrium. Therefore U(&. T) is the contribution 
to the internal energy from spin waves of wave 
vector (k, k+dk). 

At about 1°K, the numbers of spin waves and 
phonons are few and their mean free paths will be 
determined by the dimensions of the specimens and 
become independent of temperature. In this case, 
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from eq. (1), the thermal conductivity of spin waves 
is proportional to T? and that of phonons to 7%, 
so that it may be expected that spin waves have 
much larger contributions than phonons. 

When the scattering by phonons is dominant, 
the mean free paths of spin waves can be calculated 
by use of the Boltzmann equation. The collision 
term was calculated following Abrahams and Kittel’s 
method and, for simplicity, terms depending on the 
directions of wave vectors of spin waves were neglected. 
Then each collision is proved to be as follows: a 
spin weve absorbs or emits a phonon and makes a 
transition to another state, and the matrix element 
of this transition is proportional to q!’?, where q is 
the magnitude of the wave vector of the phonon. 
Of course the Boltzmann equation can not be solved 
exactly, so the following approximations wete used. 
The first assumption is that in phonon system the 
deviation from the equilibrium distribution is small 
and can be neglected. This assumption may be 
wrong when the mean free paths of phonons are 
very long. Secondly, the deviation of the numer, 
n’(k) =n(k)—n°(k), of spin waves k from the 
equilibrium value is assumed to have the following 


form with a constant 6: 


On" (k) 


LI \ eee 
n’(k) = DE) 


kieb. (2) 


Results of the calculation are as follows: the 
mean free paths of spin waves become to be of the 
order of 1cm at about 10°K, and «x is proportional 
to iT Accordingly below 10°K the mean free 
paths of spin waves will still be determined by the 
boundary scattering. 

We must note that in metals the thermal con- 
ductivity is essentially determined by the behavior 
of the free electrons, end therefore materials that can 
correspond to the above discussions are ferrimagnetics 
such as nickel-ferrite. But also to antiferromagnetics 
a similar discussion may be applied and it may be 


interesting to measure their thermal conductivity. 
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Some Comments on the Specific 
Heat of Liquid He’ 


Zito Mikura 


The Research Institute For Iron, Steel and Other 
Metals, Tohoku University, Sendai, Japan 


November 26, 1954 


Recent observations’): 2)» 5) on the specific heat of 
liquid He* indicated that it has a smal] dependence 
on temperature below about 1°K and a large de- 
pendence above this temperature. It will be shown 
in this note that the temperature-dependent part of 
the specific heat of liquid He* in the observed region 
of temperature is probably due to the thermal ex- 
citations of the longitudinal Debye waves. 

As the velocity of sound has not yet been 
measured in liquid He*, the adiabatic compressibility 
was first estimated along the same line as the London 
theory?) of liquid He'. The result indicated that 
the compressibility « of liquid He* at the absolute 
zero of temperature is an order of magnitude larger 
than that of liquid He, though the calculations can 
scarcely be expected to give numerically good values. 
In the case of He!, it was found that the contribu- 
tions to 1/x from the repulsive and attractive inter- 
atomic potentials are of the same order of magnitude 
with opposite signs, so that their resultant contribu- 
tion is small compared with the term due to the 
zero point energy. In the case of liquid He*, which 
hes a larger mean atomic distance, the negative 
contribution of the attractive potential considerably 
exceeds in magnitude that of the repulsive one. A 
large part of the positive contribution of the zero 
point energy to 1/« is then cancelled out by the 
negative resultant effect of the potentials, resulting 
in a large compressibility and a small velocity of 
sound. 

A numerically more reliable value of the velocity 
of sound in liquid He* can be obtained by making 
use of the empirical relation discovered by M. R. 
Rao,” 

M3 /9=aV.(T,/M)"/6, (1) 


where M and p ate the molecular weight and the 
density of the liquid, » the velocity of sound, T, 
and /’,. the critical temperature and volume (cc/mole) 
respectively. q@ is a universal constant, for which, 
when y is measured in m/sec, Nomoto and Kishimoto") 
gave 2.86 by averaging the values for several liquified 
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gases. In applying eq. (1) for liquid He’, let us 
use a@=2.936 which they found most appropriate 
for liquid Het. For the critical temperature and 
density we used T,=3.34°K and Pc =0.046 g/cc. 
The latter value is the maximum one to be expected 
from the de Boer theory, which gave 0.041—~0.046 
g/cc for p,.') The velocity of sound and the Debye 
temperature calculated by using the above values and 
the liquid density given by Grilly, Hammel and 
Sydoriak*) are listed in Table 1. 


Table 1 
The velocity of sound, y, and the characteristic tem- 
perature of Debye, @, calculated from M.R Rao’s 


relation. 


a | <15°K 
y (m/ec) 136 132 113 
A ik’) 9.25 8.94 7.52 


The contribution to the specific heat of the longi- 
tudinal Debye waves is now calculated at each 
temperature by using the exact values of the Debye 
function instead of the T*-law. Fig. 1 shows the 
result of subtraction of the calculated Debye term 
from the observed values of specific heats under the 
saturated vapour pressure. The observed values are 
used without correction because the difference between 
Cp and C, was estimated to be less than 3 percent 
of the total specific heat even at 2°K. The excess 
specific heat derived from the observations of Roberts 
and Sydoriek®) is nearly independent of temperature 
over the whole range of temperature covered by 
their experiment. This result is quite in accord with 
the observation by Fairbenk e¢ al.®) on the nuclear 
magnetic susceptibillty. They found that the spin 
system in liquid He’ behaves classically in this 
temperature range. A consiant specific heat is to be 
expected for such a system since a classical system 
has in general a temperature-independent specific heat, 
R or R/2 per mole, for each degree of freedom. It 
js to be noted that the same situation seems to hold 
also in the case of liquid He! above the j-tempera- 
ture, as shown by Atkins and Stasior.'") Thus, one 
is tempted to conclude that the excess specific heats 
in both cases have the same origin, though the 
magnitude is considerably smaller for He* than for 
He! and the excess heat for the latter has a A-type 
discontinuity. It is notable, however, that the excess 
specific heat of He’ is too large to be compared 
with the specific heat of a nondegenerate ideal Fermi 


gas of the density corresponding to the degeneracy 
temperature 0.47°K, which was found by Fairbank 
et al.,") and too small to be compared with that of 
a nondegenerate ideal gas of the liquid density. The 
above conclusion, however, is somewhat obscured by 
the fact that the result obtained from the specific 
heat data of de Vries and Daunt,!) as indicated by 
the dashed curve in Fig. 1, stows ‘a considerable 
deviation from that of Roberts and Sydoriak at 
temperatures above 1°K. It is highly desirable in 
the present situation to determine experimentally the 
velocity of sound in liquid He’. 
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Fig. 1. Excess specific heat of liquid He*. The 


solid curve is the calculated Debye term, Cy. The 
dotted curve with circles and crosses indicates Csai— 
Cy from the data of Roberts and Sydoriak.2) The 
dashed curve indicates Cysut—Cy from the data of 
de Vries and Daunt.!) 
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Note added on Feb. 25, 1955. 
It seems worth noting that an ideal Fermi gas 
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consisting of molecules of the mass 4m, with the 
number density nz/4 (mg: mass of a He® atorn, ng: 
number density of liquid He*) has the degeneracy 
temperature 0.48°K and the high-temperature classical 
limit of specific heat 0.77 cal/mol deg. This fact 
was suggested by Dr. A. Morita during the conver- 
sation with the author. 


On the Specific Heat of a Solution 
of He’ in Liquid He' 


Ziro Mikura 


The Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai 


November 26, 1954 


In a previous paper!) I calculated the specific 
heat below the i4-temperature of a solution of He* 
in liquid He! on the basis of the modified Bose- 
Einstein liquid theory. At that time there was no 
experiment to be compared with this theory. Recent- 
ly Dokoupil, van Soest, Wansink and Kapadnis*)* 
made a measurement on the specific heat of a 2.5 
percent solution of He* in Het. Since my earlier 
calculations did not involve those cases with the 
concentrations of He* higher than 1.0 percent, the 
results of calculations for a 2.5 percent solution are 
presented in this note in order to compare the theory 
with experiment. 

In Fig. 1 the upper solid curve A shows the 
percentage increase in specific heat of a 2.5 percent 
solution below the A~temperature when the He’ atoms 
are assumed to behave as a nondegenerate ideal 
gas.** 
which the theory may expect. 


This corresponds to the maximum increase 
The lower solid 
curve B gives the result when the direct contribution 
of He* is completely neglected. It is to be remarked 
that these curves are calculated on assuming 4 (energy 
gap) proportional to nj!" (ny: the number density 
of He? atoms in solution). In the previous paper 
4 was assumed as proportional to n, in order to fat 


* I wish to thank Dr. Beenakker for his kindness 
of sending me a prepublication copy of their paper. 

4** The direct contribution of He” in a solution 
to specific heat on this model was misprinted in a 
previous paper!) as RT/2+x3; it should be R/2+xs, 


the experiment by Abraham et al.) on the change 
in J-temperature with He* concentration. Recent 
experiments by King and Fairbank) and by Dokoupil 
et al.,2) however, suggest the relation Axn For 
comparison, the results of calculations assuming 4 <n, 
are also included in Fig. 1 (dashed curves A’ and 
B’). The experimental points were expected to fall 
between the curves A and B. In reality, they crowd- 
ed around the curve A at low temperatures and lie 
somewhat below the both curves at high temperatures. 
Their distribution seems, however, to justify the 
assumption that the He* atoms in a 2.5 percent 
solution behaves as a nondegenerate ideal gas of the 
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Fig. 1. Increase in specific heat of a 2.5 percent 
He* solution in He! relative to that of pure Hel. 
Experimental points indicate the observed specific 
heats of Dokoupil et al.®) relative to the smoothed 
values of pure He! given by Kramers et al.") Solid 
curves A and B show the results of calculation based 
on the modified Bose-Einstein liquid theory assuming 
Axn‘/* with and without including the ideal gas 
contribution of He*, Dashed curves A’ and B/ 
indicate the similar calculation assuming 4 ny. 


proper density at temperatures below the -point. 
It is to be remembered that the same assumption 
was also successfully applied to account for the ex- 
perimental results concerning the propagation of 
second sound in solution and the osmotic pressure 
difference between pure and diluted (with He?) 
liquid He'. The ideal gas behaviour of He* in 
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liquid mixtures, however, is in contrast to the situa- 
tion found in pure liquid He, where, as pointed 
out by the author,®) the specific heat cannot be re- 
presented by the sum of the term of an ideal Fermi- 
Dirac gas with the liquid density and the term due 
to phonon excitation. 

Finaily, it is to be remarked that, if 4 in solution 
is to be assumed as proportional to n7/°, the relation 
in general between 4, ny and v (mass factor of a 
He! particle) proposed earlier (Eq. (8) in reference’)) 
should be replaced by 

\e 


2/3 
a ns Vo 
a e ( ng? ) ( v 


By applying this relation in place of the older one, 
agreement with experiment is somewhat improved in 
most cases discussed previously.")-7),8) The only 


exception is the case of vapour pressure of solutions, 
but the disagreement in this case may be not due 
to the incorrect treatment of a solution but due to 
the incorrect treatment of pure He*, which was 
assumed to be a nondegnerate ideal Fermi gas of 
the liquid density. As stated above, this is far from 
the reality. 
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On Double Pion Production in 
Nucleon-Nucleon Collision* 
Daisuke Ito 
Physics Institute, Tokyo University of Education 
January, 5, 1955 


The angular distribution and the energy spectrum 


* The contents of this paper are read at the meet- 
ing of the Physical Society of Japan, held on Nov. 
Ist, 1954. 


of doubly produced meson in nucleon-nucleon colli-: 
sion are calculated by taking account of the strong 
interaction among the meson-nucleon pairs in the 
final state, and the results are compared with the. 
recent experiment of double production of pions in 
hydrogen cloud chamber by high energy neutron 
beam from Brookhaven cosmotron.1) 

On account of the strong N-z interaction, 
which is known from N-7 scattering experiments, 
the approximation of the final state wave function 
used in evaluating the matrix element (7, tyrva 9;) 
by plane wave O/*=(vac| ¢(p;) (ps) d(:) 6 (ke), 
(Born approximation), can no longer be considered as 
satisfactory.2) (¢’s and ¢’s are well known annihila- 
tion operators of the nucleon and pion plane waves.) 
On the other hand, the initial wave function may 
be approximated by a plane wave @,;==¢*(p,°) ¢* 
(p:)| vac). 

As a simple description of the distortion of the 
final wave function ¢y, we introduce (“ Hariree”’) 
approximation 


oft = Os* WW. 
Where W's are operators describing the strong 


interaction between one nucleon and one pion in the 
final state and they have the form 


j ¢* (p) ¢* (hk) (pk | Wi | p’k’) 6 (pp) o(k) 
x dp dk dp’ dk’. 


Then the matrix element of double pion production 
turns out to be 


(bf, EproaDs) = (vac| b( Pi) } (B2) 6 (Ay) 6 (ex) 
XW; Wo tyroa O* (pi?) ¢* (p2") | vac |). 


Assuming that the centre of mass motion of each 
pair may be approximated by plane wave, H7;’s are 
conveniently calculated in the each center of mass 
system of the pair of one nucleon and one pion. As 
the kinematically allowed maximum energies €;/, &:// 
of pions in each c.m. system are about 3.8 4 and 
those of nucleons E,’ and FE.” are 1.15M at 1.75 
Bev incident neutron, we have calculated }V;’s by 
the Tamm-Dancoff method in the c.m. system by 
neglecting nucleon recoil and by means of partial wave 
analysis. 

By evaluating the expectation value of the above 
(bf, tproa@;>, there appear matrix elements cor- 
responding to many processes. However, we have, 
for simplicity, restricted ourselves to the process of 
only one meson exchange and to such final interac- 
tions as illustrated in Fig. 1. 

In the calculated differential cross section , 
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nuclear potential. In actual calculation we have 


used Ps, meson potential, E;, Fy: projection operator 
used by Brueckner,®) 
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In the following calculation, we put =|. é+ 
fs ER 
+i val and for simplicity we choose &=2, "=p, 


Ars=4, —2, —2,1 for (IJ) =(#5 %4), (8% 4), 
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Fig. 3. Momentum Spectrum of Pion 


(1585), (f2 15). Primes (’), (”) denote quantities 
in the c.m. systems of the pairs of particles.) The 
term containing two (#2 %%) resonance interactions 
have about 40 times larger contribution to the total 
cross section. So we retained, as suggested by 
Peaslee,!) only such terms and calculated the angular 
dis:ribution and energy spectrum of negative pions 
from n+pon+pt+xt+n7 
results are illustrated in Fig. 2 and Fig. 3. 


process numerically. The 


Branching ratios are different from Fermi’s 
results,”) but our (Peaslee’s) model can not be ex- 
cluded in the present status of experiments, as 
pointed out by Fowler et al.*) 
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Phys. Rev. 88 (1952) 1163, Aitken et al. Phys. 
Rev. 93 (1954), 1349, M. Ross, Phys. Rev. 
94 (1954), 454. 

3) Brueckner and Watson, Phys. Rev. 92 (1954), 
133. 

4) D.C. Peaslee, Phys. Rev. 94 (1954), 1085. 
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On the Elevtron-Neutron Interaction 
Masami Yamada 
Department of Physics University of Tokyo 
December 1, 1954 


According to Foldy,!) the electron-neutron (e— 
N) interaction can be divided into two parts, one 
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related to the anomalous magnetic moment (a.m.m.), 
and the other indeperdent of it. Usually we mea- 
sure the strength of the e—N interaction by the 
depik of the equivalent square well whose radius is 
e*/mc*, the classical radius of electron. Then the 
contribution from the a.m.m. is (attractive) 


Vin~—4.0 kev. 


The other part Voy, called the “intrinsic e—N 
interaction” by Foldy, is the 7, p? A,, type interac- 
tion between nucleon and electromagnetic field. Gras: 
Dirac matrix, p: 4-momentum of pheton, Aes 
electromagnetic 4-potential.) On the other hand, the 
experiment by Hughes et al.2) shows that the total 
e—N interaction is 


Vy=ViytbVoy= —3.86+0.37 kev, 
and then 
Von =0.14+0.37 kev. 

Meson theoretical calculations of Voy have been 
done in the lowes:-order perturbation theory”) (first 
part of Fig. 1 (a) and Fig. 1 (b)). In the sym- 
metrical pseudoscalar meson theory with pseudoscalar 
coupling with nucleon, Voy can be written as (for 
the later necessity written for proton, too) 


if esenas 
4x 2, 


Vor =1.35 kev 


1 u> 
3 
2 | dec [ EA Sa 
u 


1 u2 
SS aT 1 
6Ao- 3Ao3 } a (@) 


+15 | du(1—u)5 
v 
where 
Ay? =u? + (m.7/M") (1—u). 
The suffix y indicates that (1) comes from the 
ordinary lowest order Feynman graph. 1t3=1 for 
proton, and m, and M are the masses of pion and 
nucleon respectively, whose ratio is taken as mx/M 
=0.15 in the following calculation. If we take the 
coupling constant {*/4z=15, the value often used 
recently (although, in the same approximation, this 
coupling constant gives tco large a.m.m. for neutron, 
and too small a.m.m. for proton in magnitude), (1) 
is for neutron 
Vo y-= —2.58 kev, 

which is too attraciive. Foldy’) suggested that a 
suitable mixture of heavy pseudoscalar meson can 
fit the theoretical value to the experimental one. 
Here, however, we shall point out that there exist 
other contributions in the z-meson theory which 


reduce: |V2y|, or even make V2y positive, 


When a.m.m. and e—N interaction are calculated 
in the lowest-order perturbation theory, the virtual 
nuclecn interacts with the photon only through its 
charge, and its a.m.m. (here, to avoid double count- 
ing, a.m.m. of proton is taken as 1.79--- nuclear 
magneton which is obtained by subtracting one 
nuclear magneton from the observed value of the 
Magnetic moment), intrinsic e—N interaction and 
corresponding intrinsic e—P interaction (we call them 
“intrinsic electron-nucleon interaction” (i.e.n.i.) to- 
gether) are neglected. We can, however, expect that 
the calculation including their effect may be closed, 
Actually, -the values of the a.m.m. and the i.e.n.i. 
of the virtual nucleon will be different from those 
of the real nucleon, but it is so difficult to-evaluate 
these differences that we use the values of the real 
nucleon here. The Feynman diagrams of this calcu- 
lation are shown in Fig. 1. Such a method of 
calculation has been already applied to the problem 
of a.m.m. by Miyazawa,5) and it has been pointed 
out thet the graphs cf Fig. 1 may be regarded as 
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Fig 1. Grephs calculated in this paper. Ordinary 
type interections are used at vertices not indicated 
explicitly. 
nucleon 


eastascs pion 


ann- electromagnetic field 


Fig. 2. The numbers of meson lines are arbitrary 
provided that they are larger than zero for (a) and 
one for (b) respectively. 
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the approximetion of the sum of the graphs of 
Fig. 2. 

When the electromagnetic field is expressed by 
A, only, the interaction of the virtual nucleon with 
the electromagnetic field through the a.m.m. is linear 
in the photon momentum p, and contributes to both 
the a.m.m. and the i.e.n.i. Of the real nucleon. The 
i.e.n.i. of the virtual nucleon is quadratic in p, and 
contributes only to the i.e.n.i. of the real nucleon. 
Interactions of the virtual nucleon higher than 
quadratic in p contribute nothing to the a.m.m. and 
the i.e.n.i. of the real nucleon. 

The contribution to the i.e.n.i. from the a.m.m. 
of the virtual nucleon is (second part of Fig. 1 (a)) 


= 3 
Vg =1.35 kev ( 2 a upt — ns) 
fit, 
: a 
x 
4n lee 4Ag: ? (2) 


where up and py are the a.m.m.’s of proton and 
neutron respectively in the unit of nuclear magneton, 
and pp~1.79, wy~—1.91. If we put f7/4n=15 
as before, 


Vroyg=4.04 kev, 
and then 
Voyr+Vang=1.46 kev, 
which is too repulsive. 

Next, we calculate the contribution from the 
ie.n.i. of the virtual nucleon (third part of Fig. 1 
(a)). As p? can be treated as a constant, the 
calculation is the same as that of Dyson’s") renormali- 
zation constant Z,, and the result diverges. Z, can 
be replaced by Z» according to the Ward identity,” 
and the calculated contribution to the i.e.n.i. can be 


written as 


3-—Tt 3 
Van=( a Vp +E Vay )Q-Z). (3) 


The physical meaning of (3) is clear if we notice 
the following two facts. Namely, 1—Z» is the 
dissociation probability of a nucleon,‘) and (3—r,) /6 
and (3+r5)/6 are the probabilities that the virtual 


nucleon is in proton state and neutron state respec- 
tively. 
The total i.e.n.i. is 
Vo=VoartVoagtben . (4) 
We insert (1), (2) and (3) into (4), and then 
simultaneous equations for V2p and V2, are obtained. . 
Vip =4.92 kev + [(1/3) Var + (2/3) Vow] (A— Za) 
Vr =1.46 kev + [(2/3) Vor + (1/3) Ven] (1—Z2) 
If we restrict the value of Zo to OX Zo<1 taking 
into account its physical meaning, Voy is always 
positive (1.46 keyv<V2y<0o) contrary to Voyy. 
Until now, we have focussed our attention upon 
the e—N interaction. But we should pay attention 
to the a.m.m. too, because both of them arise from 
The above sort of 


calculation leads the lowest order values of them to 


the same Feynman diagrams. 


the good direction. However, these corrections are 
too large for e—JVJ interaction and too small for 
a.m.m.) To fit them better to the experimental 
values simultaneous!y, we must invoke other method 
of calculation; e.g. more exact treatment of higher 
order terms, or mixing of other type of meson. As 
for the latter, neutral scalar meson seems hopeful. 

The author wishes to express his sincere thanks 
to Professors T. Yamanouchi and S. Nakamura for 
their continual guidance and encouragement. 
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Errata T27 
ERRATA 
Configuration Mixing and Magnetic Moments of Odd Nuclei 


A. ARIMA and H. HORIE 
Prog. Theor. Phys. 12 (1954), 623 


p- 627: In the eqs. (11) and (14), 1/<4 E> should be read <1/4E>. In 3 line “<4E> is the average 
value of the zeroth-order..” should be read “<1/4E> is the average value of reciprocal of the 
zeroth-order. .”. 

In 14 line from the bottom, <4E> should be read <1/4E>. 

p- 628: In 12 line “the deviations are smaller..’’ should be read “the deviations from the unlike nucleons 
are smaller..”. In 8 line from the bottom, neglect should be read neglection. 

p- 629: In 14 line, nucleons should be read nucleus. 


p- 630: In 2 Ilne, <4E> @ <ajsES 
In 3 line, 4E + 1/4E. 
p- 638: In4 line, § 4. +> Sip: 


p- 639: In 16 line, xt+k+r=even ,, x+k—r=even. 

In 17 line, Cjlle®? Pl] 4g Cilfe™ PUL) 

In the eq. (AZ), Cfille## UI jo) 55 CialleO®# DUI j) 
p- 640: In 7 line from the bottom, 4E ,, 1/4E. 
p- 630: In Table Il, weaz of giTI°%: 1.45 should be read 1.43. 
p- 631: In Table III, N-conf. of 5:Te!23: (ds/2)? (hy1/2)? 51/2 should be read (d3/o)* (hyyj2)4 Sifas 
p- 631: In Table IU, peaz of 52Te!*5: —0.03 should be read +0.03. 
p- 633: In Table VI, N-conf. of ;7Ir!9: (i)3/2)8 should be read (13/2). 

In Table VI, peaz: of s¢Ba!3’: 0.77 es 0.75. 
p. 636: In Table X, N-conf. of 5,;Sb!°3: (d5/2)°® (Ay3/2)8 i (ds j2)® (by) 2)% 
p. 636: In Table X, peas of s3Te!?9: 2.84 shonld be read 2.67. 

2.69 45 eet} 

p. 637: In Table XI, weaz of s3Bi?™: 3.43 ,, = eel). 


Beta-ray Spectra, I, I. 
Hisao TAKEBE 
Prog. Theor. Phys. 12 (1954), 561, 574 


p. 562: In the Table I r5 and fr; should be replaced by 7; and fr. 
p. 563: In the equations (4) the first and the last equation should read 


F(a) =V1/47 1 
and 
a (0) =V 3/42 (¢2—ioy) V2, 


respectively. 
In the equation (7b) gyx should be reylaced by gx,. 


ae oo a 


. 568: 


eo)? 


5 AUS 


Beal 


Errata 


The left hand side of the equation (11) should read 
J PPQe OXI) (mr) 0 do. 


On the right hand side of the equations (14) and (16) the factor [1/(2v+1)]? should be replaced 


by 1/(2u+1). 
In the Table II (s; s’) should be replaced by (3 @,7 )- 
In the second line of §4 ¥ should be replaced by ¢. 


The factor %/% on the right hand side of the equation of U should be replaced by %/. 


In the thirteenth line G(r) should be replaced by G,(r). 
The line above the equation (20a) should read “ Substituting (18a, b)... Fil 
On the right hand side of the equation (20b) Mx » should be replaced by Mynm- 
In the first and the fourth line of the equation (21c) read A_,,, in place of A_xm. 
The second one of the equations (22) should read 
-Y=A(1/D—1/D)/(1/D‘ —1/D). 

In the first line of the equation (24) read 

{(2J+1)/(2f’+1)} and [1/(2u+1)] instead of 


{(2J+1/2J/+1)} and [1/(2u+1)]*, respectively. 


In the right hand side of the equation (24) read SUE 8/2 )FE41( J, J’) instead of 


ny A 
meuy esa tC 7, TP ye 


The equation (A1) should read 
Anjo. 


The left hand side of the equation (B4b) should read /,‘*). 
In the right hand side of the equation (B4e), (y+idZW//p) should read (y+iaZW’/p). 


In the second line of the equation (B5b), the parenthesized expression (y—a?Z? m4 should be 
p- 


replaced by (y—2a? Z? may 


The left hand side of the equation (C2) read fxyr (qx) feyr(qy) instead of fx, (qx) fey (gy). 
z SRA) CES //) +2 


In the right hand side of equation (C3a) (3 ) 


(2)' (—z M40 (4 +8 
2 . 


In the reference 16) Y. Yoshimura should be replaced by T. Yoshimura. 
In the equations (1a) and (1b) read J’n and Jp in place of J’/;, and Ja: 
In the second line read “‘ The spin of the final (initial) nucleus Cys) 4A 


should be replaced by 


The sentence before the last one of §3 should read “If there is configuration mixing’) in these 


cae , - , 
states, A, B(u)Reun(xx, Kp Ky)’s should be replaced by linear combinations of them,” 
In the foot note J~ should be replaced by Jp. 
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The magnetic behaviours of CoF» in solid state can satisfactorily be described in terms of Pryce’s 
effective Hamiltonian with 4,=1.34-10-%, Ay=1.73-10-3 and A,=0.19-10-3(cm-1)—!, where caxis’ 
is taken as x-axis and a line connecting Co** and its first neighbours F~ as z-axis. In the paramagnetic 
regions, % is of the ordinary type obeying the Curie-Weiss law approximately. Contrariwise, %1 is 
similar to the paramagnetic susceptibility of ferrimagnetics. These predictions are in good agreement 
with the experimental results by Stout and Matarrese. %) has a finite value of the order 10-2 e.m.u. 
even at O°K because of the fact that the magnetic field parallel to c-axis induces a virtual transition 
from the lowest energy level to a higher one separated by about 10’cem—. The value of %1 at O°K is 
also computed. 


§1. Introduction 


In recent years, J. W. Stout and his collaborator’»” studied the magnetic anisotropy 
of the fluorides of iron group elements and their results gave the valuable informations 
about the magnetic states of these compounds. Since then, K. Yosida”) and F. Keffer’ 
interpreted the magnetic anisotropy of MnF, and especially Keffer showed that it originated 
from the magnetic dipolar interactions among spins of the Mn** ions. 

MnF, is magnetically the simplest compound of iron group fluorides: The electronic 
state of Mn** is °S in the free state and so the spin state of Mn** is almost free from 
the influence of crystalline electric field. As a result, the paramagnetic anisotropy of MnF, 
is very small and is of the order of 0.1% of the powdered susceptibility. In the other 
fluorides, however, the magnetic ions have orbital angular momentum in the free state, 
which is quenched under the crystalline electric field but not completely. By the well 
known mechanism elucidated by Van Vleck and Schlapp-Penney,””® the Curie constants of 
these ions have the anisotropy of the order of 10% of the average Curie constants. Nowadays, 
we have no difficulty to understand the paramagnetic anisotropy of such an order of 
magnitude. : . 

According to the experimental works by Stout and Matartese,” however, cobalt fluoride 
CoF, reveals peculiar magnetic behaviours : 

1. Above 200°K, the magnetic susceptibility parallel to caxis, 7), is larger than the 
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magnetic susceptibility perpendicular to caxis, ¥,, by about 10%. But, below 140°K, 7, 
is larger than y, and 7¥;—7, becomes larger and larger, the lower the temperature. 
Using the data of powdered susceptibility measured by de Hass and Schultz,” el 
7, and 7, and found that 7, increases surprisingly in the temperature regions 100 sa K. 
2. Below the Curie point, T, which is 37.7°K according to Stout and Catalano,” 7, continues 
to increase with decreasing temperature. The value of 7, extrapolated to O°K, Yo, is 
about 1.4 times its value at the Curie point. On the other hand, y, tends to a finite 
value Yo on approaching to 0°K. The experimental value of 749 is supposed to be about 
7.7-107* e.m.u. 

These features are fascinating and somewhat puzzling. As Stout and Matarrese already 
pointed out,” the standard theory of Néel and Van Vleck” fails to predict the antiferro- 
magnetic behaviour when the magnetic anisotropy energy is comparable with the interionic 
exchange energy: According to the theory, the magnetic susceptibility parallel to the 
direction of the spin alignment tends to zero on approaching to O°K and the magnetic 
susceptibility perpendicular to it is independent of temperature below the Curie point. 
(Note the experiments of neutron diffraction by Erickson," which show that the spin 
alignment of fluorides of Mn, Fe, Co below the Curie point are all along c-axis.) 

Therefore, we think that it is worth while to elucidate the mechanism of the magnetic 
behaviour of CoF,. Although the experiments of Stout and Matarrese” inform us of the 
field dependence of magnetic susceptibility below the Curie point and of the T*-dependence 
of 7,—7, in the regions of liquid helium temperature, we think that the main features 
of the para- and antiferromagnetic states of CoF, consist in the two points mentioned above. 
More detailed considerations and more skillful mathematical technique are necessary to 
interpret other subtle features. The T°-dependence of y,—y, of MnF, at low temperatures 
was interpreted in terms of spin wave theory. We shall try to explain only those two 
characteristics. Confining our intention to them, it is sufficient to assume the Weiss 
approximation in order to reach the plausible estimation of the order of magnitude. 

Now, it is well known that the departure from the Curie law for paramagnetic cobalt 
salts is great when contrasted with the cases of nickel and chrome salts. Van Vleck®) and 
Schlapp and Penney” understood this departure by the following mechanism. The orbital 
state of free Co'*, which is of the degeneracy of seven, is split into two triplets and a 
singlet by the crystalline electric field of cubic symmetry, where the lowest level is a triplet. 
Remembering that the spin state of a free Cott is S= 3/2, the lowest state is now of 
the degeneracy of twelve, inclusive of spin. The combined actions of a tetragonal field 
and the spin-orbit coupling split it into six Kramers’ doublets. If the order of magnitude 
of energy separation of lower lying doublets is a few hundred degrees K in units of the 
Boltzmann constant k, we may understand the departure of the paramagnetic cobalt salts 
from the Curie law at room temperatures. This point of view was splendidly confirmed 
by the paramagnetic resonance experiment of cobalt ammonium. sulfate by Bleaney and 
Ingram.” In order to explain the g-values of cobalt ammonium sulfate observed by them, 
Abragam and Pryce’ assumed that the lowest orbital level is a doublet in the tetragonal 


field, and hence, with the introduction of the spin-orbit coupling, the energy separation of 
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the two lowest lying Kramers’ doublets is of the ‘order 2, where the spin-orbit coupling 
patameter A is —180cm™! or —259k for Cott. 

Measurements of the heat capacity of CoF, show that the entropy change at the 
Curie point is about R/, 2. By comparing the experimental heat capacities of CoF, and 
ZnF,, Stout deduced the magnetic entropy of CoF,. This analysis compelled him to conclude 
that only the lowest Kramers’ doublet was appreciably populated to temperatures of at least 
100°K. Then we may conclude that a probable lower limit of the energy separation of 
the two lower lying Kramers’ doublets is given by 100 &. Another clue to estimate the 
energy sparation of the lower lying Kramers’ doublets is probably given by the temperature 
at which y, and y, are reversed in magnitude, that is about 150°K. 

At higher temperatures than about 250°K the paramagnetic anisotropy is about 10% 
and hence is of the ordinary character. This fact makes us to incline to suppose that the 
lowest orbital level of Co** will be non-degenerate and separated from the next level by 
a energy difference JE which is considerably larger than 2. The lowest quartet inclusive 
of spin is split into two Kramers’ doublets by the spin-orbit coupling again and the energy 
separation of these doublets is now of the order A°/4E. If we tentatively assume 
A/4E = 0.1, #°/4E is appreciably smaller than the separation of two Kramers’ doublets 
estimated above. But we may get a plausible value of it in the case when the rhombic 
character of crystalline electric field acting on Co** is considerable. 

The above consideration is supported by the crystallographic information of CoF,. 
The crystal structure of CoF, is of the rutile type with the lattice constants a,= (4.6950 
+0.0001) A, «= (3.1798 + 0.0001) A and u=0.308 +0.005 (S. Reed and J. W. Stout). 
The environment of a Co** is then of the rhombic symmetry. According to the preliminary 
calculation of the crystalline electric field acting on Co** by the authors in collaboration 
with N. Urya, the magnitudes of the cubic, tetragonal and rhombic parts of it are 
comparable with each other. 

As a consequence, we start from the assumption that the lowest orbital level of Cot* 
is non-degenerate and widely separated from the next in comparison with A. And hence, the spin- 
orbit coupling may be treated by use of a perturbational calculation of the second order. 


§2. The effective Hamiltonian of a cobalt ion 


It is convienient to adopt the method of effective Hamiltonian by Pryce for our 
present purpose. Let us take our coordinate system in order to agree with the symmetrical 
axes of crystalline electric field, where x-axis is taken as caxis and zaxis as the direction 

A ve . . ee . 15) 3 
of the line connecting two nearest neighbouring F~ ions. According to Pryce,’ the effective 


Hamiltonian pertaining to the lowest orbital state of a Co** is then given by 
=H + Hera » (1) 
N= —# (AS + AS + AS.) 5 (1a) 
I sera= lo (Gat tSc + IyH,Sy + 9-H.) 
— ty (A,H, + A,Hy + AHP) (1b) 
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in presence of an external magnetic field (H,, H,, H,), where the effective g-factor 7; and 


A, are given by 


9,=2(1—A4), (2) 
poll OE imps z : 
A, pa ok, a (3) 


respectively. S(S,,5,,S,) is the usual spin operator, L(L,, L,, L,) the orbital angular 
momentum operator and 4, the Bohr magneton. In the right-hand side of (3) the orbital 
states are designated by n and in particular the lowest orbital state by 0. The A,’s should 
be computed from some informations of the crystalline electric field and the electronic state 
of magnetic electrons of Co**. But we shall give up this procedure for the present and 
regard A;’s as parameters. We shall determine reliable values for these parameters. 

As is well known, the principal magnetic susceptibilities per gram ion obey the Curie 


law with the Curie constants 


ae 
Ci) tl 


sae (7) s+ 1) (4) 


at high temperatures where Nis the Avogadro constant and g,=g, but g,;=(9,°+ 9.) /2 
because of the fact that zaxis of a corner ion in the unit cell is perpendicular to that of 
the body-centred ion and both axes are in the 
ab-plane. Unfortunately, the temperature 
region of the measurements by Stout and 
Matatrese is not so high to be able to apply 
the Curie law. However, the difference of 
the Weiss constants of the parallel and 
perpendicular directions will be sufficiently ° 
small in comparison with T above 300°K. 
Then, we expect that y,—y7, will obey 


the Curie-Weiss law with a Curie constant 


S 
= 
~ 
4 
~ 
| 
x 


C,—C, anda Weiss constant approximately. 
According to the experimental results, 
X1 —H1 is of the order 0.8-107* in these 
temperature regions. On the other hand, it 
is well known that the temperature inde- 
pendent susceptibility is of the order 107‘ 
and hence the temperature independent part 
of ¥,—%15 1 aX jo, swill be comparable 
with the temperature dependent part of it. 
Therefore, we may not be allowed to neglect 4. 
Xiea—Y10 above 300°K. Tentatively we 

plotted y,—y7, against 1/(T+90) to 10 2.0 ey, 
obtain a line above about 300°K (Fig. 1), 


Fig. 1 The curve of Xj —% 1 versus 1/(T+90). 
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whence we estimate ¥;.—Y,. and C,—C it as 
Avo 110 =0.2+10™%, (5) 
Cee 0.27,. (6) 


The temperature independent part (5) arises from the interaction of the surviving 
orbital magnetic moment with the external magnetic field and can be obtained from the 
second term of the right-hand side of (1b) : 


¥ ier Y ose NE, (2A, —A,—A,) . (7) 


Let us next consider C,y—C,. In general, A; is of the order 107-*(cm@")~! and hence 
AA, is of the order 10-". Accordingly, we may safely approximate gj as gj = 4(1—2/4,), 
from which we obtain 


C,—C, =— (42/38) NugS(S+1).(24,-4,=A) (8) 
with the help of (4). Combining (7) and (8), we have 


ANSSS Ray (9) 
Xie—L1o 3k 
If we measure 2 in cm~" units, the right-hand side of (9) is equal to —1.92 S(S+1)A, 
which is 1296 deg. for Co**. The experimental value derived from (5) and (6) is 
1350 deg. The agreement of the theoretical value of (9) with its experimental value is 


thus good. This fact gives an evidence that our procedure is in the right direction. 
Now we may reach a plausible value of 24,—A,—A, by use of the numerical value 

of Yia—Yte- If we measure the energy appearing in the denominator of A, in cm™ 

units, the right-hand side of (7) is written 0.26-(24,—A,—A,). And then, the combi- 


nation of (5) and (7) gives 
a=2A,—A,—A,=0.77-107-? (cm7) 7. (10) 


Next, we shall pay attention to iG > given by (1a). It is instructive to inquire into 
what happens in the case of tetragonal symmetry : A, = A,=A, A,=A'. In this simplified 
model, 76, reduces to 


= (A-AYS? (11) 


except a trivial constant. If we substitute 0.77-107° for A—A’, the energy separation of 
two Kramers’ doublets proves to be about 50 cm, where the lowest doublet corresponds 
to the state with the spin eigenfunctions #41. In general, the energy levels with small 
spin components along z-axis are lower than those with large spin components if 7, > 71 
and the situation is reversed if 7, < 7). 

According to a close inspection, however, the rhombic character of 4; plays an 


essential role for the magnetic behaviour of CoF,. In this case, JC, is repesented by a 


matrix 


134 T. Nakamura and H. Taketa 


Po (3/4: (A, +4,) +9/4°4, ) 
_s)0 0 3/4-(A,+ A) +9/4-A, 
IG s “3 0 V3 /2: (A,—Ay,) 
ET ge Saal Cat 0 
0 M3 {2 G LA) ) 
3 /2-(A,—A ) 
VJ 3_[2-(A,—Ay) (12) 
7/4: (A,+A,) +1/4-4, ) 
0 7/4-(A,+4,) +1/4-A, J 
The diagonalization of J, is made by an orthogonal transformation U defined by 
cos 0 0) 0 sin 0 | 
0 cos 0 sin 0 “ey 
e : 13 
sis 0 —sin 0 cos 7 0 
_—sin 0 0 ) cos @ | 


where the rotation angle @ is determined from 
3 (Ap—~-A 
tan 29=—Y 3 As~4) (14) 
3(A,—A,) —2a 


The energy separation of two Kramers’ doublets is then given by 


4E=22"[3 (A,—A,)*—3a(A,—A,) +07]. (15) 
ble Gehan Acmelet “alu In order to compute JE, it is necessary to 
=== = have an empirical value of 1,—A,, which 
We : -10-3(em-!)-1 $8 , ‘ 
a=2A,—A,— Az 0.77-10-8(cm™) is incognito unfortunately, besides a. We 
= —0.39-10-8 (cm!) -1 : 
Aa Ay ; coum take ,—A,=—a/2 as a value appropriate 
Ax 1.34-10-3(cm7!) “1 
oe to explain the magnetic behaviour of CoF, 
9 s : i 
. oko after trial and errors. The numerical values 
y . . . 
* 2.06 of ? and JE obtained from this assumed 
AE(=k6) 90.0 cm-1 value of 1,—A, can be seen in Table 1. 
0 6.95° A characteristic temperature 0 defined 
J 2.9k 


by JE/k, which is 129.4° K in the present 


case, has an important significance. The 
populations of the lowest doublet predominate those of the upper doublet below 6, while 
both doublets have almost equal populations above 0. 


§ 3. Paramagnetie state 


Up to now, we have discussed the spin state of a Co'*, whose interaction with other 


ions has been taken into account only through the ordinary Coulomb interaction. Let us 
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now introduce another inter-ionic interaction through the exchange interaction in order to 
treat the magnetic susceptibilities at moderately low temperatures. The introduction of the 
exchange Hamiltonian —251],,S,-S,, in which Ji 1s the exchange fitegral between the 
kth and [th magnetic ions, leads to the coupling among spins and it is a very difficult 
problem to solve it. In order to avoid this difficulty, we assume the Weiss approximation. 
Now, let us notice a corner ion Cott. The first neighbours of it, whose numbers are 
2(= 2), are again corner ions and accordingly they have the identical coordinate axes 
with the centre ion. The second neighbours of the centre ion, whose numbers are 8 (= 2), 
ate body-centred ions and its coordinate axes should be rotated around the c-axis, which we 
call x-axis, by an angle 7/2. And so, these two kinds of magnetic ions should be treated 
separately. We shall neglect the further neighbours and denote —J,, between the centre 
ion and a first neighbour by J, and —J,, between the centre ion and a second neighbour 
by J. The sign of J, is negative in antiferromagnetics and so J, and J, are positive in 
sign. Then, the Weiss approximation allows us to reduce the many spin problem to a 


one spin problem. And the total Hamiltonian of a single spin (1) should now be replaced by 
HAH + Het Aaaas (16) 
Ku=2e JAS) St 2a JAS!) -S, (16a) 


where (S) and (S’) are the average spin vectors of a first and a second neighbours 
respectively. The second term of the right-hand side of (1b) will be excepted from 
Ohne throughout the following discussions. As was noted in § 1, the magnitude of Hos 
whose measure is 9, is larger than that of I ex, Whose measure is T,, and hence, it is 
now convenient to take a representation which diagonalizes d¢,. Hereafter we shall discuss 
UU in place of KH. 

1. The parallel magnetic susceptibility. 

Let us first derive the expression for y,. If we consider the case where the external 
magnetic field H is along xaxis, the components of (S) and (S’) vanish except the 
x-components, which we denote (5,) and (S,) respectively. Then, it is sufficient to treat 
the case where an effective field Hig 


Hug= H+ (2/492) CHER) + % Jo(Sz)) (17) 
parallel to caxis is present. The transformed Hamiltonian U{U- is now written 
UMUtA=UK UT + oJ eHenUS,U-', (18) 


where CAO bas is diagonal and its diagonal elements are (UI6,02) i= (O60) $6 
=~ ARS ij) aes (UU) =0 except a trivial uniform shift of energy, and 
US,U~ is given by 


(che ey 0) 
@ WO 
US AI2 == ? (19) 
Ones Ones G 
) b@ @€ @ 
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a=1/2-(V3 sin 20—cos20+1), b=1/2- (V3 cos 20+sin 20), 
c=1/2-(—Vv 3 sin 20+ cos 20+1). (19a) 


If 09>T>T,, a matrix element 5 contributes to the magnetic susceptibility of high 
frequency type and a contributes to none. On the other hand, if O<T, a, 6 and c 
contribute to the magnetic susceptibility of low frequency type. Including both cases and 
the third case: T~O, we obtain the average magnetic moment of the centre ion, (m,), 


from the general formula of Van Vleck 31” 


(m,) = (f0'G2/kT) 0 Hee s (20) 
== 1 Z 2,-0/ oT 7 @/z 
= alk +ae © IN 6 (1 é )} e (21) 


Considering that m,=—/,g,5, and (S,)=(S'.) because of the equivalency of two kinds 
of ions along x-axis, we have an expression for (m,) with the help of (17) and (20). 
Finally we get 
Neo. OG: 

k T+ Qa fit2e})0/k 


Iii (22) 


2. The perpendicular magnetic susceptibility. 


Let us next derive the expression for y,. For the sake of simplicity we consider the 
case where the external magnetic field H’ is parallel to the zaxis of a corner ion. Then, 


the effective field of a corner ion is 


Ag= H+ 2/t4Je* (2 Ji(S,)-+ 2 Jot Sz)) (23) 


in the direction of zaxis. And 


é 0 0 —f 
—é f 0 
LS Umass , 
) ¥ h 0 C2 
—f 0 0 —h 
e =1/2-(2cos 2041), f2sin 20; h=1/2:- (2cos 20—1). (24a) 
In complete parallelism with the subsection 1, we obtain the average magnetic moment (m,) : 
(m,) = (45 92° /kT) One ie > (25) 
ae 1 2 2-0/4 oT = 
= —— onl? + ee OF + oe ae sini ; (26) 


The present situation is somewhat different from the case of %,» in which we could safely 
, . . . 

assume (S,) = (S/,) because of the equivalence of two kinds of ions along x-axis. However, 

we cannot now assume (S,)=(S,)—— such an equivalence cannot be justified even 


approximately. We shall see later that this fact plays an essential role for the anomalous 
behaviour of 7). 
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In order to obtain the average magnetic moment of a body centred ion, (m,), we 

have only to rotate our coordinate system around x-axis by an angle 7/2 and to calculate 
, . . . . 

(m;) in parallel with the above calculation. A matrix US,U™ necessary for our scheme is 


US U~ — : , (27) 


p=1/2-(vV 3 sin 20+cos 20—1), q=1/2- (Vv 3 cos 20—sin 20), 
27 
r=1/2-(V 3 sin 20+cos 2041). a 


Writing down the obtained result in the frame of the original coordinate system, we have 


(m,) = (My Iy/&T) OH » (28) 
1 9 — all = 

d= og [Pt pe or tagt (meer) |, (29) 

Hyg= H+ 2/ Dy (zJi(S2) zy Jo( Sp) ):s (30) 


Using relations m;=—,9,5;, we may obtain (m.) and (m{) from (23), (25), (28) 
and (30). With the help of M,=(N/2) ((m,)+(m)) we get the expression for y, : 


W1= Nee /DRT ) {1/2+ (Orgy + 9592) — 20,05/kT > (Zs J2oGyJe— BIG.) } 5 (31) 
D=1+2(0,+ 05) z Ji/kT— (2/kT)*0205 ( (Jo)? — (& Ji)*)- (31a) 


3. Numerical evaluations of y, and 7. 

We have to estimate the magnitudes of J, and J, in order to get numerical values of 
the magnetic susceptibilities. We shall make use of the value of the Curie tmprature 
for this purpose. In the case of vanishing external field, (17) and (20) give 


(1+ (20,/kT) Ji) (m,) oP (20,/kT) % Jo(m,) =0. (32) 


According to the neutron diffraction pattern of antiferromagnetic CoF,, the spin alignment 
of every corner ion is antiparallel to that of every body-centred ion along caxis. Then, 
the Curie temperature T,(=37.7°K) is determined by the condition that (32) has a 


non-trivial solution (m,)=— (mj) 40 at T,: 
kT,=20,(T,) (@Jo—% Ji) - (33) 


Anderson’ tried to obtain a reliable value of the ratio J,/J, from the informations of the 
Weiss constant and the Curie temperature. According to it, J,/J, of MnF, is about 0.9. 
This fact shows that J, is somewhat larger than J, but we may assume J, ~ J, without 
serious error in MnF,. Supposing that the situation of CoF, is the same as that of MnF,, 
we assume J, ~ J,==J in the present case, and then (33) gives a numerical value of J, 


which can be seen in Table 1. 
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Now, we have two relations of A,’s and a reliable value of J. But, we necessitate 
another relation for A,’s in order to determine g-values completely. For this purpose, we 
took a procedure of adjusting only one undetermined parameter A, so that the theoretical 
value of 7,—7, agreed with the observed value at high temperatures, where the correction 
due to the temperature independent part of ~7,—7, was regarded. The numerical values 
of A, and g-values are thus obtained and can be seen in Table 1. 

The temperature dependencies of 0,’s in (22) and (31) seem to be worth while to 
notice. At high temperatures, every 0, tends to 5/4, that is S(S+1)/3. The temperature 
dependence of 0, is gradual. Contrariwise, 0, and 0, change their values with decreasing 
temperature in the opposite direction. As a result of it, the difference of 0, and 0; 


increases with decreasing temperature. These situations can be seen in Fig. 2. 


0 100 AO Aa ays 300 


Fig. 2 Temperature variation of 6;’s. 


As can be easily seen from (22), the gradual temperature dependence of 0, suggests 
that 7, will obey the Curie-Weiss law above T, approximately. On the other hand, the 
considerable difference between 0, and 0, at low temperatures (O>T > T,) Fee that 
when an external magnetic field is in ab-plane the magnetic moment of a corner ion is 
considerably different from that of a body centred ion at low temperatures. Thus we are 
inclined to think that the temperature dependence of 7, will be ferrimagnetic. Actually 
we may write down (31) in the standard formula of ferrimagnetic susceptibility by Néel : 


LL T/O+ Litem Te (34) 
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but we shall omit expressions for C, y, J and o in terms of 0,’s, for the sake of brevity. 


We have only to notice that the magnitude of o increases with decreasing temperature. 
We computed y, and %1 from (22) and (31) by use of the numerical values in 
Table 1 and Fig, 2. The computed results are plotted in Fig. 3 together with the 
experimental values, where the corrections due to the temperature independent part of 
magnetic susceptibilities were appended to our results by use of the assumed values of A,.*) 


200 


theoret. 


exp. 


theoret. 


exp. 


100 | 


0 ~ 100 200 300 


Fig. 3. Curves of 1/%y and 1/x1 versus T. 


As was noted in §1, the experimental values of y, and y, were obtained from the 
combination of the quite accurate data for y,—y, and the data of powdered samples : 
~=27,+47, which contain a certain amount of errors (5~10%). Then we plotted 
computed values of 7,—7, in Fig. 4, where the accurate data by Stout and Matarrese 
were also reproduced. 

The agreement of our 7¥,—7, with the experimental ones seems to be good although 
qualitatively. The observed temperature dependencies of 1/y, and 1/y, show that the 


above suggestions are justifiable. 


* %y0=0.70-10-3, Xp o=0.50-10-3, 
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Fig. 4. Curves of X —X versus T. 


§4. Antiferromagnetic state at the absolute zero of temperature 


The treatment of antiferromagnetic state of CoF, is somewhat complicated and not 
so reliable in the present mathematical frame. It is sufficient to discuss the case of the 


absolute zero of temperature in order to get the general feature. 
1. The spontaneous magnetization of sublattices at O°K. 

At low temperatures T'< T., Mex gives a contribution to I by a fraction of T,/0 
of 36, The treatment of the upper Kramers’ doublet by use of Van Vleck’s method of 


perturbation’ breaks down and leads to an unplausible result in this regions. We should 
treat four spin states subjected to the exchange magnetic field exactly. 


Let us seek the magnetization of a corner ion, whose direction is along x-axis, in 


absence of the external magnetic field. Then the effective field Hy,’ acting on a corner 
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ion is now given by (17) with A=0, J,=J.=J and (S)=—(S,): 


Ae = = (2/49 x) CIT ANYOS (35) 


Me vshall” denote a, & “and ¢ in (19a) multiplied by p.9,Hog! by a’, b and ¢ 


jo) 


0.5 1.0 Ws} 


Fig. 5. The level diagram subjected to the exchange magnetic field. 
The scale of abscissa is € = (S,,). The exchange magnetic field Hep° 
is obtained from Her°=—12 JE/pogn- 
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respectively. Further we shall denote H+ Hex by 26,/ and JE by d. Then the trans- 


formed matrix of the newly defined H,! is 


us /U7=| * ; ' (36) 


It is diagonalized by use of an orthogonal transformation 


cos Y, cos Y, sin Y, sin Q, 
1 — cos 5 cos, —sin Y, sin Qy 
V= m7 ¢ 2 Y» 7 , (37) 
2 | —sing, —sin 9, cos Y, cos Y, 
sin %, —sinQY, —cos Y, COSY, | 


where ¢, and ©, are determined by 
tan 29,=26'/(d+d'—d), tan 20,= 26'/(d—a'+¢). (38) 
Let us define a column vector (7,, Yo, Y., %,) by VU(Y3, 3, v1, $_2) and denote 


(P|26)/|;) by E; Then, a set of energy eigenvalues is as follows: 
is rate | Mt (pe sores Sanat cat 
Cane es. +e) (F) OL +a’—c')>+ be 
E. 1 ftet (39) 
2 = homens: meni: ~ eens 1\2 b” 12, 
es, es ¢(* 1a a’ +c)? +46") 


A direct inspection shows that E, corresponds to the lowest energy level. In Fig. 5 we 
plotted the behaviour of four levels subjected to the exchange magnetic field. 


Table 2. So eva a The expectation value of m, in the lowest state, 
(m,), is given by 
1.19 

. : ae (m,) = —OEy/AH en. (40) 

E> 105.4 cm-! The equation (40) should be solved in connection 

E; —28.9 cm-! with (35), (39) and another relation: m,= — [725s 

E; 13.1 cm- The computed result gives (S,) (==) =1.23. With 

v1 —13.71° this value of € we estimate the numerical values of 

2 —18.26° E, and rotation angles ¢,’s of (38) as can be seen 
in Table 2. 


The spontaneous magnetization of a body-centred ion, (m!,), is obtained from a relation 
(m,) =—(m,). 
2. The parallel magnetic susceptibility at 0°K. 


As is well known, 7j9 vanishes when the orbital angular momentum vanishes. In 
the present case the field Hamiltonian of an ion 
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A eia= eG eke (41) 


is not commutable with I, and accordingly with 46,'. In other words, Ineq has non- 
diagonal elements in the representation diagonalizing 6,!. We are now interested in the 
non-diagonal elements S, connecting with ¥,, which prove to be 


(P,|S.|P 5) = (F5|5.| 21) 
=b cos 29,+ (c—a) /2:+sin 29, (42) 


with the help of (19) and (37). Let us denote an alteration of a corner spin and that 
of a body-centered spin in presence of an external magnetic field H parallel to caxis by 
0(S,) and 0(S.,) respectively. Then an alteration of the effective magnetic field acting on 
a corner spin, OH, is given by (17) where (S,) and (S52) are replaced by 0(S,) and 
0(S,,) respectively. The energy gain due to OHyq is calculated by a perturbation method 
to the second order, whence we obtain an expression for an average alteration of the 
magnetic moment 0(m,) : 


O(m,) = 27h JOH em (43) 
n= (FE, |S. P'.) oP (E,—E;) ° (44) 


In the same way, we obtain an expression for an alteration of the magnetic moment of 
a body-centred ion, O(m/,). Using these two equations for 0(m,) and 0(m!,), we can 
easily show 0(m,)—0(m,)=O(H") Hence we can safely get a correct expression for 
Y%,o on the approximation 0(m,)—~0(m,). Then (43) leads to 


2 270. *) 
= Np, - ; (45) 
Xi0 Lo RCE e 


The numerical value of 7 9 was computed from (45) with the help of (19a) and 
some numerical values in Tables 1 and 2. The result can be seen in Table 3 together 
with a supposed experimental value. 

The theoretical value is in good agreement 


i ical values of and. 2 . é 
AAS ll aden at aoe with the experimental one. But the latter 


Theoret. Exp. seems to be not so reliable. As one of 

Pst: 10.5 77 its evidences, we may point out that the 

0192102 48.2 60 peak of experimental y, shifts from T, to 

(x1 0—x%1.0) 10° ayy Gp? the higher temperature side (see Fig. 9 
SP ae as aa in reference 2). 


3. The perpendicular magnetic susceptibility at ODI 


The calculation of 7,9 is somewhat complicated due to the situation similar to the 


* The secocd term in the denominator of the right-hand side of (45) gives the correction of about 
30% for X49. The authors are indebted to Mr. J. Kanamori of Osaka University for calling their attention 


to this corrective term. 
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case of § 3. 2. In presence of a perpendicular magnetic field H, which we shall assume 
to be parallel to zaxis of a corner ion, an alteration of spin alignment parallel to z-axis 
of a corner ion contributes to the energy by the order H*, while that parallel to c-axis 
contributes to the energy only by the order H”. 

Then we shall replace H by Hep Hew may be given by (23) for a corner ton. 
And Jgeq of a corner ion is 

Mcrae Hos . (46) 

Matrix elements of S, connecting with Y, are given by 


(F4|S.| 5) = (P5151 Ps) 


=—é’ sin ¢, sin Y,—h cos Y, cos Y, + f sin(Y,— $Y»), 


(47) 
(¥,|S.| Y.) = (¥,|S.| Y 4) 


=e’ sin Y, cos Y,—h cos Y, sin Y, + f cos(Y; — Ys) 
from (24) and (37). 


Then a perturbational calculation leads to an expression for the expectation value of 
m, in the lowest state, (m,), 


(m,) =? — OE, /OA eg 
P 48 
= 2h 139 Be Ma 


where 


ia (%, S,| 9) °/ (E,—E,) a; (F,|S,| ¥) *} (E,—E;) : (49) 


The average magnetic moment of a body-centred ion, (m_), can be obtained in 
complete parallelism with the above procedure. The effective field of a body-centred ion, 
Fig’, which is in the y-direction of the body-centred coordinates system, is given by (30) 
and required matrix elements are obtained from (27) and (37). The result is 


(m;) = 2640 19 y Hen» (50) 
where 


es | (¥,|5,| es) */ (E,—E;) AL | (7.|S,| .) 
(¥ 4|S,| %;) = (%,|S,| 7,4) * 


*/ (EE); (51) 


=1{p sin Y, sin Y)+7 cos ~, cos Y.+q sin (Yi- #2) } 5 (52) 
(F.|S,| V5) = (F;|S,| Po) * 
=i {—p sin 9, cos gy +7 cos Y, sin Y + cos(Y;—%)} . 


Equations (48) and (50) allow us to give a self-consistent solution for (m.) and 


(m), from which we obtain the total magnetic moment M, = (N/2) ((m,) + (m})). In 
such a procedure, we get 
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X0= (Ne / 4) Je + 1Gy— 87370 (ZI yJe— 91°) } 3 (53) 
a= Qa ip 4z75J) (1 +4275 J) —Tsi2(4z%, J)’. (53a) 


By using (49), (51), (24a) and (27a) with some numerical values in Tables 1 and 2, 
we computed 71, from (53), whose result is tabulated in Table 3 with the experimental 
value. The theoretical value is smaller than the experimental one by about 20%, and 
the situation is the same for Yio—2X10 as can be seen in Table 3. 


© § 5. Summary 


For the purpose of studying the mechanism of the magnetic behaviours of CoF,, we 
assumed that the lowest orbital level of Cot* in CoF, is non-denerate and widely separated 
from the next level in comparison with 2. The three quantities A; appearing in the 
treatment of the spin-orbit coupling by a perturbation calculation of the second order were 
regarded as parametres, which we detemined from experimental results (Table 1). 

Then we estimated the energy separation of two Kramers’ doublets to about 130 &. 
Hence, almost all the four spin states of a Co** contributes to the magnetic susceptibilities 
of the low frequency type at high temperatures beyond 130°K, and so the paramagnetic 
anisotropy is of the ordinary character. But, the populations of the lowest Kramers’ 
doublet increase considerably below 130°K. As a result of it, what happens in presence 
of a magnetic field is as follows. On the one hand, the matrix elements of magnetic 
moment operator connecting the lowest doublet with the upper one are inclined to contribute 
to the average magnetic moment of the high frequency type in this regions. On the 
other hand, the matrix elements of magnetic moment operator pertaining to the lowest 
Kramers doublet contribute to the average magnetic moment of the low frequency type. 
The resultant of these two types of average magnetic moments is smallest in the direction 
F-—Co**—F> and is largest in the direction perpendicular to that of F~—Co**—F™ 
and c-axis. 

Along c-axis, the phenomenon is simple because two kinds of inequivalent ions are 
equivalent magnetically only in this direction. But, the situation in ab-plane is quite 
different. Because of the fact that the magnetic principal axes of two inequivalent ions 
are perpendicular to each other in ab-plane, two kinds of average magnetic moments, 
whose difference is now considerably large, will appear in presence of a magnetic field. 
The combined actions of the above circumstance and the antiferromagnetic exchange inter- 
actions among Co** ions lead to the magnetic susceptibility of the so-called ferrimagnetic 
type. Actually, the experimental curves for 1 /%{, and 1/y, (Fig. 3) seem to support 
our prediction. 

In antiferromagnetic regions, there appears the spontaneous magnetization of two 
sublattices along c-axis. Two Kramers’ doublets are split into four levels under the ex hanes 
magnetic field (Fig. 5). The magnetic moment operator in the direction parallel c-axis 
contains a matrix element inducing the transition from the lowest level to the third one 


in addition to the diagonal elements. The former gives 7, of the high frequency type, 
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which survives at O°K and is of the order 10~°. The latters give the ordinary part of 


7%, which vanishes at 0°K. 


As the temperature decreases, the exchange magnetic field acting on a Com 


increases 
and four spin states are modified to lower the energy of the total spin system as much as 
possible. As a result the spontaneous magnetization of sublattices increases more rapidly 
than in the case of ordinary antiferromagnetics. In addition to this effect, there exists a 
contribution of the high frequency type to ¥,. Thus 7, increases with decreasing 
temperature below the Curie temperature. 

The agreement of our theory with the experiments seems to be not so unsatisfactory 
if we take into account the following situations : 

First, we proceeded along the Weiss approximation and hence we cannot expect the 
good predictions of the magnetic behaviours in the neighbourhood of the Curie temperature. 
Secondly, there are some arbitrariness in determining adjustable parameters A,. Thirdly, 
we took a procedure based on the perturbation method of the second order. This procedure 
brings some amounts of errors because A/1, amounts to about 0.3 and so the correction 
arising from the higher order perturbation will be appreciable. As was suggested in § 1, 
the temperature which y, and y, are reversed in magnitude will be a measure of the 
doublets separation. The theoretical value of it is lower than its experimental value 
the former is about 110°K, while the latter about 150°K. Accordingly @ may be higher 
than our value. This fact suggests that ,—,< —a/2 may correspond to the real 


situation. By such a réadjustment we shall get better agreement of the theory with the 
experiment, but A, except 2, increase at the same time and so the correction necessary 
for the present approximate procedure becomes more appreciable. However our object 
consisted in the qualitative explanation of magnetic anisotropy of CoF,. And our treatment 
seems to have succeeded in carrying out this program. The theoretical foundation of A,’s 
will be required in order to complete it. 


The authors wish to express their cordial thanks to Mr. N. Uryda for his courtesy in 
preparing the manuscripts. 
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General theories of ferromagnetism and antiferromagnetism based on the Heisenberg model are 
given in this paper, which are extensions of the Weiss theory. The approximation of these theories 
is not so good as that of our previous theories, but the main object of this paper is to develop simple 
and tractable theories which can include the short range order effects. The perpendicular susceptibility 
of antiferromagnet below the Néel point is obtained, which is almost indepent of temperature. The 
large residual entropy above the Néel point of CuClo2H2O can be explained by application of the 
present theory. 


§ 1. Introduction 


The theories of ferromagnetism and antiferromagnetism based on the Heisenberg 
model using Bethe’s method for binary alloys have been developed by P. R. Weiss’? and 
Li’. In these theories, however, anti-Curie point”) appears at low temperature, and this 
indicates that the theories lose their validity at low temperatures. The present author has 
given in a previous paper” the theory of antiferromagnetism which is much more directly 
an analogue of the original Bethe method than Weiss’ and Li’s, and he has succeeded to 
exclude the anti-Curie point. Unfortunately, the theory meets its failure if it is applied 
to ferromagnetism, and this also indicates that the theory is not completely satisfactory. 
In the present paper, we will develop the theories which have not the defects mentioned 
above. But the important object of the present paper is the following :—Many accurate 
theories of ferromagnetism and antiferromagnetism include so complicated calculations that 
they cannot be applied to the explanation of simple experimental results. Only P. Weiss’ 
theory has been used for its simplicity (Don’t confuse P. Weiss and P. R. Weiss) ; in 
facts, there are many phenomena which can be explained by Weiss’ theory. The Weiss 
theory, however, does not contain the so-called short range order effects so that it loses 
its power in the phenomenon such as the anomalous specific heat above the critical point 
in which the short range order plays an important role. Another phenomenon such as 
the perpendicular susceptibility of antiferromagnet has been explained as temperature 
independent by Van Vleck’s theory” which is the Weiss theory for antiferromagnetism. 
But the perpendicular susceptibilities of many antiferromagnetic substances are varying with 
the temperature. Whether this variation with temperature are due to the short range 
order effects or another mechanism will become clear when the short range order effects are 
taken into account. Although the present theory is not a very accurate approximation, it 
includes the short range order effects and it is far feasible to mathematical manipulation than 


the other theories so that the plans mentioned above will be performed by the present theory. 
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§2. Application to ferromagnetism 


The theory of the ferromagnetism based on Heisenberg model is a typical many body 
problem. In order to treat this problem approximately it must be reduced to the system 
of a small degree of freedom. Along the line of this point of view, Kubo” used an 
expansion method of the density matrix of the ferromagnetic crystal, Weiss’ and Nakamura” 
treated a small cluster by introducing the self-consistent field and Kikuchi® utilized the 
combinatorial method. Now in the present paper, our method is similar to that of 
Nakamura in which the cluster is smaller than Bethe’s cluster, but we do not introduce 
the self-consistent field but use the equivalency of the expectation values of the magnetic 
moments of all spins. The method is a natural extension of the Weiss theory, so we 
name the Weiss theory as zeroth approximation. Although most interesting problem 
exists in the antiferromagnetism, we will first develop the theory for ferromagnetism. 

We take any two nearest neighbor spins whose operators are denoted by §; and S; 
respectively. Both of them have exchange interactions with the nearest neighbors. The 


Hamiltonian of this two spin system is 
H = —2](S8;) —2}{SS) + V(SS)}, (2-1) 


where J is the exchange integral and $} and $} are taken over the nearest neighbors of 
k Z 


i-spin (except j-spin) and j-spin (except ¢spin) respectively. Though S, and S, are 
operators, we approximately substitute them by their thermal mean expectation values. 
We take the axis of the crystal as zaxis. Then the expectation values of S‘ and S’ vanish. 
That of S* will be denoted by S, which changes with the temperature. By these sub- 
stitutions the Hamiltonian reduces to 


H = —2] (S,S,) —2] @—1) 5 (Si+$}), (2:2) 


where z is the coordination number. The expectation values of S; and Sj should be the 
same as those of the nearest neighbor spins, so we can give the following self-consistent 
relation 


2S TAS 4S) etree (2-3) 


where # means 1/kT. For the sake of simplicity, we consider the case that the spins are 
1/2. In order to obtain the eigenvalues of (2.2), we take the basic functions as follows : 


Cac, 
Qa 1/V 2 - (af; + Boa) 
07° =P; 
= 1/Y 2 + (aie). 
The subscript attached to @ denotes the total spin S,+S, and the superscript attached to 


@ denotes its z component and @ and 8 mean the plus and minus spin functions. 
By these functions, the Hamiltonian and $+ are diagonalized at the same time 


(2-4) 
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and we can calculate (2:3) very eaily as follows: 


A sh {2J9(z—1)S} A255) 
~ ch {2J8 (g—1)S} +e “ch (JB) 


S=0 is always the solution of (2-5) but the non-zero solution of S is stable in the 


region below the Curie point. In Table I, we give the Curie points by the present method. 


At absolute zero, the value of S is 1/2 as expected but this was not obtained by the 
methods of Kikuchi and Kubo. 

As the second approximation, we consider the spin system which consists of three 
spins i, j and k lying side by side in a line. In the same way as the previous approxi- 
mation, the spin operators of the nearest neighbors are substituted by their expectation 


values. Thus the Hamiltonian has the following form : 
H% = —2]{ (S,S;) + (S)S,)} — 2] (e—1) § (83+ $2) — 2] (e—2) S35. (2-6) 
The self-consistent relation is written using this Hamiltonian (2-6) as 
3S=TASPPSs Sef Te. (2-7) 
We use the following ortho-normalized functions as the representation system : 
C= aaa, 
OyR=1/V 3 - (a,ar,8,+ Braye, + a,Pjc%,) 
O33? = 1/V 3 - (B,aj8,+ GP Prt+PiPsan) 
O59" =P.B Ps 
Oye = — 1/6» (ayeeyP + Brij, — 208,04) 2a6y 
Oe 1/2 (aa, by — pea) 
Grci=1/V 6 oe PEO 23,a2,) 
OF3=1/ 2 - (aBsP,—BiB ye.) - 


Using (2-8) the Hamiltonian (2-6) are represented by the following form : 


Aj) S00 <i BO) mreQand Qipn’ sam, LD ie 
CoE SHS UE HBO aug e Ero 
O° 0 4, 0 “GAG PE) tp Y Wes 
ee 0 0 0 A, 0 0 0 0 
Os wetyld patie gO eS 0 se i Fel) a eta er en seer: 
0 0 0 0 0 A, ) 0 
0 0 B 0 0 ) A, 0 
L250 0 0 0 0 0) 0 Pi 
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where 
A, = —J—3a/2+J8, A,= —J—a/24+JS/3, 
A,= —J]+a/2—J5/3, A, 2 J 4:34/22275, 
A,=2]—a/2—JS/3, A,=—a/2+J5, (2-10) 
A,=2]+a/24+J5/3, A,=a/2—J8, 
B= 9" 2 /3-J5, =o Ly ae 
In order to diagonalize (2-9), we transform it by the orthogonal transformation matrix T, 
or Pee yr sage! l 9 mpgain 
0 csf 0 0 —siné 0 0 0 
0 0 cosg 0 0 OR sin m0 
galamie Dis Ui CAR OR ALE IAE OTRO SIy 07 m0 esky 
0 sind 0) 0 cos 0 0 0) 
0 0) 0) 0 0) a 0 0 
0 0. sin. ~-— 0 0 0 cos: —0 
L@ 0) 0) 0) 0) 0 0 if 
Thus we obtain the eigenvalues of (2-6) as follows: 
E=A, 
E,= A, cos'6 + A, sin’O—B sin 20, 
E,= A, cosy + A, sin’g—B sin 2¢, 
120 Oe: 
E,= A, sin’ + A, cos'0 + B sin 20, (2-12) 
1 re PR 
E,= A, sin’ ¢+ A, cos’¢ + B sin 29, 
EA; 
where : 
tan 20=4V 2 S/(—9+28S). (2-13) 
tan 29=—4V 25/(9+25). (2-14) 


As may be seen, S7+$5+ Sj is invariant under this transformation. Then we can obtain 


the following results : 


Te 4 = 2ech {8] (3z—4) St + 2ch {BJ (g—2) 8} 
4 De PIPE Dich {BT /2 (45°—45+9) 1} 
He 2e PME DM Ch {8T/2 (4S +4549) 17}. (2-15) 
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T, (S§+-S3+Si) eo = 3e™sh {BJ (3z—4) S} 
+ sh {BJ (g—2) 5} + P4726 Ph {BJ/2 (48° —4S+9) 17} 
— e142 DBIch {87/2 (45° +45+9) 7} . (2-16) 
From (2-7), (2:15) and (2-16) we can calculate S as functions of temperature. The 


Curie point which is the branching point of the non-zero solution of S, is given in Table 
I, and is indicated as the second approximation. It is interesting that according to our 
approximation, the Curie point of the linear chain lowers with the progress of the 
approximation but those of the other lattices do not. This may suggest that the linear 
cha in cannot be ferromagnet. Though the Curie points obtained by our method are 
somewhat higher than by the other methods, we do not mind it, because the object of 
this paper, mentioned above, is not only the improvement of the approximation. The fact 
that the results obtained by the first and the second approximations are not so much 


different, means that we can use the first approximation which is the simplest. 


Table I. The values of the Curie points kT,/J. 


Z 2, 4 | 6 | 8 12 
| 
zeroth approx. 1 v2 | 3 | 4 6 
first approx. 0.625 1.69 rey Al 3.72 5.73 


second approx. 0.518 1-73 2.81 | 3.86 5.88 


§ 3. Application to antiferromagnetism 


In this section we consider antiferromagnetism by the same method and the same 
model as the previous section. Since, however, the exchange integral is negative, the 
nearest neighbor spins have a tendency to align themselves antiparallel to each other. We 
take the axis of the crystal as z axis and denote them as the plus and minus sublattices 
according to whether the expectation value of z component of the spin on them are plus 
or minus. We use the first approximation so that we consider the nearest neighbor two 
spins i and j. The spin i is on the plus sublattice and j is on the minus sublattice. In 
order to obtain the parallel susceptibility, we apply the external magnetic field H* along 
the z axis. The introduction of the field H* will give a displacement to the expectation 


values of the z component of the spins. Thus the Hamiltonian may be written as follows : 


2 =2|J| (S;S,) + aS; +6S;, (3-1) 
where 

a=2|J|(z—1) (—S+ 0S) —guH*, 

b=2|J| (g—1) (S+0S*) — guH’, (3*2) 


and y is the Bohr magneton and g is the usual Landé g factor. Using the representation 
system (2:4), (3-1) can be written as follows ; 
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Figise ab 0 0 0 
ee 0 J| 0 ad—b 
: . OR ui esa. |. 0 ay?) 
0 a—b 0 —3|]| 


— 


By the transformation matrix 


i 0 0 0 
T ) cos @ 0 —sin 0 (3-4) 
0 0 1 0 ; 
ton sin 0 ) cos 0 
where 
tan 20=2(z—1)S, (3-5) 


the eigenvalues of (3-3) are obtained, 
E,=1/2{|J|+4|J| («—1) 0S*—29pH'}, 

E,= —1/2|J|+|JIR, 

: (3-6) 

E,=1/2 {|J|—4|J| @—1) 0S + 29H}, 

18; 


g=—1/2|J|—- JIR, 


where 

R= {144 (g—1) 57}, (3-7) 
The self-consistent relation now becomes 

§+ 08% = ToS ee til ear (3-8) 
Since the terms containing H* and 0S’ are small quantities of the first order, we can 
divide (3-8) into two parts, such as the zeroth order and first order term. The zeroth 
order term is 


= (z—1)Ssh BIJIR ' 
= 3-9 
R(e?™'+-ch AL JiR) a 


From this, we can obtain the Néel points which are shown in Table II. We see that the 


linear chain cannot show antiferromagnetism in the first approximation, contrary to the 


case of ferromagnetism. (3-9) also shows that S does not reach the saturated value 1/2 
oO 


Table II. The values of the Néel points kT y/| J| Table III. The values of S at 0°K 
rE = 
ceeriiie| 2|e 0) agora BE een 9 a ee 
zeroth app:ox. | 1 2 3 4 present theory 0.4714 | 0.4899 | 0.4949 
first approx. — | 1.820 2.885 3.946 spin wave theory | 0.303 0.422 0.425 
ee ee ee 
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even at O°K. This is the quantum effect. The values of S at O°K are shown in Table 


III with those by spin wave theory”. 
From the first order term of (3-8), we obtain the parallel susceptibility, 


ie POM bane | (310) 
2A|J| (c—1) +2(1 +e? "chB|J|R) 


7, becomes zero at 0°K, and at the high temperatures above the Néel point, it becomes 


i /Atgny (3-11) 
"kT +(J|z/2 


which corresponds to the Van Vleck’s formula. 
Next we will apply the external field along x axis to obtain the perpendicular 
susceptibility. The self-consistent relation is 


268=T;(Si+-Spe sine (3-12) 

where 
#6 = {2\J| (S.S,) —2|J| (e—1) SS; + 2] J| (e—1) S83} 
+ {2|J| (z—1) 6S*—guH*} (S§7+S}5) 
=}6,+H.,. (3-13) 

The first bracket i, and the second bracket X, of (3-13) do not commute. But 
considering that the coefficient of the second term, 

€ = 2{J| (¢—1) 0S*— gpl’, (3-14) 


is small, we can neglect the terms higher than €& and use the perturbation method. The 
eigenvalues of 3, can be obtained by using the basic functions (2-4) and the transform- 
ation matrix (3-4) as follows: 


E,= [J|/2, 
E,= —|J|/2+ |J|cos 20+ 2|J| (c—1)S sin 20, 
E,=|J|/2 ies 


E,=—|J|/2—|J| cos 20—2| J| (c—1)S sin 20, 
where 
tan 20=2(z—1)S. (3-16) 


By the same transformation, 26, can be represented as follows : 


0 cos 0 0 sin @ 
To T7a_F cos @ 0 cos @ 0 
0 cos @ 0 sin 0 (3-17) 


L sin 0 0 sin 0 0 
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According to Karplus and Schwinger’s method", the component of the transformed matrix 
can be expanded as 


[T exp—f astro) T),,=exp (—BE,) 0, 


oY exp (— BE.) —exp (—PE,;) 
E;=5; 


TPT tarts (3-18) 


So we can obtain the following result : 


T,.(Si+S5) ePA==2e} exp (— FE) — exp (— FE») costo 


E,—E, 
% exp ( — PE) ere (— fE,) abe 0] ; (3-19) 


From (3-12) and (3-19), the perpendicular susceptibility is given by 
(gp)? Z+2(g—1)'*S + et chf| J|R{2—z+-2 (e—1) 5} 


Le mere ay (3-20) 
Qh LZ ae) Se che i R12 24-4 (c= 1) 75} 
At the Neel point (3-20) becomes 
a Br(ge)” (3-21) 
MDB al JI @—1) +2(e— 1) ew ch Bul 
As a matter of course, this coincides with y,,. At O°K, (3-20) becomes 
LSE CRAB Ay 
aes 72) OND ee 


D1 I) Cd lee et) 8 


Y1y and 715 have almost the same numerical values, but strictly speaking, the former is 
larger by about 1 percent than the latter. This result is very important. Because this 
shows that even the short range order effects cannot affect the result of Van Vleck that 
the perpendicular susceptibility is constant in the antiferromagnetic range. So we may 
conclude that the fact that the perpendicular susceptibility varies considerably with 


temperature in some real antiferromagnetic substances must be interpreted to result from 


another mechanism. 


$4. The temperature dependence of the anisotropy energy 


For simplicity we shall assume that the antiferromagnetic crystal is of otthorhombic 


symmetry and the Hamiltonian of the anisotropy energy can be represented in following 
form ; 
n= Sd Cy {SESH+ (e—1) SHSE+ (@—1) SESH}. (4-1) 
p=x,y,z 
The anisotropy energy can be interpreted as the increase of the free energy when the spins 
on the plus and minus sublattices deviated to (a, 8,7) and (—a, —f, —7) directions 
respectively, where a, 8 and 7 mean the direction cosines. We denote the displacement 
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of the expectation value of the spin by the anisotropy field as 0S“, 0S” and 0S* respectively. 


Then we can put 


Sg=aS, + 05*, S7= — aS, + 08%, 
Su=PS,+ 05", S¥= —PS,+ 0S", (4-2) 
S,3=75)+ 05', Ss=—75, + 8S*. 


\Or Noy YOz 
We shall assume that the absolute values of C,, C,, and C, and also 0S", oS and 0S 
are small compared with the exchange integral, so that we can divide the Gel Hamiltonian 


into two parts, unperturbed Hamiltonian 36, and the perturbation J6,, as follows : 
H,=2|J]| (SoiSo5) —2|J| @—1) 5, {a (Si— Se) 
+B (S#—S¥) +7 (Si—SH)}, (4-3) 
I, =2|J| (e—1) {8S* (S%+Si5) + OS” (S¥+S¥) + 0S" (SE+5S,5)} 
+ C,SiS8 5+ C,S#S3 + C.SoiSo5 
— (z—1)5, {C,a (S,;—S,%) + C,3 (StS) + Cz (S.i—S,5)} - (4-4) 


Ws rotate the axis of the quantization of the spin to (a, 3,7) from z axis, and denote 
it as the new z axis and take the new x and y axes perpendicular to it, then the spin 
operators are transformed as follows, (4 and ¢ are polar angles, ie. a=sin 0 cosy, B= 
sin 7 sing, y=cos @), 


Sj=cos @ cos gy S*—sin ¢ S’+sin J sing S*, 
S¥=cos 0 sin g S'+ cos y S’+sin 0 sin g S*, (4-5) 
Si=—sin 0 S8*-+ cos 6 S*. 
By this transformation, J¢, reduces to 
H,=2|J| (S.S;) —2|J| @—1)S,(S!—-S}). (4-6) 


26, is also transformed into a certain complex form. Since I, is small quantity, we can 
utilize the perturbation method. In the first place, we diagonalize i, by the transform- 
ation matrix (3-4) and then we use the general expansion relation (3-18). After taking 


the trace of the density matrix, we pick up the angular dependent free energy which is 
the anisotropy energy Fy as follows: 


eet : 
a= — (C,a? + CP +C7*) 12(@—) 5, t 
(Ce A ){ (e—1) wader =a 2. Lp Meh sli R 


(=< Tx) (4.7a) 
F,=0. (T= Ty) (4-7b) 


If the coordination number z is infinitely large, (4-7) coincides with the result obtained 


by Yosida" in the Weiss approximation. The second and third terms in (4-+7a) express 
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the short range order effects and make the anisotropy energy decrease with increasing 
temperature more rapidly than Yosida’s result. But the anisotropy energy vanishes at the 
Néel point and it always vanishes in the paramagnetic range when there is no external 
magnetic field, in spite of the remaining short range order. 


§ 5. On the anomalous specific heat of CuCl, 2H,O 


CuCl,2H,O is a typical antiferromagnetic substance with a Neel point of 4.3°K. 
Many properties of this substance have been studied experimentally, and theories could explain 
them satisfactorily. But there are no theories which treat the short range order effects of 
this substance. We consider the remarkable 15 
short range order effect such as the anomalous joules/mot. deg. 


—— Exp. 


specific heat which was measured by Friedberg" ee aes 
(see Fig. 1). It shows a lamda-anomalous 10 
specific heat tail which was obtained by ex- 
cluding the lattice specific heat from the c 
observed one and is approximately proportional 5 
to T~*. In this tail the short range order 


apparently vanishes gradually. Below Ty an 


eae . : 5 ara 
entropy of about 0.40R is contained, while the 0 aa a5 a 7 
tail contains 0.25R. Thus the sum is not T/T, 
much smaller than the theoretical entropy value Fig. 1 Specific heat of CuCh2H,O as a function 
Rlog 2=0.69 R, which comes from the Kramers of temperature reduced by the Néel point, 


degeneracy because the electron spin of Cu** — Experimental result by Friedberg, 


is one half. We notice that the residual SE eeoretical gesule, 
entropy of 0.25R is very large. It is only 0.04R if we calculate the residual entropy of 
Ising model by Bethe’s approximation (we take the cootdination number as six). We can, 
however, explain why the large residual entropy exists in this substance. 

The crystal of CuCl,2H,O is 
orthorhombic as shown in Fig. 2, in 
which we write only Cu ions for 
brevity, and farther we write the spin 
orientations of Cu ions as the results 
of the proton resonance absorption by 
Poulis’. The lengths of the three 
vectors a, 6 and c which make up a 
unit cell, are 7.38 A, 8.04A and 
3.72 A respectively. We take any one 


Cu ion. The nearest neighbors of it 


fare | are two Cu ions along the c axis, 
——— 
a 


Fig. 2 The spin crientation of Cutt in CuCh2H:0. central spin, and the second nearest 


whose spins are antiparallel to the 
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neighbors are four Cu ions in the same ab plane, whose spin og parallel to the central 
spin. We assume that the exchange integrals between nearest neighbors J aa the econd 
nearest neighbors J’ are negative and positive respectively in agresiaete with the spin 
alignment in Fig. 2, and that |J| is greater than J’ and that the exchange integrals Denyse 
more than third nearest neighbors are vanishingly small. We think that the residual 
entropy of this substance are due to the short range order along the c¢ axis and se the 
second nearest neighbor interactions are necessary because without this interaction the 
crystal would behave as a system of independent linear chains which can ove be antiter: 
romagnetic as explained in § 3. We consider two nearest neighbor Cu ions i and j along 


c axis. The Hamiltonian of this system is written as 
26 =2|J| (S.S;) +2IJ| {(S,— 448.) Si + (S,—448,) $3}, (5-1) 
where 
A=J'/\]). (5-2) 


In (5-1), we neglect the anisotropy energy as a small quantity (about one percent of 
the exchange energy), and take z axis coincident with a axis of the crystal. Above the 
Néel point, 5 becomes zero as mentioned in § 3, and the partition function of this system is 


Z=2eFM24 Qe WI? ch Bil, (5-3) 
and the specific heat per one imol is written 


BRE UJI 
(84 +ch 3] J)? 


9 


(5-4) 


9 


(5-4) shows that the specific heat at high temperatures is proportional to T~° in agree- 
ment with the experiment. In addition to it, (5-4) is numerically in good accord with 
the experiment as shown in Rigs 1. 


From (5-3), we can calculate the residual entropy per mol as follows : 


§(T=00) —S(T) = R/2] log 2—B|J|/2—log (e*' + ch A] J|) 


_ AJ| ¢?"'—ch B|J|—2sh BI J| 
2 eFi 4 ch Al J] | Gum) 


(5-5) is a monotonically increasing function of decreasing temperature, so that it is 
kT/|J| =1.364 that the residual entropy (5-5) reaches a value of 0.25R which is the 
observed value when T is the Neel point. 

In order to obtain the Néel point from Hamiltonian (5-1), we can utilize the 
relations (3-1)— (3-8). The self-consistent relation corresponding to (3-9) is 


F—-+44)S sh AlJ|R 


ReMi ¢ch Al|R’ CS) 


where 


R= {14+4(14+44)°S} 12, (5-7) 
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From (5:6), we can obtain the equation for the Néel point as 
ePn' I = (1+) /2. (5-8) 


Since kT y/|J| should be equal to 1.364, we can determine that 


4=0.3% (5-9) 


Considering that the ratio of the number of the nearest neighbors to that of the 
second nearest neighbors is 1:2, it is necessary that 2< 0.5. The value of 2 (5-9) 
shows that our calculation is satisfactory. In Fig. 1 the calculated specific heat using 
A=0.3 below the Neéel point is shown. 

Considering the fact that the Néel point does not vary much according to the degree 
of approximation, we may expect that the value of A also does not vary much. 

According to the result of the proton resonance absorption by Poulis and Hardeman’, the 
magnitude of the decrease of the spontaneous magnetizations of the sublattices varies 
proportionally to T* between T/Ty=0.3 and 0.8. This magnitude varies proportionally 


to T” according to the antiferromagnetic spin wave theory”. Though our method is not 
appropriate at low temperatures, judging from the slope of the curve log (S 8S) versus 
log kT/|J| (where S, is the spin expectation value at 0°K), we can estimate that S,—S 
is approximately proportional to T° in the range between T'/Ty=0.4 and 0.6. 
The author expresses his sincere thanks to Dr. R. Kubo for valuable discussions. 
This work owes to the Ministry of Education for a research grant in part. 
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Using the method of generating function, we have discussed the shape of the absorption band and 
the probability for non-radiative transition of a trapped electron in insulating or semiconducting crystal, 
especially their temperature dependence. We have thereby chosen a model for the vibrational motion 
of the lattice as general as possible, the normal modes for any two electronic states being different as 
regards not only their equilibrium positions but also the principal axes and frequencies. For non-radia- 
tive transition, we have derived, in comparatively general cases, the high and low temperature behaviors 
of the probability which correspond to the process through activated states and the tunneling of the 
lattice co-ordinates, respectively. The result is applied to calculations of the probability for thermal 
ionization of trapped electrons (or holes) and the capture cross-section of impurities for free electrons 
(or holes) in non-polar semiconductors. Further, the high temperature expansion of a density matrix 
is used to discuss the transitions on a most general model in which lattice vibration is no longer of 
harmonic type. Two problems related to the degeneracy of electronic states are discussed briefly. 


$1. Introduction 


The temperature dependence of an absorption band due to a trapped electron in insula- 
ting or semiconducting crystal has been studied by a number of authors. The simplest but 
most essential explanation of the broadening effect is found in the text-book of Mott and 
Gurney,” where they take a one-dimensional model for the lattice configuration space to 
discuss the breadth of the F-absorption band. More general discussion has been given by 
Muto” on a quantum mechanical basis. Inui and Uemura,’ with one dimensional model, 
explained the shift of the F-absorption peak by the thermal expansion of the lattice, taking 
advantage of Ivey’s empirical law. Quantum mechanical calculation of adiabatic potentials 
was first carried out by Williams’ for KCl : Tl crystal, with one dimensional model. Huang 
and Rhys” discussed the shape of the F-absorption band and the thermal ionization pto- 
bability of the F-electron, taking into account all the longitudinal waves of optical modes 
of vibration which interact strongly with the electron. Their mathematical technique, though 
very ingenious in itself, is confined to a single frequency model, and can hardly be genera- 
lized to a many-frequency model which involves, for instance, the acoustical modes. 

Under these circumstances it is very desirable to have a mathematical tool which enables 
one to discuss radiative and non-radiative transitions on a general model of lattice vibration. 


One of the present authors” developed the method of generating function several years ago, 
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and an example of its application to the thermal ionization of a trapped electron was already 
reported. Independently Lax” also found essentially the same technique, applied it to the 
discussion of Franck-Condon principle in optical absorption and also compared the result 
with that of Huang and Rhys. 

In the present paper, we apply the method of generating function to the discussion of 
radiative and non-radiative transitions of a trapped electron from a unified point of view, 
the model for the lattice vibrational motion being taken as general as possible ; at the same 
time, we have aimed at obtaining conclusions which are directly applicable to actual crystals 


and serve in analysing experimental data. 


§2. Summary of the method of generating function 


Though the essential framework of the method of generating function has been given 
in a previous paper,” we shall summarize it here in such a way as is convenient for the 
treatment which we present in later sections. 

As is well known, an electron trapped at some crystal imperfection, which may be an 
impurity atom, an interstitial ion, or a vacant lattice site, causes one or more absorption 
bands in the otherwise transparent region of wave-length. The remarkable temperature de- 
pendence of the shape of the absorption band is due to the electron-lattice interaction, which 
is also responsible for the thermal excitation or ionization of the electron. Denoting the 
co-ordinates of the electron and the lattice by r and Q, respectively, we can write down 


the Hamiltonian of the system as 
H(r, Q) =He(r) + Hz (Q) + Ar, Q), (2-1) 


where H,, H, and H, mean the energy of the electron, that of the lattice vibration and 
the interaction between them, respectively. If the electron is in a discrete bound state of 


the imperfection, we can utilize the adiabatic approximation: that is, by solving 
{H, (7) =~ H, @ Q) } Yi (7, Q) — W, (Q) a (7, Q) 3 (2 2 2) 
{H;,(Q) +W,(Q)} Cn (Q) SHln = En€n (Q), (2-3) 


we can write the wave function of the total system in the form: 


os Q) =9,(r, Q) Gy (Q) ’ (2 -4) 


where [ and v are used to specify the electronic and vibrational states, respectively. Strictly 
speaking, this wave function does not correspond to a stationary state, because, due to the 


Q-dependence of the electronic wave function ¢, the quantity defined by 
{H—E,,} P ,=H'T,=H, (1 Cw) == Oy (A, Cw) (2 -5) 
does not vanish identically, which fact is nothing but the limitation of the applicability of 


the adiabatic approximation. 
When there comes an incident light of appropriate frequency , the electron in the 
; _ : i a 
ground state ’ can undergo optical transition to some higher electronic state !’”. Tf there 


are N, such impurity electrons per unit volume, the optical absorption constant of the 
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crystal for this frequency is given by 


k(v) = (87°N,/3nc)¥ Fy (bY), (2-6) 
F,, (b) =Fy(E) =1/4E * he: ak fiM|i) |", (2-7) 


where c and n mean the light velocity in vacuum and index of refraction, M=er denotes 
the dipole moment operator of the electron, and i= (I, v’) and f=(l’, v'’) specify corres- 
ponding to the initial and final states respectively the electronic and vibrational quantum 
numbers. », means the probability that the system is initially in the v’-th vibrational state. 
The intensity distribution of the emitted light by the electron can be written in a similar 
way as the above expression. 

The system, however, can undergo transition to another electronic state /’’ without ex- 
ternal perturbation, owing to the non-stationariness of the state Y,,,,.. The probability for 
this process which one may call non-radiative transiton or thermal transition is given by 


the formula 


W=2n/h Fin (0), (2-8) 


EX E;-E; <E+4E 
Fix (EB) 1 J4E >} > SAH! |i) |°,, (2-9) 


the non-adiabatic Hamiltonian H’ defined by (2-5) playing the role of perturbation in this 
case. 

The central problem common to the above two cases is to carry out the double sum- 
mation 


EX E;—E;<E+4E 2 
Fp(E) =1/4E SY) Si (AIT) | (2-10) 


for an operator T. For a very special case where all the modes of lattice vibration in both 
of the electronic states have a common single frequency w, Huang and Rhys” worked out 
the above summation with the use of an ingenious technique, which, however, is not ap- 
plicable for more general cases important in practical problems. It is more convenient to 
calculate the Laplace transform 


f(a) =\*Fp(E) exp (—2E) dE (2-11) 


instead of F,(E) itself for the following reason. Denoting the density matrix for the 
vibrational motion in the [th electronic state by 


pr (A) —=exp ( —AH en ) = om exp tc JEW) Pitas (2 et 2) 


where P[€,,] means the projection operator to the state En, and using the initial distribu- 
tion of the system over the various vibrational states : 


Wi=Winy =exp (— PE) /trace Cu (8) 2 Biz Fe (2 D 13) 


we can easily see that 
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fold) =S} S31 GIT) 


"EF aye Bryn pW /trace Pur (2) 
Pe ot (lv'|T| Lv") CE ryt (Py!"\T | 00") PF 141 /trace my (3) 
v v 


= trace {Tui (A) Tun pu (8 —A)} /trace py (P), (2714) 


which no more contains intractable summation as is prescribed in the expression (2-10). 


The matrix element 


Toy =§ 97, Q) Tou (x, Q)dr=T thy (2*15) 


is still an operator as regards the vibrational motion. Once the generating function f,(/) 
is calculated, one can easily go back to the original distribution function by utilizing the 


inverse formula” for the Laplace transformation : 
F,(E) =1/2mi \ 4S fr (A) exp (AE) di, (2-16) 


where integration should be carried out inside the convergence region of (2-11). 
Instead of the distribution F,(E) itself, it is often more convenient, especially in case 


of optical absorption, to calculate the moments of it. If we expand f,(A) in a power series : 
fr(4) =fr(0) {1 eee LO (2-17) 
the n-th coefficient p, is nothing but the nth moment of F,(E): 


y= B= |" "EF eB) aE/| ce ae (2-18) 


fa(0) =| Fr(E) dB, (2-19) 
as is evident from the equation (2-11). If we expand the logarithm of f(A) as 
fo(2) =f (0) exp [S} dn (—2)*/al] (2-20) 
the coefficients ate semi-invariants of F,(E), which are related to the moments by 
A= ==, 
Ay= fy— ft = (E-E)*, (2-21) 


A= ftp — 3 oft, + 2p) = (E—E)°. 


§ 3. An assemblage of harmonic oscillators as a model 


for vibrational motion 


The Hamiltonian for the lattice vibration (2-3) consists of kinetic part K,, and po- 


tential part U; 
H,(Q) + Wy (Q) =Kit Up (3-1) 
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Let us choose lattice co-ordinates Q;(j=1, 2,:--,N) in such a way that K, takes a unit 


quadratic form : 
N is 
p= lf Fyn (32) 
j=! 


The potential energy U,, for the ground state can be expanded in a Taylor series around 
the minimum point (Q,/, Q./:--Qy’). If we take a quadratic approximation (harmonic 


oscillator model), we can write 
Un (Q) =1/2 >4 ba Ce, jx (Q3— Qj’) (Q2— Qu’) - (3-3) 
ae 
which can be brought into a diagonal form 


Uy=1/2> a," (a—4q')° - (3 <3") 


The direction of principal axes, as well as the characteristic frequencies w,/ and the 
minimum point (Q,’, Q,’,---,Qy’) are different for each of the electronic states. Consequently 


we take the form (3-3) rather than (3-3’), or its tensor expression 
Uy=1/2(Q—Q') 2"(Q—Q’), (73) 


where 2’ and Q are N-dimensional tensor and vector, respectively. The adiabatic potential 
for an excited electronic state /’’, the minimum of which is higher than that of the ground 


state I’ by &, can be written as 
Uy =1/2(Q—Q”) 2" (Q—Q”) +&- (3-4’) 


Making use of the well-known formula” for the density matrix of a one dimensional 


harmonic oscillator with unit mass and frequency w: 
(qle (A) |g) = {27% sinh (Shw) /o}—” 
Xexp [— (w/4%) tanh (84w/2) (q+ 4)°— (w/4%) coth (84w/2) (q—G)*), 
(3-5) 
we have only to take the product of these expressions for all normal modes (qi—q:') of 


(3+3’) in order to obtain the density matrix for the multidimensional harmonic oscillator, 


which again can conveniently be written in a tensor expression : 
(Q\p’ (B—A) 1Q) = [det (27%4.2/"" sinh { (8—A) AQ) \-¥? 
x expl—1/4(Q+ Q—2Q’) {#7 2 tanh ((8—2) /2-42’)} (Q+Q—2Q’) 


—1/4(Q—Q) {47' @ coth ({8—2} /2-4.2')} (Q—Q)] (3-6) 


The cortesponding one for the excited state [/’ is obtained by replacing 8—A, 2’ and Q’ 
with 4, 2” and Q”, respectively, and by multiplying a factor exp(—A&,). 
The operator T,,,,, for the optical absorption is the dipole moment : 


Pun (opt.) =M(Q) = J git (1, Qer gu (1, Q) dr. (3-7) 
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Let us define the Fourier transform of M(Q) by 
M(Q) = [exp (iK-Q) Mx dK. (3-8) 
For the thermal transition we have 
Ty (therm.) = Hy = J gi >} {PiluPs + 1/2 (Py Gur) } ar 
> =£4°S(Q)-P+S(Q), (3-9) 
as is evident from (2-5), (3-1) and (3-2). Neglecting the second term and the Q- 


dependence of S, we have 


Hpy'=47' S-P=—iS:0/9Q (3-9’) 
which is Hermitian. We have defined the N-dimensional vector S by 
S,= —ik' | gin 0/9Q; Pu dr. (3-10) 


Putting (3-6), (3-8) and (3-9/) into (2-14) and carrying out 2.N dimensional in- 
tegration over the variables Q and Q, we get the generating functions for the optical and 


thermal transitions : 


ful) =fid) gu), (3-11) 
fu D=fr%) ga, (6-12) 
where the common factor fo(A) is defined by 
fA =fal® f(A) exp (—28), (3-13) 
fad) =exp [— A. 91' (0,' + 8°), AI, (3-14) 


fr = {det 9} "7 =exp [—1/2 trace (log #)], (3-15) 
and the other factors are given by 
&mu (A) = ) \dK dK Mx* Mx exp[i(K— K) Ae We (9, + 0!) et (Ca 6) A} 


—1/4(K—K) (G+ 24 (KK) — 1/4 (K+K) (94/ + 5/7 nl 


Sur (A) oa |S9, (0;! + 6") OVA ote 9 -S* {0,! (6,! + 6’) ee 
=e, (6/0) 6:7 S (3-17) 


In the above expressions we have used the following abreviations : 
6, = (1/4) 2! tanh {(B—A 4Q'/2}, O"= (1/4) 2" tanh (A4.2//2), 
6! = (1/4) 2’ coth {(8—A) 42/72}, 9," = (1/4) 2” coth (A2" /2), (3-18) 
A=Q"=-Q', A+=1/2 (Q'+Q" (3-19) 
@= {2 sinh ( (7/2) 42!)\—? Q/~ sinh { (8—A) AQ" 12(0,! + Oy") (Oe! + 6.) 
x2" sinh A #2). (3-20) 
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For the above expressions we must note the following : (1) When one takes M(Q) 
to be constant, gy(/) reduces to a constant. (2) If the difference of the frequency tensors 


gr_ Qr—l’ (3-21) 


is equal to zero, f(A) turns out to be unity. (3) A=0 evidently results in fy=1. When 
these conditions are not fulfilled, each of the original distribution functions Gy, (E), Fy (E) 
and F,(E) which are obtained from the corresponding generating functions gy (4), fr (A) 
and f,(4), has some broadening instead of reducing to a sharp line. These broadenings 
contribute to that of the optical absorption band in such a manner as is suggested by the 
convolution theorem®). Thus we can consider gy, fy and fy, as the generating functions 
which correspond to the broadenings due to the Q-dependence of dipole moment, the dif- 
ference in vibrational frequencies and the difference in equilibrium lattice positions, respec- 


tively. 


§4. Linear approximation of the interaction 


As is well known, the Hamiltonian for the electron-lattice system with an imperfec- 
tion giving a potential V(r) for the electron, in case of ionic crystals, can be written down™” 
as 


H=—#?/2m*-44+V(r) +1/2 57 3) (Poy? +.0'Qo sp) 


B=], 2 


1 1 1 1 A 
— Pg treo] ( = )| SY 1/o {Q,, sin (oT) + Qo. cos (o-r))} 


27v_) \ Ky K 
(4-1) 


where « and x, are the static and high frequency dielectric constants, w/27 the frequency, 
assumed to be constant, of the optical longitudinal vibrations, ¢ the wave number vector, v, 
the volume of a unit cell, and N the total number of unit cells. SV means that the sum- 
mation should be carried out over a half of the o-space, for instance o, = 0. 

For non-polar crystals the corresponding Hamiltonian is given by 


hn 1 a : : 
Ha— 44 V(r) + SY Si Pau + 9 Qo”) 
Mu: a B=1,2 


m 


Tel Ogee ee 
ey ek 2 ee ee o . is . . 
ane Cares (Qo: Sin (0-1) + Qo» cos(a-r)}, (4-2) 
where M is the mass of each atom, and the interaction constant C with dimension of 
energy can be determined from the mobility data."”’™ Since the lattice vibrations to be con- 


sidered here is the longitudinal acoustical modes, w, is no longer constant but is related 
with go by 


WosSc0, (4-3) 
where c means the longitudinal sound velocity. 


The above Hamiltonians are based on somewhat idealized model: in fact the normal 
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modes of lattice vibrations are more or less distorted near the imperfection and it is even 
possible that some of them are localized in its neighbourhood, and interact with the trap- 
ped electron more strongly than the other modes. Denoting the normal co-ordinate (whether 
it may be localized or extends over the crystal) by Q,, when there is no electron, and ex- 
panding the interaction H,(r, Q) to the first order in Q,’s, we have 


rr Qs). | (4-4) 
aces u, (1) OFe (4-5) 


the zero-th term of H, being removed into H,. This linear approximation of H, includes 
(4-1) and (4:2) as special cases. 
Let us solve the equation (2-2) with H, given by (4-5) as perturbation. If we 
define 
Ugur =§GP* uj (1) GP dr (4-6) 


where 9 is the [th electronic state of the non-perturbed system with energy &}, the 


wave function for the perturbed system can be written as 
gilt, Q) =9P() + 2 yer GP (1) Qso/ (EP? — Er”) 4-7) 
and the adiabatic potential in (2-3) is given by 
U,(Q HEP 41/23) FG Bi te GVH BD (Star tga (EP EDP) ) Qin 48) 
If we neglect the last term, we have 
U,(Q) =&+1/2 > 0; (Q-QG)’s (4-9) 


& = EM — 31 (uyy7/20;) 5 (4-10) 
j 


QQ Huy [07> (4-11) 


the last quantity denoting the displacement of equilibrium lattice position from that posi- 
tion when the electron is not trapped. Taking account of the last term in (4-8) causes 


the change in frequency tensor. This may give rise to some localized modes of lattice vi- 


bration even if one starts from the plane wave approximation as in (4-1). 
When we compare two electronic states I’ and U’ as regards the equilibrium positions 


and vibrational frequencies, we have 
(4-12) 


(EP—EPY}. (4-13) 


4,= (ujun a Uji) [0355 


trace P’=25) {9 ugar 
g d 


2/ (EN — EP) = |Mge0 
l 


“oe eee 
’s is not satisfactory when one discusses the higher 


* h the neglection of terms quadratic in Q; 
ions : he order of magnitude of their 


i i e fi ay of estimating t 
order terms in uj as in §5, there seems to be no reliable way g 


coeflicients at present. 
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The transition dipole moment between these states is expanded as 


MQ) =i +S) 3) (att MIP +s MO NQy (414) 


jus E —EM Ef?) E19) 
and for the non-radiative transition we have 


5S;= = ih” Ugur / (€)? —é?) s (4 he 15) 
§5. The shape of an optical absorption band 


We discuss here the shape of an optical absorption band by making use of the gene- 
rating function f(A) obtained in § 3. We begin with the most simple and important 
case. 

G@) Ao, 2’=2”, M(Q)=const. This approximation, which takes into account 
only the difference in equilibrium position, corresponds to the first order perturbation, that 
is, the energy is approximated to the first order, and the wave function to the zero-th 
order. Inserting (3-18) we have 


fu (A) =M*¥M exp (—2&,) exp {-A 9’ (6,4 6.) 70," A} 
= M*M exp[ —76,—1/22- A 2 {sinh (42.2") + coth (84.2'/2) (1—cosh A42’)} A] 
(5-1) 


from which we can calculate the semi-invariants : 


A,=& + (1/2) A2” A=E. 
A, = CE AL” +1 A: (n: odd, > 1) (5 +2) 
Ae 72) Ae coth (eae 72) A. (n: even) . 


For the special case where there is only one frequency w(2’=wlI), we can calculate 
explicitly the inverse transform (2-16) of the generating function (5-1), leading to Huang’s 
formula’? as was already shown by Lax.’ Even when the frequencies distribute over a 
certain range, as is the case for acoustical modes, we can expect qualitatively a similar 
temperature dependence of the absorption curve to the above mentioned simplest case. We 
see, for instance, that the peak of the absorption band (—E=I,) does not shift with 


temperature, and the dispersion ({E—E)*}'’=A,'") or breadth of the band is proportional 
to “T at high temperatures, retaining the shape of the band which tends to a Gaussian 
form with increasing temperature. The last statement can be proved as follows. Trans- 
forming the energy measure E through 


~— 


we have a distribution function of Fy,(E) =Fy/(E’) with E’ as a variable, the average E’ 


being zero aad the dispersion (E’—E’)*=1. Since the semi-invariants in the new system 


are given by 
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A, =, oi ie (n> 1) 


they all tend to zero with increasing temperature, leaving //,/=1 alone, which means that 
F,,'(E’) tends to a Gaussian distribution. 

(ii) A= 0, 2-2”, M=const. In this case, we expand the expressions in the 
exponents of (3-14) and (3-15) into power series in 2, using (3-18) and (3-19). 
Each of f, and fy contributes to the semi-invariants additively ; the results up to the third 
moment are as follows. 


E=A,=&,+ 1/2-A2’?A+h/4 trace ores coth (88.2'/2) ry, 
(E—E)*=/,=i/2-A2"” 2/~ coth (BAQ! /2) ae A 
+ #?/8 trace | {.2’~* coth (84.2’/2) '}*), (5-3) 


(E—E)*=A,=#/2- A 2!” (143/22! coth (84.2! /2) 2! coth (BA2’/2)} 
QI? A+ 7/4 trace {2/~ coth (B42! /2) I} +45/8 trace[ {2/— 
coth (24.2’/2) I’}*). 
(iii) A=-0, 2’/=2”, M*<const. To take into account the Q-dependence of the transi- 


tion dipole moment, we expand it at the equilibrium position Q/ of the initial electronic 


state : 
M(Q) =M(Q’) + (Q—Q’) : (0M/0Q) w=M+ (Q—Q’)-M’.. (3-4) 
According to (3:8), this is equivalent to 
My exp (iK>Q’) =Mo(K) +10’ (K) M’. (5-4’) 
Inserting (5-4’) and (3-18) in (3-16), we have 
gu (A) =M*M-+ (1/2) 2M/*2! coth (34.2'/2) M’ 
— (1/2) 4#[— (M* M'+MM™) 2’ coth (84.2'/2) A+2M/ M’*] 
+ (1/4) PA[— (M* M’+ MM) 2°A + |M/2! coth (84.2'/2) Al? 
+2M/*2! coth (8 2'/2) M’|+--. (5-5) 


The expression for f,(/) is the same as in case (ii). 
(iv) Order estimation of the moments. According to the linear approximation dis- 
cussed in § 4, the order of magnitude of the electron-lattice interaction in bound electronic 


states is chatacterized by the matrix elements uj. We denote it symbolically 

Uj =O (u). (5-6) 
In a similar way we write 

2=0(0), (27) 
where w is an appropriate average of the frequencies of the normal modes which interact 
effectively with the trapped electron. According to (4- 12) and (4-13) we have 

A=0(u/o), (5-8) 
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B=0 (ce /Ep- (5-9) 


Let us introduce a dimensionless quantity 7, which characterizes the interaction strength, 


by the definition 
r=A2?A/&=0 (uw? /Eqw") - (5-10) 


In the first approximation discussed in (i) of this section, the peak and the breadth of the 
absorption band at high temperatures are given by 


E,+AL"A/2 and VARA) ET, 


. aan i) . 
respectively, and therefore, the two quantities & and A?” A can be estimated from the 


observed adsorption curve if available.* The values of 7 thus determined from the F-bands 
in alkali-halides range from 0.6 to 1. 7 can also be estimated theoretically if an appro- 
priate Hamiltonian and electron wave functions are used. In non-polar crystals such as 
silicon and germanium, an electron (or a hole) can be trapped in the neighborhood of an 
impurity atom with a shielded potential —e’/«,r. If we take the Hamiltonian (4-2) and 


consider the 1s—>2p transition, 7 can be estimated by the formula 


iy a2anG0299.4) 1 G 
27m 62208 x, €_Mc 


* 2 
“( ) (E7=13.6ev., 4y=0.53A) 
an m 


Inserting the values of «,, C, Mc’, v) and m*, we have 7 ranging from 0.2 to 0.4 for 
these substances, the values for holes being larger than those for electrons. 

If the value of 7 is known, we can estimate the order of magnitude of each term in 
the moment expressions. Let us discuss the results (5-3) obtained in case (ii) of this 
section. In the first equation for the absorption peak, the second term amounts to &, {7/2 
+0(7°)}, by (5:9) and (3-21). (Here and in the following discussions we use - to 
show that we cannot tell about the sign of the quantity considered.) This term corre- 
sponds to the fact that the adiabatic energy difference in the equilibrium lattice configura- 
tion of the ground state is larger than & by A2’” A\/2 because of the difference A in the 
equilibrium positions for the two states. The third term causes the peak shift with tem- 
perature ; at high temperatures it amounts to + 0(7)kT.** 

In the second equation of (5-3), the first and second terms are {7 +0(7*)} &, kT and 
+0(7") (kT)*, respectively. The ratio of the latter to the former, O(7)kT/E,, is at most 


* Physically °4.0/4/2 is the polarization or redistribution energy which means the amount of energy 


liberated into lattice vibration when the electron excitation occurs at the equilibrium configuration of the ground 


state. Thus 7 is twice the ratio of the polarization energy to &) (see Fig. 1), and the breadth of the absor- 
ption band is given by 


Wy & AT={7/ (1+ 7/2) YY bykT 


which is to be compared with the estimation due to Mott and Gurney.) 

** The terms -+0(7)kT for the peak shift and A, for the asymmetry have effects on the shape of the 
absorption band with the same order of magnitude as the factor y in the absorpticn formula (2.6) has. Note 
that our discussion applies, strictly speaking, to k(v)/v, not to k(x), itself. 
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of the order of 1/10 for highest temperatures in ionic crystals where 7 is large. Thus 
VT.law of the breadth of the absorption band is expected to be fairly good. 

The asymmetry of the absorption curve is characterized by the third expression of (5-3) 
in which the magnitudes of the four terms are 


HOE (Zo) *}, LOPE CRT)*}, +07 Ga) kT}, + {7° T)*, 


respectively. At high tempertures the second term is expected to be dominant, and the 
normalized (see (i) of this section) asymmetry is estimated to be 


A,/A,*” = +0 {(7kT/E,) }""} 


which may in some cases be appreciable. This asymmetry is of course due to the difference 
in the frequency tensor 2; 2’=.’" leads to a symmetric Gaussian distribution at high 
temperatures as was shown in (i). 

In the same way we can discuss the effect of the Q-dependence of M(Q) on the 
absorption band. Making use of (4.14) we have 


M’=0(Mu/é,), (5-11) 
from which the contribution of gy(A), (5:5), to the peak shift is estimated to be 
(M*M’+MM'*/M*M) - A kT= £0 (7) RT. 


This is of the same order of magnitude as the contribution from the difference of fre- 
quencies. For the second and third moments the effect of gy(A) is essentially the same as 
that of f(A) discussed above.* 

In case of the F-bands in alkali-halides it seems more plausible to relate the tempera- 
ture shift of the peak with thermal expansion of lattice or asymmetry of the vibrational 
potential”) because the observed shift is several times of kT which is too large to be related 
with the difference of frequencies or non-constancy of the transition dipole moment. 

(v) Forbidden transitions. There is an interesting case where the Q-dependence of 
M(Q) is of primary importance. When an impurity atom, in a crystal with high sym- 
mtry, occupies a symmetrical site, the surrounding lattice will displace from its normal posi- 
tion in the symmetrical manner. Thus some of the transitions of the atom which are 
forbidden in free state would still remain forbidden after introduced in the crystal, were it 
not for the lattice vibration. Actually, the transitions are possible even at absolute zero of 
of temperature, owing to the zero-point vibration. 

Taathis case we can set(/ M(Q’)=M=0 at the equilibrium lattice configuration Q’ 
in the ground state, while M/ is expected to be of the same order of magnitude as in 
an allowed transition, that is, its order of magnitude is given by (5-11) with M for an 


allowed one. Making use of (5-5) we can derive the following properties of the absorp- 


tion band. 


* The higher order terms neglected in the expansion (5.4) of course have some influence upon these 


moments, but the qualitative conclusions presented here are not altered. 
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(a) The total intensity of the absorption band is determined by 
(4/2) M/*2!* coth (82.2"/2) M’ 


instead of M*M. Thus it is proportional to T’ at high temperatures, and tends to a certain 
value at T=0°K. The order of magnitude, compared with an allowed transition, is 


O(7kT /E&) or 0 (yhw/E) 


at high or low temperatures, respectively ; numerically it is 107° or less. 
(6) The Q-dependence of M(Q) does not contribute to the peak shift primarily. 


(c) It contributes, however, to the square of dispersion through the expression 


h|M/2" coth (84.2'/2) A\?/M/ 2’ coth (94.2'/2) M’, 


which is 0(7& kT) at high temperatures, being of the same order of magnitude as the most 
important term of dispersion in (5-7). We can conclude, on the basis of. Ti) and -(i), 
that both the peak intensity and the breadth increases as “T at high temperatures. 

A typical example for this case is the weak absorption band observed in NaCl : Cu 
cited by Seitz." It is interpreted to correspond to the transition d'’—>d*s of Cu. The 
intensity and temperature dependence of the absorption band are in qualitative agreement 
with the above results. The observed oscillator strength is of the order of 0.001. This 
may be associated with a small value of 7, which would be naturally expected since the 
transition takes place inside the cuprous ion. 


$6. Non-radiatiative transition 


(i) General features. As was already discussed, the non-radiative transition from one 
electronic state [’ to another /’’ can be calculated through the generating function (3-12). 
For simplicity, we confine ourselves to the special but most important case of J =: 0 and 


2’ = 2" throughout this section. Then, the expression (3-17) can easily be calculated, 
leading to 


8a (A) =|S2" {coth (84.2’/2) (1—cosh 242) +sinh 24.2’ } A/24)? 
+$*2" {coth (34.2"/2) cosh ML! —sinh 24.2") S/2h 
= Pa? 53; 4j/24) | (2nj+1) —n; exp (Aha) — (nj+1) exp (—Aka,)} |? 
+3}(0j|S,|°/28) {n, exp (dtho,) + (n+ 1 exp (— Ie, }, (6-1) 
where 
nj=1/ {exp (8ha,) — 1} 


is the average number of phonons for the j-th mode of vibration. The inverse transform 
Gy (E) of (6-1) is nothing but the summation of 0-functions such as 0 (E), 0(E+ho,) 

3 
and 0(E--hw;+h0;,); that is, the function Gy (E) is different from zero within 24w on 


both sides of E=0. Thus gy,,(/) causes at most two phonon processes : the many phonon 


Application of the Method of Generating Function to Radiative etc. 173 


process is made possible only through f,(4). By the convolution theorem® we can write 


2 1 +io ’ 2 +00 
w= 27 1A) gin (A = Ke 
5 ar Vuh 8m A) d= *\ FE) Gu (—E) dE. (6-2) 


Making use of the property of Gy,(E) stated above, we see that the value of F,(E) near 
E=0, that is, the optical absorption intensity at zero frequency, is important in determin- 
ing the non-radiative transition. If we neglect the variation of F,(E) in the range 0 (iw) 
near E=0, we have 


a3 es peg 2 AB 
W= 72 F,(0) |" Cm (E) d= 7" F,(0) gm (0). (6 +2") 


At high temperatures where the higher order semi-invariants /,, of f,(/) are not im- 
portant in comparison with /, as was discussed in (i) of §5, F,(E) is approximately of 


Gaussian form : 
F, (E) = (27-A,) —"? exp [— (E—A,)?/2A,]. (6-3) 


Inserting the high temperature approximations for gjv(0), 4, and 4, into (6-3) and 
(6-2’), one can derive the formula 


Ween) ene 7 ASS Ge)” exp (—erel) , (6-4) 
where the activation energy 
E*= (E+ AL"A/2)?/ (2A 2°A) =6 414+ 7/2) }°/ AN ZH (6-5) 
corresponds to the point of minimum energy along the intersection of the two adiabatic 


energy surfaces represented by (3-4), as one can prove by a simple tensor algebra. 


For very low temperatures where ) w>1, we can use the expansion 
coth (84.2! /2)==1+2 exp (—B2%2"). 


After substituting A=$-+.x into (5-1), we have 


fo(A) =exp (— BE) exp| —x€,— A 2’ {1—exp (xh.2’)} A/22) 
X exp[ — A” exp (— 24.2’) {2 —exp (— xh") — exp (—xh2!— Bh2')} A/22]. 
When the integration on the complex plane of x is cartied out along such a line that 
|Re(x) | <P, we can equate the third factor to unity because of the relation Sw >1. Put- 
ting F,(0), which is thus obtained from fo. and the low temperature approximation for 
gr (0), into (6-2’), we get 
Wank? (S*2'S) exp (—PE) 


+4 


2 X (271) (exp 6-2 {1 —exp (xh.2’)} A/22] dx. (6-6) 


At low temperatures, therefore, the activation energy is &, itself, in contrast with €* (> &) 
at high temperatures. In order to get a deeper insight into the mechanism, let us consider 
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the shape of the absorption band at absolute zero of temperature, which is obtained by 


equating coth in (5-1) to unity and transforming it : 
to 
F, (E) = (271) =) exp| —A(&,—E) —A 2 {1—exp (—74.2’)} A/2%] a2. 
—to 


If we replace 2 by —x, the intensity at E=2€, is given by the same integral as in (6-6). 
Being at absolute zero of temperature, the system is initially in the lowest vibrational state 
belonging to the ground electronic state, and the optical absorption of energy 2&, corres- 
ponds to the transition to the vibrational state A’’ B’ of the excited state as is shown in 
Fig. 1. F,(2&,) is nothing but the square 
of the overlap integral of wave functions for 
these two vibrational states. Because of 2/= 
2”, this quantity is the same for the vibra- 
tional states A’B’ of the ground state and the 
lowest vibrational state of the excited state. 
Thus, we see that non-radiative transition at 
low temperatures takes place mainly by tunnel- 


ing of the lattice through the points A’ or 


U : 
B’ to Q”. The probability that the vibra- 
tional energy is excited to A’B’ is proportional 
Q : 5 ; ’ 
Fig. 1 to the factor exp (—/&,) which appears in 


(6-6). At high temperatures the excitation to higher vibrational states occurs frequently, 
and the system prefers the classical path through C to the tunneling course 4’Q” or B’Q” 
which is rather difficult. This feature of a non-radiative transition, which seems to be 
valid quite generally, was first pointed out by one of the authors” for a special case. In 
§ 7, we shall give a proof of the high temperature feature for the most general adiabatic 
potential. 

(ii) Case of a single frequency. Assuming ’=2’’=wl, we can easily derive the 
formula which was already derived by Huang and Rhys” 


W= (27 /h) k-*o|B)"| {(n+1/2)°+-n(n+ 1) /2} R,—n(n+1/2) Roar 
— (n+1) (n+1/2) Ry-1t+0°Rp42/4+ (n+ 1)°R,_2/4] 
+ (27 /h) RC? /2[ mR i+ (n +1) R,-1]; 


where 
R,=exp[ — (2n+ 1) D] (n+1)??n-?? T,(2DVn(n+1)), 
p=—&,/ho, n=1/ {exp(f4w) —1}, 
B=S'A, C’=S*-S, D=0A:A/24, 

and I, is the Bessel’s Ffunction of the order p- Making use of the relations™ 


+ ae = | 
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T(z) eles 2) ip: (p> 0, z<p) 
T, (2) ~ (2m) ~"" exp (z—p'/2z), (p’>1, z>|p}) 
we have, at low temperatures (Giw> 1), 
R,~exp(—/&,) exp(—D) D?"/|p|! (p <0, € > 0; excitation), 
R,~exp(—D)D?/p! (p> 0, €& <0: de-excitation) , 
and at high temperatures (n~1/Shw>1, n>p/D), 
R,~ (42Dn) ” exp| —8 (p—D)*hw/ (4D) ]. 
It is easy to show that the activation energy 
ftw (p—D)"/ (4D) 


is equal to €* or E*—E, in Fig. 1 according as p<0O or p>O. Thus the low and high 
temperature features have again been established for this special case. 
In case of ionic crystals, where the Hamiltonian is given by (4-1), the high tem- 


perature formula for the probability of the excitation (l/—I’) becomes 
We VIR 77 (heo*/€,) (ET/&)'Mexp (—BE*), 
while at low temperatures we have 
aera eae) 7/2 exp i — 7/2) ) a7 DP 4/7? 67 — 7) ea/e| 
Xwexp (—6,). 
The interaction constant 7 is given by 
~=1/ (47E,) - (1/")—1/«) J (Ey — En)? dr, 


and the other constants 7’ and 7” are defined by the corresponding expressions where the 
integrand is replaced by Bein ot Ey: (Ey—Ep). En, Ey and Ey ate the electric 
fields due to the charge distributions — ey, —eGy) and —ePy Gy, tespectively. In the 
latter formula the factor { }*/#* is very sensitive to the value of 7 since €,>%w for the 
usual cases. The expression in the bracket is always smaller than unity, the equality cor- 
responding to 7=2 which means that Q” coincides with 4’ in Fig. 1. Thus the SelB 
tion probability at low temperatures depends sensitively on the distance Q’’A’ through which 
the lattice co-ordinate must tunnel. 

(iii) The probability of thermal ionization and retrapping of electrons and holes in 
non-polar crystals. In silicon and germanium, the electrons and holes are occasionally trap- 
ped at impurities. Owing to the large dielectric constant ), the wave function of pthc 
trapped electron or the hole is spread over many atoms and it is a fairly good approxima: 
tion to take the trapping potential in a Coulomb form”? 

V (1) = — 26 /Kor, 
where z is the difference between the valence number of the impurity atom and that of 
Si or Ge. The 1s wave function can be written 
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y= (a*/z)' exp (—ar), a= (z/K) (m*/m) (1/an) 
—E,= — (z/y)* (m*/m) Ex. (6-7) 
For the final state we take an ionized state with wave number k: 
$,=V—'" exp (ik-r), Spare /2nt: 


In the latter state the displacement of the equilibrium lattice position is infinitesimal, and 


we have, 


Te= A 27M / (E+ &) = (182) 71 (z/te) C°/ (ExMC) « (m*/m)*+ (vo/an) 
Xa? /(a?+R). (6-8) 


To calculate the probability for thermal ionization of the electron or the hole, we have 
only to carry out the summation of the probabilities for (0—>k) processes over all k. We 
have calculated the probability only for high temperature region by applying (6-4), with 
the following result 


W,=2 V2 (m*0/h) 7 (kT /E)° exp (—E*/kT) 
= (kT /e)- exp (— 2" £EE ). (6+9) 
where &* is given by (6:5) and (6-8), 7 being the value of 7, for k=O. 


In thermal equilibrium the ionization process is in balance with the reverse process in 


Table 1. Calculated values of the probability #7; for the thermal ionization of trapped electrons 
(holes) and the cross section ¢; of impurities for thermally trapping free electrons (holes) in Si and 
Ge, with use of the formulae (6.9) and (6.10). 


silicon | germanium 
= . 
density 2.33 5.35 
c (cm/sec)! 0.93 X 10° 0.54 X 106 
xo 125 18.5 
= = - — = a -_ — — — — 1 —_ — = 
electron hole electron hole 
= = EE be il 
Eo(ev. observed) 0.05 0.08 0.01 0.01 
m*/m 0.58 0.93 0.25 0.25 
C(ev.) 19.3 18.6 14.0 19.8 
a 0.15 0.36 0.13 0.26 
vo (10!9/sec) 3 30 1 4 
9 (10-!8cm*) 0.9 2.0 6 23 
é* (ev) 0.18 0.13 0.04 0.02 
&é* — &o (ev) OES 0.05 0.03 0.01 
Va SSS 
T=500°K T=300°K 
W; (sec) 3X<103 4x 109 1X 1010 _ 3x 1010 
a, (cm?) 510-18 6x107-)* 2X 10716 , 1X 10-15 
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which the electrons or holes become trapped at impurities without radiation. Thus, the 
cross section for the latter precess is calculated as 


O,=2V72 2 (hie /&) 77" exp [— (€*— &,) /kT ]=o, exp[ — (6*—6,) re (6-10) 
Since €*—€&,>0, the cross section for thermal trapping increases with temperature. As 
v,/E and o, is proportional to z°, and &€* and &*—6, increase with z, both of the 
thermal processes are more effective for shallow traps. 

At present there are still left ambiguities about the values of m* and C although 
a number of accurate measurements have been carried out on the cyclotron resonances and 
the mobilities of electrons and holes in semiconductors. For the sake of consistency, we 
have determined m* from (6-7), using measured values of «, and &. Correspondingly 
the usual C values must be multiplied by (m/m*)*!* because the mobility is proportional 
to C? m*°”, We have listed in Table 1 the values of the parameters for electrons and 
holes in Si and Ge. The high temperature approximations (6-9) and (6-10) which we 
have used, give correct order of magnitude down to the temperatures shown in the examples 
in the table, in each case. For lower temperatures the more exact calculation gives values 
larger than (6-9) and (6-10). 


§ 7. High temperature approximation 


If we confine ourselves to high temperature region, we can discuss radiative and non- 
radiative transitions for a general form of the adiabatic potential. Normalizing the lattice 
co-ordinates in such a way that the kinetic energy is written in the form (3-2), we can 
write down the high temperature approximation of the density matrix for an arbitrary 


adiabatic potenial U(Q) as follows : 
(Qe (P) |Q) = {2782} -*exp[ — (Q—Q)’/ (24) —PU{(Q+Q) /2}] (7-1) 


One can derive this formula by carrying out the integration 


(8) = (22) -*fexp[— (947/2) K°—BU{ (Q+ Q) /2} lexp[—iK- (Q—Q) ldk 
which is valid when the temperature is so high that the variation of U within the average 
de Broglie wave length #3'" of atomic motion (note that masses are normalized to unity) 
is negligible compared with thermal energy 1//, that is, 

(4"" a/aQ"U<1/B. (7-2) 
Inserting U’(Q) and U’’(Q) in (7-1) for the two electronic states /’ and U’’, res- 
pectively, and then carrying out calculations of the traces in (2-14) with new co-ordinates 
(Q+Q)/2=x, Q-Q=y; (7 +3) 
we get the generating function for the optical absorption in the form 
fu (2) =M*Mexp[ —BU’ (x) —4 {U0 (x) — U’(x)}] ¢x 
~~ fexp|—BU’ (x) ] dx, (7-4) 
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under the assumption that M(Q) =const.=M. The inverse formula (2-16) gives at once 


the absorption intensity curve : 
Fy (E) =M*M{exp {—BU' (x)} 0{E—U" (x) +U'(x)} dx 
+ fexp {— BU’ (x)} dx. (7-5) 


This is nothing but the mathematical expression of the Franck-Condon principle in its 


crudest form. 
The generating function for non-radiative transition turns out to be 


fin (A) = (BR?) “* S*S fexp[— BU’ (x) —A{U" (x) — U(x) } Jdx 
~-fexp {— SU’ (x) } dx, (7-6) 
from which one can easily derive the probablity : 
W = 22 (Bh*) S*-Slexp{—BU (x)} 0{U" (x) —U'(x)} dx 

exp {—8U"(x)} dx. (7-7) 
This formula provides the most comprehensive proof of the fact that at high temperatures 
the non-radiative transition takes place through the activated states where the two adiabatic 
potential surfaces intersect one another (L”(x) =U” (x)). One can easily verify the formula 
(6-4) by inserting the harmonic potentials (3-4) in (7-7). 

In order to bring (7-7) into comparison with the conventional formula for a rate 
Process, it is convenient to introduce a new set of orthogonal curvilinear co-ordinates (x, x’) 
instead of the original set (x) in such a way that x=0 represents the (N—1)-dimensional 
surface of activated states: U’(x) =U" (x), the other (N—1) co-ordinates being denoted 
by x’. Carrying out the integration of the numerator in (7-7) over x, and then multiply- 


ing both the numerator and the denominator by a quantity suggested by the following, we 
have 


fexp {— BU" (x) } 0{U" (x) —U' (x) } dx/Jexp {—8U' (x) } dx 
=exp (—AF*) (27kT/A°)*?[1/|grad (U’ — UV”) | Ja.queuiy 
where F*, defined by 


N—2 


exp (—PE*) =f | f---fexpl 3 {p/2+U"(0, x')}] dx! dp’ 
=-b-"§ {+ fexp| —B (p'/2-+U' (x) } Idx dp, (7+8) 


is to be interpreted as the free energy for the activation. By comparing W with the formula 
for a rate process" 


W=«(kT/b) exp (—BF*), (7-9) 


we see that the transmission coefficient « is given by 


Kasra S* ° Ss (27kT/h’) 1/|grad (U— U"”) hie (Ul =UTl) (7 | 10) 
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§ 8. Miscellaneous problems related with degeneracy 


of electronic states 


The foregoing discussions, which were based on the adiabatic approximation, have to be 
modified when the energies of the two electronic states degenerate or come close to each 
other. In this section we take up two typical problems related with radiative and non- 
radiative transitions. 

(i) Resonance effect in non-radiative transition. As we have shown in S§ 6 and 7, 
the non-radiative transition at high temperatures proceeds mainly through the activated 
states where the two adiabatic potentials intersect each other. One may well ask the ap- 
plicability of the adiabatic approximation for such a case. Actually, however, the two energy 
surfaces are expected generally to repulse each other before they intersect, owing to the re- 
sonance interaction (see Fig. 2). If we assume this repulsion effect mainly responsible for 
the non-radiative transition, the following formulation would be appropriate. 

Denoting the electron wave functions for the two states by y, and ¢,, in which neither 


the Q-dependence nor the resonance effect is taken into account, we can write the adiabatic 


potentials as 
\ 9; (H—K,) 9; dr= Hi; (Cay 2) 


in the first approximation. We introduce a new set of lattice co-ordinates (x, x’) in the 
same way as in § 7, that is, x=O at the intersection Fiw(@) =H). The resonance 
effect can be taken into account by solving the secular equation 

H,,—U Fy, 


=0. (8-1) 
H,, H,—TU 


In the neighborhood of x=0 for a fixed x’, we can 
set H,, equal to a constant while the difference Onna, 
and Hy,» is proportional to x (see Fig. 2). Bya suitable 


choice of the unit of x one can write 


4H=H,, (x, x’) —Hy CLO) =2| Hy (x’) |x. 
(8-2) 


The difference of the two solutions of (8:1) is given 
by 


4U=U"—U'=2|H,|(1+x)'%, (8-3) 
Fig. 2. with wave functions 
go! =2-[ {1 —x(1 +2) “9 Pg, — {1x (1 +x) 1} pe] 
go! = 2-9 1 tx (1x) 1 Pg, + {Lax (1°) 7} 95] (8-4) 


As assumed above, we take account of the Q-dependence of the wave functions only 


through these coefficients of linear combinations, and consequently we have 
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S(Q) = — if? (2x/9Q) §y""* (8/Ax) ¢" dr=ik’'271 (1 +2) (Ax/9Q), (8-5) 


which is no longer constant*. In calculating the high temperature formula for fr (A) in 
the same way as in § 7, using (x, x’) and (y, y’) defined by (7-3), we make use of 


the approximation 
B'S (x+ (y/2)) + S* x (y/2)) =4 {Lt (e+ Gy/2))*} E+ (9/2) )*} 1x0 Q/? 
=471(1-+2) “exp[—y/* (1+) *]|dx/9Q|? (8-6) 
and then integrate with respect to y and y’, The result is: 
fm (2) =1/4-§§ P/MLB) (+22) ~2 {1+ (2/9) 22(B—A) (1498) 3} 
X exp[ — BU’ (x) —A+ dU (x) ]dx dx’ + | fexp| —9U’ (x) Jdx, (8-7) 
where we have introduced the mass 
My (X’) =1/|0x/IQ/*2-0=4|Aje|"/|gtad 4H |’, (8-8) 


as a result of normalization of x through (8-2). 


If we assume 


|Hy|B21, (8-9) 
we have 
(2°3/M,)' = (h2'"|\grad 4H) / (2|H,2|8) <1, (8-10) 
and consequently the expression { }7*” in (8-7) can be approximated by 
{1— GA) 
where the absolute value 4, of the two branch points is given by 
A= (M2 /2%)'" (1+). (8-11) 
Because of (8-11), (8-9), (8-10) and (8-3), the inequality 
4,4dU>1 


is valid for all values of x, and we can carry out the integration 
(277i) “* *iS {1— (A/A,)*} 8? exp(—AdU) da 
~67 a7"), (A, JU)” exp (—A, dU) 
with the method of the steepest descent. 


In integrating over x, too, one can take advantage of (8-9) and (8-10), and finally 
one gets the result 


W= (x/6)*" (22M.B)~" exp {— (2M,B/#)!?| Hol} exp {—8U'(0, x)} dx’ 
-- ({exp[—PU’ (x, x’) |dx dx’, (8-12) 


* Correspondingly we should also take account of § in (3.9), but this contributes only a small term 
at high temperatures. 
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which again is written in an alternative form 
W— (1/6)*" exp {— (2M,8/2")'"| Hy} \av.crmo) X (RT /b) exp (—BF*), — (8 +13) 
where F* is defined by (7-7). Owing to (8-9) and (8-10) the transmission coefficient 


is much smaller than unity, and the factor #/ is expected to cause a temperature depen- 
dence which is considerably different from the usual exponential law. 


(ii) On the breadth of the absorption band when the electronic states are degenerate 
When the absorbing center is of high symmetry, it is possible that two or more of excited 
states are degenerate in the equilibrium lattice configuration of the ground state. For example 
the F-center in alkali-halide, which is of cubic symmetry, has the single ground state (A,,) 
and triply degenerate excited states (F,,) in the equilibrium lattice configuration of the 
former. As the lattice vibrates around this point, the degeneracy is removed, and one may 
well expect that this splitting is responsible for a part of the absorption breadth. Let us 
discuss this effect by treating the lattice motion classically, for the sake of simplicity. 

Assuming the harmonic model and linear approximation as in (4-4) and (4-5), we 
take the equilibrium lattice position in the ground state as the origin of each co-ordinate 
Q;, we have 


Op 0) Male 0, / ZR /2: (8-14) 


Denoting the energies and wave functions of the ground state, and a set of degenerate ex- 
cited states of H,(r) by &, % and &, 9; (i=1, 2,---,g), we define the matrix elements 


fo*() Hilt, QE() dr==H'n(Q) (i, k=O, 1, 2,---, g) (8-15) 
which are finexe in Q,/s. Because of the above assumption we have Hy’(Q) =0. For the 
excited states we have to solve the secular equation 

det|H,,/—€/0,,)=0. (i, R=1, 2,-**, g) (8-16) 
The eigenvalues of H.-H), therefore, can be written as 
EysEsHG, 2 ESE HE (lH 12,447) (8-17) 
where &! is the Lth root of (8-16). Assuming that the oscillator strength of the transi- 


tion from the ground state to any of the excited states is equal to one another, as is the 
case for the F-absorption, we can calculate the second moment of the absorption band : 


(bby =p" SE-B) — Py =e SS 
Z 
=p SH + 9" Ay". (8-18) 

a UG 
iehere weihave used (8»14) and )(816)."' “The first term corresponds to the absorption 
breadth due to the difference in equilibrium positions already discussed in § 5, whereas the 
resents the effect of splitting of degenerate states due toa the lattice vibration. 


second term re 
: In case of the F-center, 


Both terms are proportional to T as is evident from (8-14). 
the Hamiltonian (4-1) gives the result 
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(hv — hv)? = (1/47) (1/ey—1/«) kT § {(E,—E,)°+2E",,} dr, 


where E,, E, and E,, denote the electric fields due to the charge distributions: —ey/,”, 
—e,? and —eyy, Poy respectively. The second integral, i.e., the effect of the degeneracy 
is estimated to be about 1/10 of the first integral. It is possible, however, that the de- 


generacy of the excited states plays an important role in some other cases. 
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Starting from the theory of Green-function, we can write the integral equation for R-matrix in 
a form similar to what is found by using the phenomenological potential. Comparing these two equa- 
tions with each other we get an integral equation for the potential. This equation takes a very relevant 
form, all divergent parts being written down in a covariant way. 


Introduction and summary 


The recent success of renormalization theory is essentially due to its covariant form. 
This fact is one of the reasons why quantum field theory succeeds in scattering problem 
and not so much in bound problems, because it is difficult to treat the latter in a covariant 
way. In treating a system of two bound particles mutually interacting through a quantized 
field, a potential plays a significant part in spite of its ambiguous and non-covariant concept 
Therefore, it seems to be desirable to define and express a potential, at least, in such a way 
as to make the divergent parts have covariant forms. There are some attempts’ to do so 
by starting from Bethe-Salpeter’s equation ; however, their four-dimensional wave function 
seems to make the general view obscure. In order to avoid this difficulty we shall turn our 
attention to an integral equation for R-matrix. 

If there is the phenomenological potential we can express the integral equation for R- 
matrix by means of the potential. On the other hand, by using the relations between S- 
matrix and Green-functions, the integral equation for R-matrix is obtained in the covariant 
form. After some elementary calculations which do not cause any non-covariant divergent 
part, the latter equation turns out to have a form similar to the former for scattering pro- 
blems. Comparing the two equations, we can identify some function appearing in the latter 
equation with the potential in the former for scattering problems. Therefore it seems to be 
reasonable to propose that this function is also available to the bound-state problems as an 
effective potential. This function is defined by the integral equation which takes a very 
relevant form where all divergent parts are written in a covariant way. Unfortunately, we 
can not find the exact solution of the integral equation for the potential. However, it may 
be possible to write down the approximate values of energy eigen-values and allied quantities 
because the integral equation which the potential satisfies is given in a convenient form. 


The analysis will be done for two-fermion problem. For some other problems there 


remain few difficulties as to the separation of divergences. 
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§1. Preliminary discussions 


According to Wick’s theorem, let us expand Dyson’s S-matrix into a sum of normal 


constituents. Then it turns to 
S/S= 1+ + (1/21) Sede dx! dy dy’ N(PaCx) Psy) Par) Por Cy)) Messner (x! yee 
where S, is (vac| S|vac) and N denotes the normal product. Assuming that there is no 
external field, we shall take the following momentum representations ; 
a(x) = (27) ~*? (dp 3} (we (p) a (p)e”* +ue(—p) b* (phe), (2) 
Mearnas (xx! yy’) = (20) ~* { dp dp! dq Mearggs (ppl q)e?-wrter ew )-aa-¥9, _ (3) 
where M has the character 
Motos: (PP'q) =Maraser (p's Ps P+’ — 9) = — Maras (P' P 9)- (4) 


The state vector expressing two fermions with momentum p spin r and momentum p’ spin 


r’ respectively, is represented as 
a’*(p) a* (p’) |vac)==|pr, p'r’) . (5) 
Thus the matrix element of S is 
(pr, p’r' | (S—1)/S,|qs, q/s') =2 (27)? O(p+p'—q—-q') ta(P) ala (P’) 
M’ cargsr (pp’g) u's (q) usr (q’), (6) 


where M’ is the part of M, corresponding to connected Feynman graphs, and the condition 


p=—q=p’ is assumed. 


By using the relation”) between S-matrix and two fermion Green-function 
Gri rnar (xx! yy’) == (vae|T (ha (x) Par (x) Pn (y) Par (y’) S/S,) | vac) 
= ST, (xy) Gara (x’9’) — iGgss (xy’) Sdrs (2’y) 
—dzdz! du du! SE, (xz) Sbr (22) 2M eign (ze uu’) SE, (uy) Ski (u'y’) (7) 
and further the integral equation 
Gears (PP'G) = (27) 4 {Gas (p) Garr (p") O' (p—q) — Gage (P) Gars (p’) 04 (p’—q) } 
+ (27) “Gay (p) Garg (p') fl Eexrser (ppl) Gibran (L p+p’—l 9), (8) 
the integral equation for M’ can be obtained as follows: 
Marge (ppg) = (Sa~"(p) G(p) ) ax (S#"(p') G(p')) ange Learaar (pp’Q) 
+ (27) (S¥" (p)G(p)) oe (S27 (p’) G(p') ) aren 
x \dl Tey 360 (pp'D Sép (1) Sorpr (p = me !) M’ porast (i, pt+p’— ‘ q): (9) 


Here I is Schwinger’s interaction kernel”. Similar momentum representations as (3) have 
been taken for [ and G. Also the relation (§# '(q) G(q) ax (S¥7" (p+ p’—4q) G(p+p’— 


_ ny ‘ . ‘ 
q)) ara = — Pa Pargr has been used without loss of generality, because the energy-momenta q 
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and p+p’—q satisfy the energy-momentum relations of free particles and the left hand side 
of the above relation operates on the Dirac’s free fermion spinor u.(q)ui(p+p’—q) 
in later calculations. 

On the other hand, if there be the phenomenological potential v the following integral 


equation for R-matrix can be obtained according to Lippmann-Schwinger’s procedure” : 
R=v-+v (1/a) R (10) 
where 
a=E—H,+ie. (11) 


Here the characteristic property of potential is that the summation over intermediate states 
in Eq. (10) is restricted to diagonal parts with respect to particle number. Finally the 
relation between Dyson’s S and the above R is as follows 1 


(pr, p’r’| (S—1) /S,|qs, q's’) = — 2710 (H,(p) + H,(p’) 
—F,(q) — 1, (q')) (pr, p’r |R\qs, q's’) (12) 
where 


H,(p) = Vp’ + MP. (13) 


§2. Construction of the potential 


Comparing (6) with (12), we shall introduce the following quantity ; 


rl 


2K" (pp'q) =2i (27) ~* 0 (p+ p!—q—q') #4 (P) #7 a (p") M aarppr (pp’q) v8.6 (q) <1 ve 5 
14 


which is equal to (pr, p’r’|R| qs, q's’) for particular p, p’, q and q’ satisfying energy momentum 
relation of free particle. On account of (9) and (14) the following equation can be derived ; 


Ke" (pp'g) =J"" (ppg) + i(22) NO (p+ p’ 1-1) i (p) war (p!) (SP) GP) ) ap 
(Sr'(P')G(p')) war 
X Tasrese (pp) (iv, D wes} {Siu UY) watsr* 1) } 
x (S71) 8) op (S7U, p+ p?— 2) P) atpr {Raut D to D} (ete U) ator CY} 
X Moore (LU p'+ p”— 0, qu. (qQ) ute (q’) (22) VP U+U—q—q)di dl’ (15) 
where 
J (pp'q) =i (22) 0 (p+ p’—9q—7') i (P) tas (p’) (SP (6) G(P) as 
X (SFP) GCP") ) wror Taprvat (PPD) Wee (GQ) th (9) (16) 
Here factors between braces have been introduced artificially, and >} means summation with 
respect to spin and energy-sign indexes. In this equation divergences come only from the 


parts T's. Hereafter we shall neglect the contributions derived from u_parts for a while. 


After some elementary calculations, for which the above mentioned artificial factors were 
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introduced, the following relation can be obtained : 


ul (D) ul (V) (SF (DB) an (S7U, p+ p= 2°) B) angi (D uit (UD) 


+a! 


ake (a= aaa t oct aealls Nit) Dy Durrot (17) 
4, p+p"— P—H,(t ) +10 l — H, (L) +10 


where 
a,=p’+p”—H,(D) —H,(U) +230. (18) 
By using the symmetry character of (4), it can be ascertained that the two terms in the 
parentheses in (17) have the same contribution. Thus (15) can be written as 
1 1 


Ist __ J[rr'sst / rrfeyl / 1 g 2 _— 
K”"* (pp'g) =J”"" (pp"9) £, SJ (pp!) peel AD AGA 


x Ke (LU p+ p"—0°, q) dl dl’ 
=J""*" (pp’g) + DI" (pp, LH, (D) 1/4.) KY" (LHD Up’ +p" —H, (Dg) dl dl’ 
ip Piptt 


1 Kes (Lp +p"—0, q)dl dl’. (19) 
RSET (LUp' +p q 


Tal / i 
ne AW RSet ha a8: : 


0 


Now we shall divide (19) into the following set of integral equations : 
K"™"**" (pp’g) =L"*"' (pp’qg) + IL" (p, p’, LH, (D) (1/4) 
x Kr" (LH (DU p’+p"—H,(D, 9) dl dl’, (20) 
L”"*" (pp’g) = J" (pp'g) + hI" (pp) (A/a) GP/z) A/P — HD) 
x E (LU pp" —L,.q) dl dl’... (21) 
When we write the equation (20) in an operator form, it turns to 


(pr, p’r'|R\ qs, q's’) = (pr, p'1'|L| qs, q’s’) + 3) (pr, p’r’'|L| ly, Uv’) 1/ay( ly, Uv’ |R| qs, q's’) 


where (22) 
(pr, p’’’ |R\qs, q's’) =K (pH, (p), p'H, (p’), 4H, (q)) — K(pH, (p), p'H, (p’) q'H, (q’)) 

=2K(pH,(p), p’H,(p’), qH,(q)) (23) 

(pr, p’r'|L\qs, q's’) =2L (pH, (p), p'H,(p'), 4H, (q)) (24) 


and the summation is carried out with respect to two fermion states with positive energy. 
The fact that a factor 1/2 does not appear in the second term in the right hand side of 
(22) is due to the difference between the methods of counting the intermediate states in 
(20) and (22). 

For scattering problems, a, can be identified with a under the assumption of adiabatic 
switching. Thus, comparing (13) with (22) we can see that L plays the part of a 
potential for all scattering problems. Therefore it seems to be allowable that L is also 


available as an effective potential for bound-state-problems. Conclusions are as follows; 
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i) the potential for two fermion problem can be given by L which is defined by the integral 
equation (21), and ii) since the divergent parts have covariant forms this potential L is 
just the one we desired. 


If we take account of u_ parts which were neglected in the above calculation, the in- 


tegral equation corresponding to (21) now turns out to have a somewhat complicated form 
as 


Le" (pp'q) S=—i (20) Opt p!—q—q/) ta (P) War (DP) Foarner (PP'Q) Hen (Q) wi er (Q’) 
=J7" (ppg) + Li (2) Pa (P) Bar (DP!) (S#™* (P) G(P) ) wn (SP) G(P)) ator 

xSP (pt p! LL) Toeresr (pp’D [wes D wit WU) 1/4.) GP/2) 1/0 — HD) ) its D tte U) 
+ ug Du UV) (1/p? +p? + Hy (D + HU) — 210) (i/z) A/P +H, (D!—i8) a5 (D a's UY] 
x Fearppr (Llp + p— 0°, q) (—i(2m) ~) + Y—q—q') uh, (q) uo (q’) dl dl’. (25) 


This expression, however, allows us to assert the validity of the above conclusion. 


§ 3. Discussions 


In order to see the relation between the present X. <{ oe 

a) F-- b) poss C) }-2- 
method and the usual one, we shall solve Eq. (21) [ { 
by iteration. Then it is easily seen that potentials which correspond to Feynman graphs 
a) and b) come from J and a potential corresponding to c) comes from the second term 
in iteration expansion. 

From the physical point of view it seems to be most reasonable to construct a poten- 
tial by starting from Tamm-Dancoff’s set of equations.””” Then, we shall be able to write 
down the integral equation for R-matrix in terms of the potential in a similar form as Eq. 
(10). However, it must be noted that the situation is somewhat different from usual ones 
because the potential includes the energy eigenvalue in itself.” On account of this situation, 
we introduced a phenomenological potential in place of Brueckner-Watson’s one and compared 
two integral equations for R-matrix for scattering problems. In our treatment it must be 
noted that a, in L is not regarded as E—H,+ie¢ but as H,(p) + H,(p’) — H+ ie. 


When the eigenstate of two fermions is written as 


She" (pp?) |pr P'”) 4p ap", (26) 


we can get the integral equation for ¢ as follows ; 


{H, (p) +H, (p!) —E} 9" (PP?) 
=—235§L""" (pH, (p), p'Hy(p'), HD) eg" (W) di dl’. (27) 
Then, the extreme expression for energy eigenvalue contains the following quantity, Viet 


Ly", Tt is difficult to solve the integral equation for L. However, we may hope to be 


able also to evaluate approximately the above quantity by variational method using the 


equation (21). 
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A method of the canonical transformation is applied to the problem of nuclear forces. Here the 
nucleon field as well as the meson field is quantized. One can obtain the expressions for potentials 
which do not contain the total energy of the system explicitly. The 2nd and 4th order potentials 
are evaluated in the Ps(ps) meson theory. The practical calculations are performed up to the order 
(2/2M)4 for the one- and the two-pair terms, and up to the order (/2M)* for the no-pair terms in 
the static limit p/M-—0. The results are in agreement with Klein’s calculation’). Nonstatic 
corrections will be treated in the forthcoming paper. 


§ 1. Introduction 


Recently many authors attempted to obtain nuclear forces in the pseudoscalar meson 
theory”. They eliminated the components in which mesons or nucleon pairs are present. 
The “ potentials” thus obtained are dependent on the total energy of the system, hence 
it is necessary to eliminate the total energy by some devices.* On the other hand, there 
is a method of the canonical transformation to get nuclear forces”. But the adiabatic 
treatment for nucleons is usually assumed in the canonical transformation method. In this 
case, the nucleon field is regarded as fixed sources for the meson field, consequently the 
effects of the nucleon recoil and nucleon pair formation cannot be taken into account. 
Therefore, the application of this method is limited to the static approximation in the 
meson theory with nonrelativistic coupling such as the Ps (pu). 

Here the method of the canonical transformation is extended so as to include these 
effects. The practical calculation is performed for the static potentials of the 2nd and 4th 
order in the coupling constant in the Ps(ps) theory (and up to the 4th order in (44/2M) ) 
for the sake of simplicity. The results are in complete agreement with those obtained by 
Klein. All radiative corrections such as the self energy and the vacuum polarization are 
dropped in the present calculation. 

At first, the Tani-Foldy transformation for the quantized nucleon field is introduced 
in § 2 to simplify the interpretation and the calculation®®”. Then the nuclear potentials 


* The comprehensive investigations on this point have been performed by Fukuda, Sawada and 


Taketani and by S. Okubo'™. 
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in momentum representation are evaluated in §3. In §4 the results are summarized, 


and § 5 contains brief discussions. 


§2. The Tani-Foly transformation for the quantized nucleon field 


To calculate the potentials between nucleons, it is convenient to separate nucleons 
from antinucleons explicitly. We introduce the Tani-Foldy transformation for the quantized 
nucleon field for this purpose.””” 

We start from the equation of motion in the symmetrical Ps(ps) theory : 


EY’= (H+ Hy +H) PSH", (2-1) 
Hy= Sy] 8B) ((eo-P,+ pM) OCP, P)} a. ahs (Pp) dP PE 
= $* {(1,0,P, + pM) O(P,—P.)} 2, pi — ES, 
= D0 48, (hy) a (hy) onde, = | a,*a,, (d1) 
gh adh /eatage™ (2-2) 
Hi =a) $" (reg) 9 AD), 


(41) ps, a= (27) 8? V1 /2en, (a8, +4,) 0 (P,— Pky), (2+3) 


where Ej*° is the energy for the vacuum state in the sense of the hole theory for nucleons. 

We use the following abbreviations: ¢/*, ¢ and { } are regarded as matrices with rows 

and columns specified by P, a (P: momentum of nucleon field operator, a: spinor and 

t-spin index). Superscript (1) indicates the matrices, of which the matrix product is to 

be taked. {---(d1) stands for 2)--dky, where a, denotes the c-spin variables (1, 2, 3). 
1 


To (2-1) we apply the transformation 


P= Sp’, (2 +4) 
where iS= (i/2) GEO HOGA, (2-5) 
and (5) rr, pa= {(Py+O) /p,} pr» tan“! (p,/M) 0(P,— Py). (2-6) 
Then the transformed Hamiltonian is 
e8H' eS —=H= Hy+ Ay+ Ayy, (2 ; 7) 
eh “Hye os Tah NPakieatt ( | — FP) \ Sa ine fh) — Eas (2 s 8) 
B= VFTM, 


Hy, =e°H,e-"=Hy, =| a,*a,0, (d1), 
Ayu = Ayye “=9 (27) rll eles (iA, “O--B, 9) Ores 
Ps 


»¥1/20,(a5,+4,) (d1), (2-9) 
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where 


(A,) py, pa = {(P;/P) 9,68 (p.) X, (p2) a (P,/po) ay (p.) ».G (p2) } O(P =P ky) 


== 6(P,—P,—k,) {a Lae ERCP) ig Kon 


2M 2M4M 2M M 
Peo P, 1 
eK sa Pi sie 
2M 4M (Pd) a Mi (Pa) 


(B,) p,, P2= {X, (p:) X,. (ps) F {(P,-9) (P,-9) /Pipot x (p1) Ke (po) } 6(P,—P,—k,) 


=0(P,—P,.—k,) {1 (K(p) 4+K(p)) iP, x Ps) “bal 


4M" 4M? 
K(p) =Ep—-M 2 (2M), £ Su 
X, (p) = V (E,+™) /2E, = 1—p'/8M’*+-, 
X_() = (£,—™) /2E, = (6/2) U=9'/2M" +=). (2-11) 


Here a parameter f is inserted in order to identify the interaction which contains the pair 
creation or annihilation. Nucleons and antinucleons are separated subject to the two eigen- 
values of , after this transformation. Provided we take the eigenstates of Hy as bases, 
the distinction of nucleons from antinucleons is obvious. Now /; is an even operator for 
nucleon-antinucleon pairs and p, and (, are odd. The simple form of Hy+Hy makes it 
easy to find the function iS; whose commutator with Hy+Hy, 1s to cancel the undesired 


terms in H. 


§3. Potentials in momentum representation 


A) The first transformation (elimination of the term of 1st order in 9) 


We make the transformation 
vi =e, (3-1) 
with 
iS, =a G2 { (IfC,p, +i, Fp.) (ah: +41) 
4+ (fDypy+iF,-8) (a%,—4,)} 26° Vo,/2 (41), G2) 
rag (on), 
(C,) pips=1/ foe— E(p) +E (pdt (E(p,) +E(p2)) (or: (By) pips 


- 9 Ie xf 31 
= —3(P,—P,-h), ees +K(p,)) 


i(0-P, ie aap eal bad or 
SE CSE | li als Seer a el a 
* 4M z 4M a 
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(D,) p,,r,=1/ {o2—(E(p) +E (p))"} + (By) psa = — 98 (Pi Po hy) (1/4), 
(E,) rs, r,=1/ {oe — (E(p,) —E (ps) )"} + (E (bs) —E (ps) (or (Ad) pape 
= —0(P,—P,—k) + (E(p,:) —E(p2) ) hy/2Moy’, 
(F) py ps=1/ {o2— (E(p,) —E (p2))"} + (Ad) pie = (Pi — Pa fy) k,/2M oy’, 
(3-3) 
which is determined by the requirement 
[iS,, Hy+Hy|=— Hyun. 

The transformed Hamiltonian is as follows : 

H,=Hy+t Hy, + 3[i8,, Hyn|+4[1S,, [8,, Hyxy |) +3[S,, [iS [35;, Hy» |}]+-::. (3-4) 
The dotted part which is of the order of magnitude O(g°) is safely dropped in the 


evaluation of the 4th order potentials. 
i) 1/2 ? [iS,, Hyy| 
The third term in (3-4) is calculated with the help of (A-8). 


1/2-[i,, Hea l= — 8/2) | $Y 2, (AOL PB} (os f Dap 3)} 
x fh (d1) 
$ (8/2) | La CifCr + iB Op.), 76s 0+ FB) | hat +a 
+ a* 4.4 a*,a,+[a., a*,]) 
+[t2(ifD 0.+iF,-F), 7; (iA,-O+fB,0.) | (a*a*, — aya, + a* ya, — a* ,ay—[d, a*,]) 
+1, (1A, +O +fB,0,) 9 (if C0, +iE,-Sp,)[ (a*,+a,), (a, +a,)) 
+1, (iA, ++ fB, 05) 7, ( f Dz y+ iF, +S) [ (a*,— ay), (a*,+a,) ]} © 
XP? Vw,/2@, (d1) (d2). (3-5) 


The commutators in (3-5) give the factors 0(1+2) = 0,,,,0(k,+k,) which show that 
they give rise to the nucleon self energy and radiative corrections. Such contributions are 
beyond the scope of this paper, and will be discarded without mentioning in the following. 
We drop a*a, since it represents the scattering of a meson, and cannot contribute to the 
nuclear forces by iteration. a*a* and aa represent the double production and absorption 
of mesons by one nucleon, and contribute to the 4th order nuclear forces if iterated. 
We shall eliminate them by the next transformation. The first term in (3-5) gives the 
“two-body potential”. The part which does not contain p, or p, gives the 2nd order 


potential between two nucleons. However, the part which contains f, Of Py causes the 


creation or annihilation of a nucleon pair. If we wanted the equation of motion for 
nucleons including the negative energy states, it would be allowable to take it into the 


2nd order nuclear potential. Here we must drop it from the 2nd order potential, since 


Nonadiabatic Treatment of Nuclear Forces, I 193 


we seek for the equation of motion without antinucleons. But it also contains such terms 
that contribute to the 4th order nuclear forces by iteration, therefore we have to eliminate 
them by a suitable transformation. 


The net 2nd order potential thus obtained is 
V.=— (2/2) | Ger be {1 A, +O} © fe_ iF _, <0} Ogg (d1), (3-6) 


where ¢f and #, represent the parts of ¢* and @ respectively which correspond to the 
positive eigenvalue of ,. 


= 1 0 
pts (of, $b); p= oe p=(5 =4lyh (3 ee) 
that is, + and — correspond to nucleon and antinucleon states respectively, and * denotes 


the creation operator. Here we take the static limit P/M 0) Then 


\ ee k,) ig as 


oy 


k,) (r™ «2 


Hite | WEP PsA (POL 


x oP (P2) OP (P;) (Py! — P, — ky) 6 (P,! — P, + k,) dP,'dP,/dP,dP.dk,. (3-8) 


The extra factor 1/2 corresponds to the two ways of denoting two nucleons as (1) and 
(2): 

fi) 1/3-[185,, [iS,, Hy» |] 

iThs term is of the 3rd in g, and is safely discarded, since it does not contribute to the 
4th order nuclear potentials. 

iii) 1/8 “[iS,, [7,, [S,, Hy» |]]- 

This is evaluated using (A-8). ¢* and ¢ are replaced by $%, $_,%, and ¢* after 
(3-7), and the operators with *« are brought to the left of those without *. Then the 
terms which contain a, a*, f* and ¢_ are discarded. And the terms containing three or 
more (/*’s and ¢,’s are dropped, for we are interested only in the forces between two 


nucleons. The contribution to the 4th order nuclear forces in the static limit is 


en 9 ahve ie @), 
V} zi PEO PGE | -Gaa) (5-6 +Iey Xa) ( +h, X Ie) 


= (a. a (k,- - Key) ‘\— 1 (-)r(2- (GE. ody ee sy 


OM OPe a WP Os 


ae (rc? 7) ale) +(=)F (6+ (co -T®)) 4] 


W;, Wy 
p? (P,) gD (P,) 0 (Pie k,— ky.) OCR Pr k,+ ky.) dP,/dP./dP dP ,dk,dk,. 
(3-9) 
We always drop the contact interactions such as the last term in (3-9). 


B) The second transformation (elimination of the double meson production and absorption) 


The terms in (3-5) which contribute to the 4th order potentials are as follows : 
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D= (4/2) { P* {rif Cp, +iE,-Fps) , 7 GA; -O + Bip.) | (a¥.a*, + dyd;) 


+[t.(fD..+iFy:F) , 7 (iA, -O + fB,») | (a¥.a*, —dya,)} 
xb? V@,/4a, (di) (d2). (3-10) 


In (3-10) only the even terms in nucleon-antinucleon pairs give the 4th order nuclear 


forces for a two-nucleon system. Therofore, the terms to be eliminated are 
= (#/2) | PE® {((eyTe) (Got His’) P3— (Tat) Ur + Jn °F) Ps] (a¥ a=, + 4449) 
+ ((tyT2) (Kig+ Ty.+8) — (tt) (My + N,, +S) ) (a¥,a*,— 445) he 
x PP Vw,/2a, (d1) (d2), (3-11) 

where 

Gy = =f 2C, By E, -A,, K,=f"D,B,— F,-A,, H,,= a iE, X Ay, L,.= 7 iF, x A,, 

Ty =f°B,C,—A,-E,, My, ={°B,D,— A,+F,, Jy = — iA, X E., No = —1iA, X F,. 

(3-12) 
We make the transformation 
Ee ham (3-13) 


where 


iSy= (# /2) jo {((t172) (Oy. + Piy*F) — (7574) (Qe + Ry, +5) ) (a¥ a+ ayy) 


+H ((t472) (Sto+ Typ +O) 03— (F271) (Uy + Voy +) Ps) (4% ,a%,—ayag)} (3-14) 

x fP V w,/40 (d1) (a2), 

Gi (E’—E) + Ky(a, +) = Ky» (E’ =i) +Gip (w+ (Wy) 
(@+@,)’— (EE)? (coy +.) — (E’ —E)’ 


P..= mI Oi) eal hence, : T= L,, (E’—E) +H, (o, + wy) 
(w,+«,)°— (E’—E)* ; (w,+,)°— (E'—E)’, 


<= 
12 > 


> 


KEG ole CATON (3-15) 


and 
[1So5 Hy+ H,,| =—=— De 


; ; : 
Here E’ and E are the nucleon energies corresponding to the two momenta which appear 
at the left and right end. 

The Hamiltonian is transformed into 


Hy+Hy+V,4+V, +3 [iS,, D] +0 fee 
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The dotted part does not contribute to the 4th order nuclear forces. And 
3[iS,, D']=self energy + g'a*a*a*a* + g'aaaa+g'a*a*aa+g'a*a 
+ 3/8) | S*GE[2 { (24) (Ope-+ Pro) — (Cet) (Qu Ry) } 
X { (Fat) (Ket Lye) — (245) (Mog-+Noy-5)} 2 { (2425) (Sot Trg) p, 
— (F404) (Un + Vey +) 0} © { 2404) (Gya+ Hoy) 4— (£49) (Ion Ig*9) ph © 


POPY (@,/40,) (8 (1 +3) 6(24+4) +0(1+4) 0(2+3)) (dt) (d2) (d3) (d4). 
(3-16) 


A 4th order static potential V,%% arises from (3-16). 


4 
vme= (H'/2) | 2 (P92 (PD [ (2) {2 @9-b, xk) (6 -,x ky) 


+ (t-2) (y+ ky) ‘ —— 


OF 0(M+0) wf 0s (a,+ 0s) 


+2(— ie (7-2) (ky “k) (ee (a Nay 0) mee 


= He rf 1 +(— yf (cM 2) ( i i) 2) 
2M’ w,0,(@,+0,) \2M O+, (a,+0,) 


¢? (P,) $2 (P,) 0 (P,’— P,—k,— kz) OP,’ — P. +k, + k,)dP,dP.dP,/dP,/dk dk. 
(3-17) 


C) The third transformation (elimination of the odd part in the 2nd order ‘‘potential’’) 
The part to be eliminated is as follows : 


Ve! = — (B/2) | [PO~? {eifBh ® {— tf} POPP 
+ PO 9t® {— cif} {— 2 ifD_} OPROGEO 
$8 OL {ey} O fe ifD} OF {2-0} © {2 fB_1} WYO 
+ GOGEOL fri, -O} {=e if D_}O-+ {eR -o} O {— 2 if Ba} OWE] (a1). 
(3-18) 


Each term in (3-18) corresponds to the diagrams shown in Fig. 1. 


=e ee 


Fig. 1. Diagrams corresponding to the terms in (3-18) and (3-20). 
+ and — represent nucleon- and antinucleon-end respectively. 


l 
I 
Vy 
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The third transformation is 


T .=8°,, (3-19) 


where 
cee (e/2{ [pope (E,+E,! +E,+E,!)~ {c,ifB,} od ar | BP QJ go 


+ bt OG*® (—E,—E,! —E,—E,!) “1 {—17,if By} © {—r_s#f Diy} OPE OPE 

+ bt OG_© (E,—E +E! +E,) “| {t,iA,-9} © {r_,if D_y} 

+ {tiF-o} © {c-rifB_s} O]PP PD + PEPE? (E,—E — Ey —E,) “| {yi -9} © 
{—tasifD 1} + [riF, +} { — 7 ifB_ 3] POPP] 1), (3-20) 


and 


[iS,, Hy+ Hy |=—V,!". 


Here E,’, E,, E,’ and E, are energies of nucleons (1) and (2) corresponding to the 
momenta which appear at the left and right ends. Each term in (3-20) also has the 
intuitive meaning as shown in Fig. 1. 


4[15,, V.!’| contributes to the 4th order nuclear forces. The contribution is 
Pe = t/2)| vt PD gt” PL) (5) F(—F— 0-2) ERO PIMP) 
Wy Os 
8(P! —P,— kik) 6 (Pi— P, +k, ke) dPYdP dP EP kdhe (3-21) 
It is easily shown that the denominators in (3-3), (3-15) and (3-20) do not vanish. 


§4. The summary of the results 


The potentials obtained in the last section can be expressed in configuration space in 
a familiar manner. The results are as follows. We use the abbreviations : 


r,—T,=R, pR=X, P<. 4 (4-1) 
and 


S,.=[3 (6 -X) (6X) /X?— (6 .0%)]. (4-2) 
The 2nd order potential arising from V7, is identical with the perturbation-theoretical result. 


Aes £{ b* (r,) f¥© of or 7) a) .g@) cae. yee 
pret wap(e). (0%) +5,.(1+ +5) oo 


¢? (rT) gb (r,) dr, dry. (4-3) 


The 4th order potential with the coefficient f’(44/2M)*! which corresponds to the static 
limit in the Ps(pu) theory arises from V,* and V,°. 


Viiy= Lt a g LY | g(r) ) gt (r, vae ae Ze (r. 2) (4+ 2 aK, (2X) 


oe uc 
+(BtS x, (2x) }+ (a. oe » K 2X) +(— stHE)K, (2x)} 
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1. 4 15 ; 1 
Sint aKo (2X) + (et pale (2X) | |e (r,) g? (r,) drdr,. (4: 4) 


It is in agreement with the result obtained by Nishijima® and by Taketani, Machida and 


Onuma®*, 


The 4th order potential of the order f'(#/2M)°* which arises from V,* is the same 
with the two-pair term derived by Levy and by Klein”. 


bo=F(E) | 92> en ge ene 2) (2) 99 ed $9 (ry dre, 
(4-5) 
The one-pair term arising from V,* and V,° agrees with the one obtained by Klein”. 
Vig =Z(Z) | ger ray? CaP(K) (542,44) ere dnd 
(4-6) 


The corrections to the two- and the one-pair term of the order of magnitude (44/2M)? arise 
from P°and V2: 


toga E(£) {yt (r,) ge (rdf Ke “) (- 2). 7) 


2, 


x (Ko @X) +k: 2X) ) $0) HP (n)drdre (4.7) 


Vito=“(Z) | gro ng? oo r(4)2(Z)@o-2% 
x {2K (2X) +(e + )Ki@X)} 9 (rd $2 (dnd (4-8) 


Finally it is mentioned that the static corrections of the order of magnitude (4/2M)”° to 
the no-pair terms vanish. 
§ 5. Discussions 


All terms of the order higher than g‘ and (4/2M)* are neglected in the present 


calculation. The equation of motion for the state vector VY, is as follows : 
EY ,=H,? = Cg Vase Vt ea Vet Hy ) W.. (5 -1) 


. . . 5 . . . . 
The two-nucleon projection of 7, is orthonormal up to g° in this approximation. If we 
take the submatrix for the two-nucleon states, Hy-+-:- is dropped. There remains the 


equation of motion for a two-nucleon system. 


* There are some misprints in eqs. (2-8) and (2:9) of the reference 8). 
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EV, = (HytV.AV{4+V 4+V 4) &;. (5-2) 


Thus one obtains nuclear forces nonadiabatically. The neglected terms introduce the 
corrections of the order higher than g’ to the motion of the two nucleons. In order to 
get the state vector ¥ in the initial frame of reference, we have only to make the 


inverse transformation 
Cat. tee (5-3) 


We have introduced the Tani-Foldy transformation e* at the beginning for convenience. 
However, it is possible to formulate the theory without the introduction of e. In this 
case, the transformation es must be replaced by e ‘ete’, and the latter is to be 
determined directly by means of the same considerations as used above. Then the final 
Hamiltonian becomes e~*H,e, of which the two-nucleon projection must be taken subject 
to the eigenstates of Hy. 

The nonstatic corrections are easily obtained by means of the expansion in powers of 
p/2M, and will be discussed in the forthcoming paper. 

The defects of the present method are that it has not a covariant form and that the 
renormalization in the usual sense cannot be performed. This situation seems to be 
unavoidable in the cannonical transformation method in which the order of operators plays 
a significant role. On the other hand, the present method is acceptable in that the energy 
of the total system does not enter the expressions for ‘‘ potentials”. The power series 
expansion seems not to be a severe defect, because in other methods such as the Tamm- 
Dancoff approximation it is very difficult to get the actual forms of the complicated 
operators and it is performed using the power series expansion in many cases. 

The author wishes to express his sincere thanks to Professors M. Kobayasi, S. Takagi, 
Doctor K. Nishijima and his colleagues for their valuable advices and encouragement. 


Appendix 


Transformation for the quantized nucleon field 
Following formulas are given by Berger, Foldy and Osborn’) for the special case in which 


SH=PrOSOG, 6) p,, pa = A (P,) 0(P,—P,), (A-1) 
L eYO et fet yar} and pk Mer — pa gis - (A-2) 
I. if [Q%,s®]=0 
then Qe Q”, ae 
and BYR QMPMer = GRO KM QM —nte™ a0 (A-4) 
WL if = [s®, [s®, Q™ J] =0 
then S$ QMe~4 = QM + iF Os, QM], (A:5) 


If it is difficult to write down the results in a closed form, one may use the power series 
expansion. Following formulas are useful in this case : 
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[PRO ADgE®, PFOPOGO)] — GEO Ge@[ AY, p® PPO 4 GeO A, PO), 
Lee O gee Ar Be erg pry MPO OO GOGS] (A-6) 
_ PRO GRE GEE LEO! AX Be? PHQO PO GOgoge 
aot O Gre gre (AB, PMO") 4. [AP BO, POOe aaa Bo PO | 
ae PAP BE’ P&QO]} POPP 
+ p* Che f [ASB PV Oe | ot (Ae Pe \ Peg, (A: 7) 
In general 
[progre Qe Cm) AA)... Gem per)... hO, prem = GEO) Pmt)... JZ MG)... hntD] 
= PFO... GRO] AD...G™, pe)...y™| J... GO 
+::- 
PFO... Gearn { y! [AM...C@...G™, Pmt)...RO... yon] } Pa. G 
(r+1)th term 
that te (A-8) 


To construct {S‘[ ]} in the (r+1)-th term, we pick up r letters out of P,------ We, 
and attach r superscripts to them arbitrarily from (1, 2, ---, m) excluding duplication, and 
(n—r—m) superscripts (m+1, «+++ ,n—r) to the remaining, and finally sum up over 


all the possible cases. 
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The D-Wave Contribution to Pion-Nucleon Scattering 


Taiji YAMANOUCHI and Nobuyuki FUKUDA 
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(Received November 4, 1954) 


The D-wave phase shifts of the pion-nucleon scattering are calculated by the covariant perturbation 
theory, up to 4th order in the coupling constant, adopting the symmetrical pseudoscalar meson theory 
with pseudoscalar coupling, It is shown that the 2nd order calculation gives at most two degrees at 
200 Mev as D-phase shifts and the 4th order contribution can almost be neglected. This result seems 
to be consistent with the experimental analysis by Glicksman at 217 Mev. 


§ 1. Introduction 


The various conclusions drawn from the experiments on the pion-nucleon scattering 
have been based on the assumption that only the S- and the P-wave contribute to the 


scattering even at 200 Mev.” 


At somewhat higher energies, 200 Mev or more, the 
smallness of the D-phase shifts is no longer obvious. Several authors have estimated this 
contribution by the detailed analysis of the experimental angular distributions and have 
shown that it is in fact almost negligible even at more than 200 Mev,” but the accuracy 
of experiments so far performed seems to be not sufficient for drawing a definite conclusion. 

In view of these circumstances, it may be interesting to investigate the D-wave 
contribution theoretically. As is well known, the perturbation theory cannot apply at all 
to the pion-nucleon interaction, but there are some reasons that it may still apply to the 
D-wave interaction : first, because the D-wave potential will be very small and is not likely 
to give rise to resonance, and second, because the radiative effects are expected to be 
negligible in this case on account of the thin density of the meson D-wave function near 
the nucleon. The result of calculation shows that this is in fact the case. 


§2. The method of calculation 


As is well known, scattering phase shifts 0,’s are defined in terms of the eigen values 
K,’s of the reactance matrix K in the following way :* 


(—1/m) tan 04= {kEE/(27)*(E+€) { Ky, (1) 


where k is the momentum of the incident meson, and € and E are the total energies of 


the meson and nucleon, respectively. The reactance matrix K is obtained from the § 
matrix by the Cayley transformation ;” 
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Seer ae (2) 


If we denote the n-th order terms of these matrices by S$” and K™, they are given as 
follows : 


K® =iS®, G) 
K® =i8 —i/2- (S®)?. (4) 


These matrices can be transformed into diagonal form if we specify the states in 
terms of total angular momentum J, parity and isotopic spin T. 
In order to pick up the D-wave contribution from the matrix elements, we introduce 


the following projection operators for the D-states : 
D,=1/5-[2—(6-L)], (5) 
D,=1/5-(3+ (¢-L)], (6) 


where the indices express twice the total angular momentum, and LE is the orbital angular 
momentum matrix for /=2. Those terms in the matrix element which contribute to the 


D-wave scattering are only of the following two types from the 3-dimensional invariance : 
(Kyk,)?= (82/15) k,"k,” D3} Yy" (O2¢2) Yo" (8,9) teonst. , (7) 
i(O-k, x k,) (koke;) = — (47/15) ky’h,” (V2 (859) «+- Yo" (Oss) ) (8) 
Y" (9,9,) 
x (6-L) - : 
| Y, (6,¢,) 
The constant term in the right hand side contributes to the S-wave scattering. Using 
these formulae, the D-wave eigen-values of the K and S matrices are easily obtained. 


The results of the 2nd order calculation have already been published by one of the authors 


(N.F.) and others.” 
§3. The fourth order calculation 


The 4th order Feynman diagrams for the pion-nucleon scattering are given in Fig. 1. 


(me carne 
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First, we shall calculate the self-energy (S) and vertex corrections (V), and then the 
convergent terms (C). The mass and charge renormalization has been performed according 
to the Dyson prescription. 

a) Self-energy and vertex terms 

In general, the matrix elements for the pion-nucleon scattering can be written in the 


following form (the Dirac equation being used) : 


wiki) =—-(£) 7.9) | Me +o | 


k 
1 
x yk (p) dF (k’) d; (A) (9) 
where W=E-+6&. For the S-term, 
TY =3tit,, 
1 / 
F =| d ion 12a A fa log (1 st2) 
AY. pears °a( Lae, Magee ea a °8( bay 


Teg! i \ mi. 
at+x prJo A ; 
where A= (Mu + 2 (1—u)) /2Ru(1—u), x=cos 0, 
a= (2E€— p) /2k’, na=k/p. 


For the V-terms, we obtain 


CEP? as 27,7; > 


ak oh ee : “y: (i) ’ 


G,.(0) =- fie | at u log(1 +2#*) 


aight hin) 


We have made some approximation in the above calculations, but the accuracy is rather 
good, The D-wave eigen-values of these K matrices are given as follows : 


= oe ae a 
Ky= Ki pyr | ue 1)o +f . 


87 1 
Keener) 


15 pn a\M 
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K= —2K,5 , 
K,= —2K,s, 


are] 


where f, and g, denote the n-th coefficients in the Legendre expansion of F(@) and G(@), 
respectively. The higher order terms of p=j2/M are neglected. Care should be taken 
in calculating the f,’s and g,’s, because large cancellations occur in themselves. 

b) The convergent terms 

The calculation of C, and C, is very complicated, and especially in the case of C,, 
the pole appears in the matrix element of S matrix expressing the effect of radiation 
damping. This effect is eliminated in K matrix by the second term in (4). 

In this case, the unknown functions in (9) are given as follows : 


DT tet 20;, fe C, 
=7,7;+ 20;; Sor C, 
Z 1 1 
FO) =| atdu (odo [dy PHA QCD) 
0 0 0 A ae 


c 


G(6) =| di [ eae { d¢ 4) Pet Re Dy 
0 0 0 wal, ue 


where (-+) corresponds to C, and C,, respectively, and 
A, == u(1—u) vwx+u'v (1—v) (1—») (1—x) 
2E&(1—u) —pe 


+ . uvw + Au(1—u) for Ga, 
* 2k 
— —y4(1—u) w+ vv (1—v) (1—») (1—%) 
ees) Ly tae for. (GP, 
2k° 


Q(u, v, ») =# {1— (1—u) vw} x+u'v (1—v) (1—») (1—x) 


+fBa-9 flew EAE ee ce 
= —w {1+ (1—u) v9} +u'v(1—v) (1—w) (1—x) 
-a- u) +6 Hom (Fe os * 1) ha foe CM 
R(u, v, w) = Quy —wonx+u'v (1—v) (1—») (1—x) 
— (Flow ¥) u! fore (Cz; 
= Quw+wow+uv (1—v) (1—») (1—x) 
+(F vw + Me Suey 
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The numerical calculation of these integrals are very difficult, and we were obliged to make 
many approximations, so the accuracy in this case is not so good compared with those in a). 
The D-phase shifts P.~., thus calculated are given in Table 1. The second order 


results are given for comparison. 


Table 1. D-phase shifts. The first index in f’s refers to twice the total isotopic spin and the second to twice 
the total angular momentum. The energy values in the bracket are given in the laboratory system. f°/4z=15 


Ee 


~” | 1.5 (~170 Mev) | 2.0 (~270 Mev) | 2.5 (~400 Mev) 0, 2.0 2.5 
Bis —0.0P | 0.0% 0.3% ber 0.0? Jip =—O6°A | —D.0% +0.1° +0.5° +1.5° 
B33 +0.1 +0.0 +0.6 +0.1 +1.2 +0.1 +0.0 +0.2 +0.6 
Bis +01 +0.0 +1.1 +0.1 +2.3 +0.2 —0.0 —0.0 —0.3 
Bas —02 —0.0 —22 —0.1 —4.6 —0.3 —0.0 —0.0 -0.1 

Graph 2-nd | S4V | 2-nd S4V 2-nd S+V Convergent term 


§ 4. Concluding remarks 


The 4th order D-phase shifts of the the pion-nucleon scattering are calculated, using 
the pseudoscalar meson theory with pseudoscalar coupling, and are compared with the 
second order results. They amount only to one tenth of the latter values. The radiative 
interactions always tend to make the nucleon spread, and it seems at first sight that the higher 
order D-phase shifts may become rather large compared with the second order ones. In 
the case of pseudoscalar coupling, however, the spreading of the nfcleon is very small, 
probably, of the order of the nucleon Compton wave length. This fact is also seen in 
the case of anomalous magnetic moment of the nucleon. Thus the higher order effects 
would appear only at considerably higher energies. 

The D-phase shifts are at most two degrees even at 200 Mev. This theoretical 
prediction is also consistent with the recent experimental results. 
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The Energy Balance of Cosmic Rays 
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(Received January 5, 1955) 


The energy dissipated by the vertical flux of cosmic rays at three geomagnetic latitudes (A=56°, 
28° and 3°) are studied. Comparing this result with the incident energy obtained from the intensity 
measurements at the free atmosphere, we find the difference of about thirty percent which is nearly 
independent of the latitude. It is shown that this difference may be attributed to the low energy 
particles which cause the albedo efect near the top of the atmosphere. On the other hand, an 
alternative interpretation that the difference could be imputed to heavy unstable particles, especially 
K particles, may arise. We also examine this possibility and find out that all of the difference can 
not be ascribed to K particles. Taking account of the low energy particles, we can conclude that the 
energy balance is consistent with our present knowledge. 

Moreover we find the energy ratios of neutral to charged x mesons to be 0.57+0.07, 0.440.07 
and 0.36-£0.08 at 4=56°, 28° and 3° respectively. 


§ 1. Introduction 


In 1948, Rossi’ investigated the energy balance of cosmic rays. Unfortunately, it 
was difficult to obtain a reliable result at that time, because of the scarcity of knowledge 
on the cosmic ray flux in the atmosphere higher than 10 Km, on the decay mode of 7 
and /t mesons and on the neutral 7 mesons. Recently, Puppi” has attacked the same problem. 
For the total energy loss in the atmosphere, he revised Rossi’s estimates on the collision 
loss of 2 mesons in the atmosphere, on the energy dissipated by decay products of /£ mesons, 
on the energy loss by nuclear disintegrations and on the correction due to the angular 
distributions for the total energy of the secondary radiation, and added the neutrino loss in 
the decay of 7 and / mesons. However, he failed to obtain a decisive conclusion, since 
he did not estimate the energy of heavy primaries precisely and ignored the statistical error 
through his work. Therefore, it may be worthwhile to reinvestigate the energy balance 
and to discuss some problems, for example, the energy ratio of neutral to charged 7 mesons 
and the contribution from K particles to the cosmic ray energy. Since the electron-photon 
component is generated through the conversion of neutral 7 mesons and #4 mesons, and 
since /4 mesons are created through the decay of charged 2 mesons, the energies of neutral 
pions and charged ones are easily computed from the energies of the electronic component 
and the # component. One could evaluate the upper limit of charged secondaries of K 
particles, if the energy difference between the total incident energy and the total energy loss 
was due to neutrinos in the decay of K particles. 

Our analysis is carried out for three latitudes, 3°, 28°, and 56°, because it may be 
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assumed that these are representative of the latitude effect and also there exist experimental 


data available. 


§2. The total energy loss and the total incident energy 


data of Pullar and 
data of Vidale and Schein” though their measure- 


ment seems less accurate than that of Pullar and Dymond. For A=3° the data of 


56°, our analysis on the energy loss was based on the 


At A= 


Dymond”. 


28°, we used the 


ING ih 


were adopted. 
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The vertical intensity of cosmic rays 
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The hard component is constituted of the 4 and nucleon components. 


of the momentum spectra” 


bursts we are able to obtain the intensity vs altitude relation of hard protons as shown in 


We find the absorption mean free paths of the hard proton in the 


la, 2a and 3a. 
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From the momentum spectra” of protons and the latitude effect” of neutron intensities we 


can derive the intensity of the soft proton 


vs altitude curves as illustrated in Figs. 1b, 2b 


and 3b. We find the absorption mean free paths of the soft proton component in the 
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with momenta smaller than 270 Mev/c (sm) ; electrons with momenta smaller than 220 Mev/c (sm) ; electrons 
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240 gcm™*, 340 gcm™ and 340 gcm~ respectively. Subtracting the proton and the /# 
component from the total soft component, we obtain the electron component. 

Integrating the vertical intensity of each component over the thickness of air from the 
top of atmosphere to the sea level, we obtain the track lengths in the atmosphere for the 
various components of cosmic rays as given in Table I. The errors indicated are probable errors. 


@ 


Table I. Track lengths in the atmosphere for the various components of cosmic rays. 


Component Track length (g cm sec™! sterad-!) 

R=56" A=28° A=3> 

All ionizing particles, range R=>5 gcm7? brass 1603 12523 10043 
Protons, 5 gcm~* brass < R< 100g cm™~ air 9251 Yet oye =i 
Protons, R= 100 gcm~ air 15a52 13Ss0 LTSer 
# mesons, 5 gcm~ brass < R< 100 gcm™ air 81 ata. 641 
yj mesons, R= 100 gcm™ air 31253 27253 24+3 
Electrons (by difference) R=5 gcm7* brass 9745 7145 545 
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2.2 The energy of the proton component 


The average collision loss of protons with range R = 100 gem~ of air is taken as 
equal to 2 Mev per gcm™*. The average collision loss of protons with R between 5 gcm~* 
of brass and 100 gcm™~ of air is shown to be 6 Mev per gcm~ by averaging the ioni- 
zation loss over the momentum range. Then, the collision losses of protons with 
R= 100gcm™ of air are equal to the track lengths of them multiplied by 2 Mev; te. 
30 Mev, 26 Mev and 22 Mev per cm” sec sterad. at 2=56°, 28° and 3° respectively. 
Similarly, the collision losses of protons with R between 5 gcm~ of brass and 100 gem” 
of air are 54 Mev, 42 Mev and 30 Mev per cm’ sec sterad. respectively. 


2-3 The energy of the 2 meson component 


For hard 2 mesons in air the rate of dissipation of energies by collisions may be 
considered as independent of energy and equal to 2 Mev per gcm™, so that the collision 
loss of the hard meson component is represented by the expression : 


1030 
| easels 2 I” (x) dx Mev cm™~* sec™! sterad.~" , 
0 


where I,” is the vertical intensity of hard # mesons and x the atmospheric depth. 

In the high energy region, the total energy released by the mesons due to decays 
in a layer of air of one gcm~~ does not depend on the energy distribution Of , 2 mesons 
and is equal to m,c/tp times the number of incident mesons, where m,c’ is the rest 
energy of a /4 meson, 7 the life time of muons and p(x) the density of air as is given 
by Rossi” as a function of the atmospheric depth x. Therefore, the decay loss of the 


hard j2 meson is given by the expression 
1030 re 
kG”) == c/ -| [1,%™ (x) /(e (x) ] dx Mev cm™~ sec~’ sterad~’, 
0 


The average energy loss by collision of soft 4 mesons is given by the maximum 
kinetic energy of the soft muons (E,,=220 Mev) divided by the corresponding range 
(R,=98 gcm™*), when it is assumed that the differential range spectrum of #2 mesons is 
flat between 0 and 100 gcm™ at all altitudes and latitudes. Therefore, the collision loss 
of the soft s£ meson component is the product of 2.2 Mev per g cm™~* and track length. 
Under the same assumption of a uniform distribution in range, the decay loss kf” of 
soft muons becomes to 1.2 (m,c/T) 5x LL." (x) / (x) |x, where L,°” (x) is the vertical 
intensity of soft /4 mesons at the atmospheric depth x. 

Last, one has to consider the /4 mesons which are brought to rest in air and sub- 
sequently disintegrate or disappear by nuclear absorption. The energy AG through 
this process is given by the track length of soft #4 mesons multiplied by myc/Rn- 

We used the same procedure as Rossi’’ but only revised the meson mass from 190 m, 


to 207 m,. The energy losses of /¢ mesons are listed in Table I]. The indicated errors 


are probable errors. 


210 H. Komori 


Table II. Energy losses of 4 mesons, in Mev cm=2 sec~! sterad~!. 


156, A—255 ,=s 

Collision loss | 

Hard mesons in the atmosphere 62+6 | 54+5 48+5 

Hard mesons underground 3744 3744 3744 

Soft mesons in the atmosphere 18+3 15222 13=-2 
Decay loss in the atmosphere 

Hard mesons 160415 14015 120+15 

Soft mesons ieee, 669 5649 

Mesons at rest Ore 841 6+1 
Total energy loss 360+20 | 32020 | 28020 


i ——— 


2.4 The energy of the electron component 


The electron component is produced by the collision and the decay of ## mesons and 
the decay of neutral 7 mesons. The soft component, as it is detected through an absorber 
of thickness 5 gcm™” of brass that covers the sensitive volume of counters, contains 
electrons of practically all energies above 10 Mev, / mesons with momenta between 70 Mev/c 
and 280 Mev/c, protons with momenta between 400 Mev/c and 1 Gev/c. Besides the 
electrons with energy larger than 10 Mev, we also consider the electrons whose energies 
are lower than 10 Mev, though their contribution is small. 

From the number of electrons with energy larger than a given value incident upon 
one squate centimeter, it is possible to calculate the energy dissipated in one gram of air 
by electrons of all energies. If we consider electrons traversing in the vertical direction 


11) 


and use the results of Rossi and Klapman'”, we obtain the following relation : 


kO = 3-3 1, Mev g™' sec”! sterad.~' for electrons with energies larger than 10 Mev 
=2-3 I Mev g™ sec”! sterad.~' for electrons with energies smaller than 10 Mev. 


where I"? and I," are the vertical intensities of high and low energy electrons and k® 
is the energy loss per gram second steradian of electrons. 

Since we have no direct method to measure the vertical intensity of electrons with 
energy smaller than 10 Mev, we derive it from the energy spectrum of electrons. According 


to Baroni et al”. and Chou", the differential energy spectrum N(E)dE is represented as 
follows : 


N(E)dE «x (E+E,)~'® 6 Mev < E < 300 Mev 
okie 300 Mev ~ E < 2 Gey, 


where E, is a constant. 


Therefore the contribution of low energy electrons with energy smaller than 10 Mey of 
those is at most 10 percent. Thus, the total energy losses of the electron component in 
the atmosphere can be computed by integrating & over the atmospheric depth. They 
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are 340-+20 Mev, 250-+20 Mev and 190-+4+20 Mev per cm” sec sterad. respectively. The 
errors represent probable errors. 


2.5 Estimate of the influence of the angular spread on the total energy of the secondary radiation 
observed in the vertical direction 


This estimation is already given by Rossi’. Since the average energies of primary 
cosmic rays are 5 Gev, 17 Gev and 25 Gev at the respective latitudes, the values of f, 
which represent the velocity of the two nucleons in the c.m.s. are 0.84, 0.98 and 0.99 
respectively. From the equation (A12) in ref. (1) the energies (per second steradian) of the 
secondary particles projected vertically downward by all primary rays incident upon one 
square centimeter of the atmosphere are 16 percent, 2 percent and 1 percent smaller than 
the energies (per second steradian) of all the secondary particles produced by primary 


rays incident vertically upon one square centimeter of the atmosphere. 


2.6 The energy loss by nuclear disintegrations 


The nuclear disintegration is caused by neutrons and protons in the atmosphere. The 
intensity of neutrons in the atmosphere is 7.1 cm? sec7? ® at A=56°, the intensities at 
other latitudes are easily obtained from the latitude effect”. It is presumed"? that there 
are equal number of neutrons and protons in the atmosphere and that on the average, 
two and half neutrons and two protons are emitted with the energy of 10 Mev each per 
disintegration. Hence, the energy of emitted particles in one disintegration is 45 Mev on 
the average. If we assume the angular distribution of emitted particles to be isotropic, 
however, this assumption leads at most to an error of about 15 percent”, and the energy 
losses by nuclear disintegrations are immediately calculated. The results are 200 -+40 Mev, 
81-416 Mev and 57 +12 Mev per cm” sec sterad. respectively. The indicated errors are 


systematic and probable errors. 
2.7. Neutrino loss in the decay of ™ and 4 mesons 


If the angular distribution of the / mesons in the s—p decay is isotropic in the 
c.m.s. and the mass of z and 2 mesons is 273 m, and 207 m, the ratio between the 
energy of the 7 meson and the average energy of the /4 meson is equal to 1.27. Then, 
in this case, 0.27 times the ss meson energy goes to the neutrino. The energies of neutrinos 
in the t—yt decay are 97+5 Mev, 86-5 Mev and 76-45 Mev per cm’ sec sterad. 
respectively. The errors represent probable errors. 

Since the energy of the electron in the —e decay is 36 Mev on the average in the 
c.m.s., the ratio E,/E, between the energy of electrons and the / mesons is equal to 
36/ Myc = 0.34. Then, 0.66 times the “4 meson energy goes to the neutrino. The energies 
of neutrinos in the jz—e decay are 240 -+10 Mev, 210 +10 Mev and 180+10 Mev per 


cm? sec sterad. respectively. The errors show probable errors. 
2-8 The energy ratio between the neutral and charged 7 mesons 


Since the electron-photon component is partially given by the #2 meson due to its 


collision and decay processes, and since in the decay the #4 mesons lose their energies equal 
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to 240-++20 Mey, 210 4-20 Mev and 180 +20 Mev per cm” sec sterad. respectively, and also 
0.34 times the above energies are transferred to electrons, one obtains 260 +30 Mev, 
180 -- 30 Mev and 130-+30 Mev per cm” sec sterad. for the energies of electron-photon 
component which are caused by another reason (see Table IL and section 2.4). 
Considering that this remaining electron-photon component is generated through the 
conversion of neutral = mesons, we find the values 260+30 Mev, 180+30 Mev and 
130 + 30 Mev per cm” sec sterad. for the energies transferred into neutral < mesons in the 
atmosphere. The corresponding data for charged = mesons are deduced from the value of 
the energy transfer to the /s mesons, taking into account that in the 7—/# decay the 
ratio between the energy of the 7 meson and the average energy of the /# meson is equal 
to 1.27. Thus the energies brought into charged = mesons are 460+30 Mev, 410+30 
Mev and 360+30 Mev per cm” sec sterad. respectively. Therefore, the energy ratios of 
neutral to charged = mesons are 0.57+0.07, 0.4410.07 and 0.36+0.08 respectively. 


The errors indicated are probable errors. 
2.9 The incident flux 


The incident energy of protons is deduced from integrating the energy spectrum of 


16) 


Winckler and co-workers’ over the energy above the geomagnetic cut-off energy. Comparing 


™18) we can decrease the error smaller than the 


their total flux with other experimental data 
case of single datum. Putting the geomagnetic cut-off energies to be equal to 1 Gev, 8 
Gev and 14 Gev respectively, one obtains the incident energies of protons 1400+ 60Mev, 
850-+30 Mev per cm” sec sterad. at A=56°, 28° and 3° respectively. We have to 
consider not only protons but also heavy primary particles. From the data given by Peters’, 
one gets the energies brought about by the incident primary heavy particles 510 +20 Mev, 
300 +20 Mev and 230-+20 Mev per cm* sec sterad. respectively. Then, the total incident 
energies of cosmic rays are 1910+60 Mev, 1150+40 Mev and 890+40 Mev per cm” 
sec sterad. respectively. The indicated errors are standard errors. 


Table II. Estimates of the total energy of cosmic rays, in Mev cm-? sec~! sterad—!. 


cm sec~! sterad-}, A=56° A=28° A=3° 
Collision loss of protons 5 g cm=? brass < R< 100 g cm? air 546 | 426 30-46 
Collision loss of protons R= 100 gcm~ air 30-44 26-2 222 
Collision loss of 4 mesons in the atmosphere 80+7 69-55 61-5 
Collision loss of 4 mesons underground 3724 3744 37+4 
Collision loss of electrons 340420 25020 190-20 
Sum of the above collision losses 54020 420+ 20 340+ 20 
Correction due to angular spread 863 8 3 
Energy loss by nuclear disintegrations 200+40 8116 d7=E12 
Neutrino loss in the decay of z mesons Dyes 865 765 
Neutrino loss in the decay of j mesons 240-10 210+10 180+10 
Total energy loss 1200+ 100 810-£50 66040 
Total incident energy 1910-460 1150+40 880+ 40 


2s OE 
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As we shall discuss in § 3, it should be noted that the total incident flux may include 
the radiation of energies lower than the geomagnetic cut-off energy. 

The energy dissipated in the. atmosphere and underground and the incident energy 
are tabulated in Table III. The errors of the total energy loss represent standard errors. 


§ 3. Discussion 


From Table III, it is noted that there exists a considerable difference between the 
total incident energy and the total energy loss. We find the differences 710 +120 Mev, 
340 +50 Mev and 220-£50 Mev per cm” sec sterad. respectively. 

On the estimate of the total incident energy in Table III, we have adopted the 
specttum of Winckler et al.’ which was derived from the direct measurements of the 
vertical flux near the top of the atmosphere at the various latitudes, assuming that no 
particles of energies less than the geomagnetic cut-off energy E, are included. In the 
actual flux, however, it is reasonable to expect that the stray particles of energies lower than 
E, which cause the albedo effect near the top of the atmosphere may be contained. If it is 
so, our total incident energy given in Table III comes to be an overestimate. Thus, the 
difference between the total incident energy and the total energy loss may be attributed to 
the low energy particles. This amounts to 37-47 percent, 30+4 percent and 25+6 
percent of the total incident energy at A=56°, 28° and 3° respectively. The average 
value is 31-46 percent. The errors indicated are standard errors. 

In the range-ionization measurements at a rocket altitude, Perlow and co-workers” 
have shown that the albedo particles* caused by the low energy radiation amount to 15 
percent of the incoming charged particles at A=41°. On the other hand, according to 
Winckler and Anderson”, the splash albedo has been determined, at /=40° at a depth 
oir 2S) g cm below the top of the atmosphere, to be not more than 5 percent of the 
incident flux for particles of v/c > 0.7 in any upward direction. Concerning this point, 
that there exists a difference of a factor of two between the total incident energy obtained 
from the energy spectrum and the ionization measurements in the atmosphere, has been 
pointed out by Neher”. Taking account not only of ionization losses but also of neutral 
losses, we find this difference to be reduced by about thirty percent. Therefore, the 
argument of Winckler and Anderson”, that a 10—30 percent difference which comes from 
a comparison of the vertical telescope balloon or rocket data with the ionization measure- 
ments of Neher may be accounted for by the lower energy particles, is in agreement with 
our analysis. Although they observed the splash albedo with the velocity greater than 0.7 
at the depth of 25 gcm™” air, we suppose that they might obtain a larger albedo effect 


* Note added in proof. There is another evidence for the albedo effect, that is, a spray phenomenon. 
It was investigated, for example, by Critchfield et al. at the altitude of 18 millibars of air. According to 
them, the ratio of the horizontal to the vertical flux is 1.8 +0.7~1.8 =a A oo Considering that the 
thickness of ait thereat is smaller than one radiation length of it, this result seems to indicate that there ar 
considerable amounts of low energy particles moving obliquely near the top of atmosphere. 


Critchfield, Ney Bd Oleksa, Phys. Rev. 85 (1952), 461. 
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if they could observe it at a much higher altitude and investigate slower particles. 

Hence, it seems to us reasonable that the total incoming charged particles include the 
low energy radiation of order of 10 percent. 

Next, the problem may arise whether the energy difference can be ascribed to the K 
particles. We can estimate the energy of the charged particles associated with the decay 
of K particles when we attribute the difference to the neutrinos in the decay of K particles. 
It seems worthwhile to study the contribution of K particles for extracting their fundamental 
nature, though such a discussion is quite tentative.* 

We follow the conventional nomenclature” and take the K particle, at least one of 


whose decay products is neutrino. 


(1) The two body decay 


We shall consider the case that the K particle decays into a light meson (7 or /# 


meson) and a neutrino. 


K->L+y. 


Taking the mass ratio mg/m, of the heavy and light mesons equal to n(3<n<5), 
one finds (n’+1)/(n°—1) times the energy of neutrino goes into the light meson on 
the average”. This range of n includes both the y and K, particles. If all the previous 
difference is imputed to the neutrino in the decay of K particles, the energics which go 
into the light mesons amount to about 710(n°+ 1) /(n°—1) Mev, 340(n°+1) /(n"—1) Mev 
and 220(n’+1)/(n"—1) Mev per cm” sec sterad. at A=56°, 28° and 3° respectively. 
Hence, it follows that we estimate a too large production cross section for the K particle 
since we attributed the difference, which amounts to several times the neutrino loss in the 


decay of 7 mesons, to that in the decay of the K particles. 


(2) The three body decay 


In this case we assume that the K particle decays into a light meson (probably yu 
meson) and two neutrinos. 


K> L+y-+p’!, 


Assuming the mass of K particles is equal to 900—1400 m, and calculating the final 
density of this process, one finds that the average energy ratio a between the L meson 
and K particle is 0.35—0.38. Then, attributing all the difference in Table III to the 


* Note added in proof. The contribution of K mesons has recently been evaluated by Benzi, with the 
assumption that about one-third of the energy of primary nucleons with energy larger than 5 Gev is dissipat- 
ed by producing K mesons. He has taken account of the K meson which decays into a 4% meson and two 
neutrinos, and has derived the conclusion that 20 percent difference between the incident energy and the 
energy loss in the atmosphere could be anyhow ascribed to the experimental error. However, his result 


seems to be not so conclusive, because we have not yet enough data on the production of K mesons and 
further the statistical error was not estimated in his result. 


V. Benzi, Nuovo Cim. 11 (1954), 686. 
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two neutrinos in the decay of K particles, one obtains the result that energies which go 
to the L mesons amount to about 710a/(1—a)Mev, 340a/(1—a) Mev and 220a/(1—a) 
Mev per cm” sec sterad. respectively. The same notice on the production cross section for 
the K particle applies to this case. These results are summarized in Table IV. 


Table IV. The energy in Mev cm sec~! sterad.-! which goes to the charged secondaries associated with 
the decay of K particles when all the energy difference is assumed to be the neutrino loss in the 
decay of K particles. 


== = ——————E ; = - 
Decay mode | 4=56° A= 28" | A=3° Remark 
K—->L+y 710(n2+1)/(n?—1) | 340(n? +1) /(n?—-1) 220(n?+1)/(n?—1) 3<n<5, melmp=n 
K—>L+y+y/ 710a/(1—a) 340a/(1—a) 220a/(1—a) a=0.35—0.38 


for mp =900—1400m. 
Taking the ss meson as a light meson, for example, we obtain in the case (1) the 
j4 meson energies being about 800 Mev, 380 Mev and 250 Mev per cm* sec sterad. at 
A=56°, 28° and 3°, and in the case (2) the 2 meson energies being about 420 Mev, 
200 Mev and 130 Mev per cm’ sec sterad. respectively. These values are comparable with 
the reasonable j2 meson energies estimated in § 2. 3. This suggests that the initial 


assumption is wrong. Namely, all the energy difference can not be ascribed to K particles. 


§ 4. Conclusion 


We have analysed the cosmic ray energy and clarified that there is a difference exceeding 
the statistical error between the total incident energy and the total energy loss. It is very 
natural to attribute the above difference to the low energy particles which cause the albedo 
effect near the top of the atmosphere. If it is so, it amounts to about thirty percent at 
each latitude. 

On the other hand, we have also investigated thé contribution of K particles when 
we ascribed the difference to the neutrinos associated with the decay of K particles and 
have shown that all the difference can not be imputed to K particles. 

We have found that the energy ratios of neutral to charged 7 mesons are 0.57 + 
0.07, 0.44+0.07 and 0.36+0.08 at the respective latitudes. 

The author wishes to express his cordial thanks to Dr. Y. Fujimoto, Prof. S. Hayakawa, 
Mr. H. Hasegawa and Dr. S. Ogawa for their valuable comments. He is also indebted 
to the “ Yukawa Yomiuri Fellowship ” for the financial aid. 
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Letters to the Editor 


An Example of Five- 


Dimensional Field 


Takao Yamamoto 


Department of Physics, Hirosaki University 


December 10, 1954 


In order to deduce the variety of elementary 
particles, there have been proposed several attempts 
concerned with the higher dimensional fields.) One 
of the simplest types is obtained as follows: 

Besides the ordinary space time (xj, x2, x3, xs=it), 
the fifth real coordinate x;(— ©, +09) is introduced, 
and the equation of motion for Fermion is assumed 
as 


5 
( Zz %0/Ox, + x5) P=0, (1) 


where y,’s are the Dirac spin matrices and ¢ is the 
spinor with four components. Putting, for the free 


particles, 
a= ta (xs) expli(px—Et)], a=1, 2, 3,4, (2) 
we get the equations for u_ (x5) 
(pi— ips) us + (p3—9/Ax5) uz + (—E+ x5) 11 =0, 
(pit ips) u3+ (—ps—9/Ox5) ust (—E+ x5) un = 0, 
— (pi— ip) ua t+ (—p3—0/0%5) ui + (E+ x5) us =0, 


—(pitips) m+ (p3—0/Ox5) ua t+ (E+ x5) us=0. 
(3) 


Now if we put 
Ug (x5) =dgll, (x5) + beAns1 (x5) > (4) 
where H,,(x;) stands for the normalized Hermite 
function 
Hy (x) = (21/22"n!) “1? (— 1) nexp (2/2) 
Plexp(osijaen (8) 
which has the following properties : 
xHy= (n[2) 42H pat [n+ 1)/2]'? Anat, 
Hy! = (n[2) V2 a — (n+ 1) /2]'P Assy 
we can determine the coefficients ay and 6, with the 


eigenvalues 


2—p?=2n+2, n=0, 1, 2°. (7) 


It should be noted that the operator (7;0/0x5+xs) 
is not a diagonal operator but only the expression 
(7) has the physical meaning corresponding to 
masses. To each of these mass-states belong the 
four independent solutions, corresponding to the 
energy-eigenvalues E=-(p®+m?*)'/? and two spin 
states; they are for instance 


uyN= (E+p3tm)Hn+ (E—ps+m) Ana, 
uN = (pit ips) (Hn»—HAn+1), 

usN= (E+pstm)Hn— (E—pst+m) Ans, 
usN= (pi+ips) (Hn+ Anas), 

usN= (pi-ip2) (Hn—Hns), 
uxN=(E—p3+m)HA,+ (E+p3+m) Anan, 
ugN = (pi—ip2) (Hn+ Ans), 
usN=(E—p3t+m)Hn—(E+pst+m) Ana, 
uyN=(|E|—pst+m)Hn— (\E|+p3+m) Ana, 
uN =— (pitips) (Ant+HAns1), 

usN = (|E|—ps+m)Hnt (\E|+ps+m) Ana, 
usN=— (pi +ipo) (Hn—HAnss), 

uyN=— (pi-—ip2) (An + Ans), 

uxN= (\E|+p3+m) H,— (|E|—pst+m) Ans, 
ugN= — ( pi—ip2) (An— H+), 

usN= (|E|+ps+m) H+ (\E|—pst m) Anat» 
where m=(2n+2)"2 and N= {8|E|({E|+m)}1?. 


Then on analogy of (1), the Lagrangian density 
for Boson fields is assumed as 


L=—1/2 3] (0A, /Oxy)?—1/2 (x545)*, (9) 
BY 


from which follows the equation of motion, 
Pa 0°A,, Ox," —Oy5x5-45=0, (10) 
v= 

where A,..A4 cotrespond to the electromagnetic 


field and A, to the meson field. As the solution 


of the latter we have 


As= Hy (xs) expli(px— Et) | (11) 
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with the mass-eigenvalues 


m= (2n+1)!/?, n=O, 1, Lr (12) 


Now it seems reasonable to assume the interaction 


Lagrangian in the unified form 
GD. ty4,)¢. (13) 
p=l 


The detailed calculations including the interaction 

and the field quantization are now being carried out. 
This work is indebted to the Scientific Research 

Expenditure of the Ministry of Education. 
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Nonstatic Corrections to the Fourth 
Order Nuclear Forces 


Junji Iwadare 


Department of Physics, Kyoto University 
February 10, 1955 


The low energy properties of the two-nucleon 
system are found to be well explained by means of 
the 2nd plus 4th order static potentials in the Ps( pv) 
theory (or the 2nd plus 4th order static no-pair 
potentials in the Ps(ps) theory).) Therefore, it 
is important to investigate higher order corrections 
and nonstatic corrections systematically. The higher 
order corrections have been investigated by many 
authors.”)) Here the preliminary results for the 
nonstatic corrections are reported. To calculate 
these corrections we use the canonical transformation 
method which diagonalizes the total Hamiltonian 
including the free nucleon part.) We expand the 
nonstatic contribution in powers of (p/2M), and the 
terms of order of magnitude (/2M)4 (and (n/2M)5 
for no-pair terms) are evaluated in the Ps( ps) theory. 
Among many terms there appear velocity independent 
terms and L-S forces, which are listed in the 
following with the corresponding static corrections 
to the leading terms obtained by Klein®), 


Here we use the abbreviations 
x=yp(ri—r2), 
Si2= (3(o) -x) (6 ©) -x) /x?—(o") -o )), 
and 
L-S=(o6\)/2-xx (pit pi’) /2 
—o)/2-xX (pot+ps’)/2), 


where p and p/ must be understood as the differential 
operators standing at the right-hand and left-hand 


ends respectively. 
A) Two-pair terms 
Static term: 


~ (g?/4n)2(u/2M)4(¢ -®) (2/n) 
1 1 
2 {5 Ko(2x) +k (2x) } - 


Nonstatic term: 


u(9°/477)° (4/2M ) 43 (2/7) 
5 i 5 2 
- {> Ko(2x) +(2+) Kan} 
L-S term: 
u(9°/47)* (n/2M )4-6 (2/7) 
-{“Ko2x) + Ki of ES, 
x x 
B) One-pair terms 


Static term: 


2(9°/472)* (4/2M ) 42 (¢\ -¢@)) (2/7) 
5 =] 2 
: { ~ Ko(2x) it +=) Kin} 
x x x 
Nonstatic term: 
— “(9°/47)? (u/2M ) 43 (2/z) 
23 4 “ 23 a he 
{(S+f)sane (+2) 
L-S terms: 
— a(9°/47)* (u/2M )46 (2/7) 
Zz 
: 7 Ko(2x) yen (2x)} L-S. 
x x 
C) No-pair terms 


Static term: 0. 


Nonstatic term: 


Letters to 


192/472)? (2/2M {3 +2( 2) - 2 )} 


Ls= 36° 30 wz: 3 1 
-{ weg eg a No 
x6 xD xt og og x 


9 ESD lOnuere: Z 
- (1) og (2 — Poa in eee a a ee) 
+2/3-(¢) -¢ (— a 7 an 2 A +— Ye 2X 


1 Coes Oo eS mde 2 
2g ,( 143647844 2 Jonah 
) ns x x 


x6 Loiherng’ 


L-S term: 0. 


Two-pair terms are all small. The one-pair 
nonstatic term is large enough to suppress the strong 
repulsive potential which arises from the leading 
term derived by Klein.» If we do not take into 
account the suppression cf the pair formation, the 
L-S forces from two- and one-pair terms cancel out. 
If the coupling through the pair formation is damped, 
there remains a L-S force with the favorable sign. 
But its magnitude is at most a few tenths of that 
of the central potential. The nonstatic correction 
to no-pair potentials will affect the feature of the 
potentials for triplet states. No E-S forces can be 
found in no-pair terms to this approximation). 
To this order ((/2M)5) the no-pair terms in the 
Ps(ps) theory are equivalent to those in the Ps( pv) 
theory. 

Since the validity of the power series expansion 
used is not certain, nothing can be said conclusively. 


1) Fujii, Iwadare, Otsuki, Taketani, Tani and 
Watari, Prog. Theor. Phys. 11 (1954), 11. 

2) K. A. Brueckner and K. M. Watson, Phys. 
Rev. 92 (1953), 1023. 

3) E. M. Henley and M. A. Ruderman, Phys. 
Rey. 92 (1953), 1036. 
A. Klein, Phys. Rev. 91 (1953), 740; 92 
(1953), 1017. 
S. Machida and K. Semba, Soryusiron Kenkyu 
(mimeographed circular in Japanese) 6 (1953), 
1310. 
K. Semba, A. Omae and A. Kadota, ibid. 7 
(1953), 249. 

4) J. Iwadare, to be published. 

5) A. Klein, Phys. Rev. 90 (1953), 1101. 

6) K. Nishijima and M. Shindo, Prog. Theor. 
Phys. 13 (1955), 103. 
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Ward's Identity in Neutral Scalar 
Meson-Nucleon System 


Kichiro Hiida and Shigeru Machida 


Department of Physics, University of Hiroshima 


February 18, 1955 


It is the object of this short note to point out 
the existence of “ Ward’s Identity ” in neutral scalar 
meson-nucleon system with scalar coupling.!) All 
the notations are almost the same as those used by 
Dyson”) in quantum electrodynamics. 

The renormalization constant of a nucleon propa- 
gator is given by 

Z.=1+B/2z, (1) 
B= (03*(k)/0x) 2=0, (2) 
where x=yh—iM, S\*(&) is the irreducible self-energy 
part of a nucleon with four momentum k, M is the 
mass of a nucleon and the differentiation is performed 
as though x were a c-number. 

On the other hand, the vertex operator without 

momentum transfer, including radiative corrections, 


is given by 
T'(k, ky) =— (1/27) OS7r/4(k)/OM, (3) 


where Sj/(k) is the propagator of a nucleon with 
momentum &, including all self-energy parts. Insert- 


ing 
Sp!!(k) =Se1(k) —Da*(k) 
into (3), we have 
Ih, k) =i[1—Gi/2x) (OZY*(k)/2M) J 
=i[1—(i/2z) (0x/9M) (OD1*(k)/0x) | 
=i[1—(1/2m) (@S0*(k)/Ox)]. (4) 
The constant of renormalization of vertex is given by 
4,=1-L, (5) 
where 
=—iT(k, k)|z=0—-1= —B/2z. (6) 


Eq. (2) is used in the second step of eq. (6). Com- 
paring (1) and (5), we obtain 


Qy= Ls. (7) 
This identity has also been obtained by Lee*) 
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neglecting the nucleon recoil. He has, however, used 


an incorrect formula 
T'(Pp, Po’) (Pp — Po’) = (S7(Po)] = [SP] 


to obtain eq. (7). This point will be discussed in 
detail in our forthcoming paper dealing with general 
properties of vertex operators with non-zero momentum 


transfer. 


1) A review of renormalization problems cf meson 
theories can be found in P. T. Mathews and 
A. Salam, Rev. Mod. Phys. 28 (1951), 311. 

2) FE. J. Dyson, Phys. Rev. 75 (1949), 1736. 

3) T.D. Lee, Phys. Rev. 95 (1954), 1329, Ap- 
pendix I. 


On the Consistency of the Quantum 
Field Theory Based on the 
Renormalization Hypothesis 


Tetz Yoshimura 


Department of Physics, Tokyo University of Education 


February 22, 1955 


The renormalization method has been investigated 
by many authors as a powerful procedure of remov- 
ing the divergencies appearing in the quantum field 
theory at least for the interactions of the first kind, 
and has been believed to be consistent especially 
in the quantum electrodynamics after the success of 
the theory for Lamb shift based on the subtraction 
hypothesis. Though the procedure of separating the 
divergencies from each term of the S-matrix in the 
perturbation theory was formulated by Dyson”, the 
validity of his method has not been proved without 
use of the expansion in powers of the coupling 
constant. 

Recently, it has been discussed by many authors?) 
how to renormalize the propagators and the vertex 
parts if those were obtained without power series 
expansion, and it has been proved that all the diver- 
gences at the zero-energy limit can be renormalized 
in the case of the so-called renormalizable interactions 
though there remain some ambiguities in the case 
of the meson theory, but it has not been proved that 
the magnitudes of the radiative corrections after renor- 


malization at finite energies are neither infinite nor 
zero. 

On the other hand, Kallén3) showed that the 
hypothesis that all the renormalization constants are 
finite leads to contradictions so that at least one of 
the renormalization constants must be infinite, in 
the quantum electrodynamics. Therefore, one of the 
remaining possibilities is the consistency of the 
quantum electrodynamics after renormalization. 

Now, we wish to investigate whether the quantum 
field theory can be consistent or not in the frame of 
the local theory, apart from the perturbation theory. 

As has been shown by Lehmann,” the unrenor- 
malized propagators of the Heisenberg operators can 
be written, under the hypothesis of the existence of 
the displacement operators, in momentum space as 


follows : 


po(K*) 


4p’ (k) = \dce) Paton for zero spin field, (1) 


—K) 01 (K*) + p2(n?) 


Sp’ (p) 2a goles \dCe) (irp 


prt+n?—ie 
for one-half spin field, (2) 
Del @)= Se) a genie 


for the electromagnetic field, (3) 


if solutions existed. Here p;’s are positive definite 
and it is required from the canonical commutation 
relations that 
fdCe2)oe(e2)=1,  i=0, 1, 3. (4) 
From the requirement that a physical mass should 


correspond to each field, it follows that po, p; and 
p; must have the forms: 


i (K*) =a 40(K*—pi") +04(K?), OSaz<1 (5) 


where o;’s are assumed to be free from 6-function 
type singularities. Therefore, the renormalized pro- 
pagators should be defined as follows : 


Ap,’ =ay dp’, (6) 
Sp, =ay Sp’, (7) 
Dp,’ =a3"Dp’. (8) 


Now, it is clear that the integrals 


i 


\ dn) ea aie , (9) 
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© * > 
24 Ki 


[dCe2yoi(e?) AREF os 


JdGe)ose2) 


+n? —ie 


(11) 
are convergent in virtue of (3) and not equal to zero 
identically. Then, the finiteness of a;’s and conver- 


gence of Jd(K*)po(K°)/x? are necessary for the fini- 
teness of the renormalized propagators. 


Now, we restrict ourselves to the case of the 
electrodynamics, for brevity of discussions. The pro- 
pagators of the electron and of the photon must 
satisfy the integral equations, as required from Schwin- 
ger’s theory of Green functions”), 


Se’ (p) =Sr(p, mo) tier’ /(2z)4-Se(p, mo) 
‘SdqrySr’(p—9) Ty (p—4, P) Dr’ (q) Sw’(p), 12) 
Dr’ (q) =Dr(q) —ieo?/(27)4-Dr(q) 
-SdpSplrpSr’ (p—4/2) Ty (e—4/2,p + 4/2) 
-Sp/(p+q/2)] Dr’(q)- (13) 


where mp and ep are unrenormalized mass and charge 
of the electron, respectively Now, the convergence 
of the term proportional to 4? in I*(k) with small 
—f is required for the finiteness of a3 (Z3), which 
is required for the consistency of the renormalization 
procedure. Then, I\,(p, p—k) must have such a 
quite different property compared with I),(p,p) at 
the limit — p?>00 even if & is small that I, (p, 
p—k) tends to zero more rapidly than logarithmically, 
while I, (p, p) can be written with the help of Ward’ 


theorem® as follows 


Typ, p) = [Sr’(p) 17 Ld?) 01 (0?) 


itp—k itp—k 
ptne—ie by je see is 


Feo Get Se 04) 
and does not tend to zero. Similarly, for the fini- 
teness of the term proportional to i7p+m in D\*(p) 
with small izp+m, namely the finiteness of ay (Za), 
T,(p, p—A) with large k but with arbitrary p must 
tend to zero mote rapidly than logarithmically. There- 
fore, I’, (p, p—) must be singular at k=0, p= 
as a function of & and p, and it is required that A, 
must have the following property, which is too serious 


a condition, 


A,(p, p!)=—t.t OCP +07) ) 
for —p?, —p? ©, (15) 


pp’, (8>0), 


where 
T,(p, 0’) =u + A, 0”)- (16) 


Then the perturbation theory is not valid in high 
energy region even after the renormalization, because 
we cannot obtain such a solution using the pertur- 
bation theory. 

The necessity of (15) gives a proof of the fact 
proved by Kaillén that at least one of the renormaliza- 
tion constants must be infinite, because this require- 
ment contradicts with Kallén’s argument’) 

in fpipe=9 an 
which is derived from the hypothesis of finiteness of 
all the coupling constants. 

The ambiguity of the photon mass is just like 
the case of the second order perturbation theory, be- 
cause IJ *(0) can be written as follows : 


II*(0) =Gyr dea) \ 4p Sp [Sir(p, K*) 
TrSr(P, K*) ty]. (18) 


This problem will not be discussed in detail in this 
article. 

Now, we hardly expect that such solution with 
the property (12) can be obtained with any method 
we know nowadays, and it is not clear whether such 
a solution has physical meaning even if it existed 
mathematically. It should be noticed that the fini- 
teness of the propagators up to second order in the 
coupling constants obtained by Lehmann’ and Gell- 
Mann and Low?) does not mean the consistency of 
the renormalization procedure, while the power series 
can diverge even if each term is finite. 

It must be further investigated whether the re- 
quirement (15) is compatible with other equations 
of the quantum electrodynamics. 

The circumstances are quite similar in the cases 
of the meson theories of both classes which are called 
renormalizable and unrenormalizable, except for (14). 

The circumstances are the same for the divergences 
except for the mass type of the quantum electro- 
dynamics and the so-called renormalizable meson 
theories. Therefore the classification of interactions 
according to the renormalizability have no meaning 
apart from the perturbation theory. 


1) F. J. Dyson, Phys. Rev. 75 (1949), 1736. 
2) N. W. Kroll and M. A. Ruderman, Phys. Rev. 
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S. Deser, W. Thirring and M.L. Goldberger, 
Phys. Rev. 94 (1954), 711. 
K. Hiida and S. Machida, Prog. Theor. Phys. 
13 (1955), 218. 

3) G. Kallén, Dan. Mat. Fys. Medd. 27, No. 12 
(1953). 

4) H. Lehmann, Nuovo Cimento 11 (1954), 342. 

5) J. Schwinger, Proc. Nat. Acad. Sci. 37 (1951), 
452, 455. 

6) J. C. Ward, Phys. Rev. 78 (1950), 182; Proc. 
Phys. Soc. A64 (1951), 54. 

7) M. Gell-Mann and F. Low, Phys. Rev. 95 
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Relativistic Hydrodynamics 
Equivalent to the Dirac Equation 


Takehiko Takabayasi 


Fhysical Institute, Nagoya University 


February 28, 1955 


In our previous articles the hydrodynamical 
structures of the wave equations in quantum mechanics 
or field theory have been investigated in detail for 
the cases of relativistic scalar equation”) (Klein-Gordon 
equation) on the one hand and of non-relativistic 
spinor equation”) on the other. As was remarked 
there”), a similar method can be applied to the case 
of Dirac wave equation. 

For this purpose we must first consider the 
kinematical problem to find out the set of tensor 
quantities under suitable subsidiary conditions which 
represents the Dirac spinor in a physically meaningful 
way. As such quantities we first take up the 16 
density functions, 


v*rAg or rAd, (1) 
formed from # using 16 independent Dirac four-four 
matrices, 74’s. 

As was shown in another note,") the 16 quantities 
(1) involve only 7 independent real quantities, since 
there hold 9 independent kinematical relations 
between them, and it is a rather curious fact that 


the relations are most simply expressed, making a 
non-covariant classification of (1), as 


(d* par vd) (Y* po) =8 ry SiG oyoad)”. 


In what follows, however, we adopt the usual 


covariant classification of (1) into 


scalar 2= hy, 

pseudoscalar Q=id7, 

vector S,= iby", (2) 
pseudovector §,=-¢7"¢, 

antisymmetric tensor M,,=— fp tevly,/ 

(2, v=1, 2, 3,4; =r’, 


pevl=izhy’, (ur4v)). 
Accordingly the kinematical relations can be re- 
written into the well known forms: 


$S.=P!, SSP? SS 0, (3) 
and 
P2Myy = — 95,5, —S,S,) +1 A Sn5,—Sp Su), (4) 


where P=(22+ G12, and (,¥,«, A) is an even 
permutation of (1, 2, 3,4). The relations (3) show 
that the time-like current density vector §, and the 
space-like spin density vector®) $ are just orthogonal 
to each other, and each can be regarded as factorized 
into the density in the rest frame P, and 4-velocity 
Vy, Of spin 4-vector S\,, that is, 


S,=Pv,, $,=PD,, (5) 


Vy, = —1, PS plea bs Vy 2 y=, G4 


while (4) shows the dependence of the electric and 
magnetic moment density tensor Myy upon the 
other quantities. 

Thus the set of 16 quantities (1) is equivalent 
to the set of 10 quantities, 


£0,.2) S560), (6) 
subject to three constraints (3), or to the set (P, 
@, v,, S,), where the rest mass density Q, and 
the source density for the spin field, 2, (see eq. 
(16) below), are replaced by P and @=tan-(2/2). 


To complete the representation of the original 
wave function @ by bilinear quantities, it is required 
to supplement (6) with the convection current density, 


J. =i(O,9-0— 99,0). (7) 


In place of jJ,, we may also take the magnetic 
current density of Proca®), 


Iu=— (0,070 $7°0,0), (8) 
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since it is connected with J, by 
8j,—2),=Z, = S$, 0,8, (9) 
or we may as well take K,=2J,+ Qf, 


After some calculation we find the subsidiary 
conditions imposed upon the J,’s to be 


P*{0 Curly (J/P) +2 Curly, (J/P)3 
a (QZ, —-Q.Zy) 
Die, 875555(0,,870,Se—8,510,5e). (10)? 


where Q, = 20,9-00,0=P0,0, and éasrs is 
the tensor equal to +1 if (a, B, 7, 0) is an even 
permutation of (1, 2, 3, 4), —1 if odd, and zero 
otherwise. 

The Dirac field is thus represented by the set 
of the 14 fundamenta! quantities, 


OE Rrogsmymy De (11) 
under the constraints of (3) and (10). 


Besides (7) and (8), there exist further bilinear 


quantities involving derivatives, such as 
Tay a (O,d7%¢ = br O,%), 
Fyy= 10,070 O79), (12) 
Nyy=—iOpbLwp— G70™29 00), 


but naturally they can be expressed in terms of the 


fundamental quantities (11). For instance, 
ois, Dae (Ky Sy te 0,8; ar is yatrSaS00,S.) (13)®) 


which means the energy-momentum tensor. 

Now we turn to the dynamical problem. The 
Dirac equation must be re-expressed as simultaneous 
tensor equations for our fundamental quantities (11) 
in a closed form. For simplicity we consider the 
free Dirac equation, 


PO, ~+Kp=0, (14) 
OPT — KY =O. (14’) 


Multiplying (14) by gr from the left and (147) 
by 74@ from the right, and adding or subtracting, 
we can readily obtain 32 equations®) corresponding 
to 16 different 74’s. These equations can be regarded 
as containing only the fundamental quantities (11), 
when we take into account the definitions (2), (7), 
etc., and the reduction formulae (13), etc. for Tyy 


Te, and N pay: 
Again, these 32 equations are not independent 
of one another, and we can conclude after rather 


long calculations that they can equivalently be replaced 


by the following set of 12 equations: the continuity 
equation for the current §, and the continuity-like 


for the spin density cs 


A,5,=0, 9,5 +2eQ=0, . (15); (16) 


the Euler equation of flow, 
5,05, 50,8, = — PA, P—P*(S,8,—-SyS,)Zy 
FIP yun SySnKn (17) 
the equation of motion for the spin distribution, 
S 0S, Oy Sa 
=—Z,—P0,P(S,5,—SyS,) 
+P Ey ynrxSySxQar (18) 
and the two more scalar equations, 


DS Tyypt+2e2=0, (19) 
i 


pa Fry =P 2S, Ky + SQ t xray SnSr9,S,) =0, 
(20) 


In fact, each of (17) and (18) involves only two 
linearly independent equations, and so eqs. (15)— 
(20) contain just 8 independent ones. 

In this way the real tensor field representing the 
Dirac field is specified by the set of quantities (11), 
and satisfies the subsidiary conditions (3) and (10), 
and the equations of motion (15)—(20). It can 
still be regarded as a hydrodynamical field in an 
extended sense, although the hydrodynamics here 
is of a more complicated structure than the one 
for the case of Klein-Gordon field or the non- 
relativistic spinor field formerly considered, as it 
must include the picture of Zitterbewegung relating 
to the freedom of negative mass, together with the 
usual quantum effects and spin effects. Our equations 
of motion (15)—(20) exhibit the manner in which 
the orbital motion and the spin motion are intimately 
coupled to each other, and at the same time also 
coupled to the density and the convection current 
fields. 

The details and further considerations will 


shortly be published. 


1) T. Takabayasi, Prog. Theor. Phys. 9 (1953), 
187. 

2) T. Takabayasi, Soryusiron-Kenkyu (mimeo- 
graphed circular in Japanese) 7, (1955), 600 of 
which brief account appeared in Prog. Theor. 
Phys. 12, (1954) 810. 
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3) TT. Takabayasi, Prog. Theor. Phys. 13 (1955), 7) 
106. 8) 

4) The relation (4) was obtained by W. Kofink, 

Ann. d. Phys. 38 (1940), 421; O. Costa de 
Beauregard, Thése, (Paris, 1943). 

5) The “spin”? means the intrinsic angular 
momentum which is considered in our picture 9) 
to distribute in space. 

6) A. Proca, Ann. de Physique 20 (1933), 429. 

ERRATA 


Curl,y (J/P)=0, Jv/P) — 9, Jul P)- 

Such reductions of the quantities (12) were 
carried out by W. Kofink, Ann. d. Phys. 38 
(1940), 436, in a non-covariant form, and also 
by G. Petiau, Jour. de Mathem. 26 (1947), 1, 
in another form. 

Such equations, as they stand, were formerly 
considered by Costa de Beauregard (loc. cit). 


B-Spectrum of Fe”, Rb*’, Tc”, Cs’, and the Couplin Constants 


of Scalar and Tensor Intetactions in $-Decay 


M. MORITA, J. FUITA and M. YAMADA 
Prog. Theor. Phys. 10 (1953), 630 


P. 639, the 8. and 7. lines from the gottom : 


The phrase “x takes the values calculated with the shell model” must be replaced by the phrase “x 
takes the value far from the one calculated with the shell model”. 
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On the Binding Energy and Properties of Lower Energy Levels of Li’ 


M. MORITA and T. TAMURA 


Prog. Theor. Phys. 12 (1954), 653 


P. 657, Table I, Matrix P45: 

—1/4 6 
b 1/4 

) with /=V 15/4. 


The matrix Fy, has ( 


—1/4 bf ° 
replaced by ( bY 1/4 


P. 668, eq. (49): 
W in the fourth line of eq. (49) is unnecessary. 


) with b=V 3/2 at the left hand corner. This submatrix must be 


Note on the Angular Distribution of Photo-Reaction 


M. MORITA, A. SUGIE and S. YOSHIDA 


Prog. Theor. Phys. 12 (1954), 713 


originally should be read 
P. 713, 3. line: Kobayashi, Kobayasi. 
P. 716, 8. line: 
n=nyax=(—) thnx =aity(—)"%, n=—nynx=(—) tony = mony (—)/ 
P. 716, eq. (10): 
«+2 Gaulqatslm 1 3 em pms'**9 +++Jal PH fa P 5 am pm s+ 


P. 716, the last line of eq. (3): 


-.- Yr0(2)., - Y70(2)d2. 
P. 719, the first line of eq. (197): 
1 PIA ALE PEP Daily ef Lit hg Mi tP2.... 
P: 719, eq. (207): 
Fen S70): Zeip2 J P-U2 V2 DW=ZIHU2 JV +2 L342 D- 
P. 720, the first line of eq. (AS) : 
(Lg1—11| L110) +++ LAPS TENE IOS: 
P. 721, the second line of eq. (A6) : 
iI Lat 1,0) <-, bees =U gl nO) ree 


Beta-Alpha Angular Correlation of Li® 


M. MORITA and M. YAMADA 


Prog. Theor. Phys. 13 (1955), 114 


p. 114, right column, 23 line, for have read has 

p. 115, right column, 2 line, for of the order read an order 

p. 115, right column, 4 and 5 lines, for M((BaxXr)r) read M ((Bo-r)r) 
p. 115, right column, 8 line, for of an order read an order 
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On the Theory of Plasma Oscillations in Metals 


Hideo KANAZAWA 


College of General Education, University of Tokyo, Tokyo 


(Received November 30, 1954) 


The ® ffect of the crystal lattice on plasma oscillations is investigated. The results which have 
been obtained by Wolf on a semiclassical basis are derived quantum-mechanically. The interaction 
between electrons and plasma oscillations causes interband transitions besides intraband transitions. 
The interband transitions give rise to frequency broadening in addition to a shift in frequency. This 
explains the differences in behavior between various metals observed by Ruthemann, Lang and other 
workers. 


$1. Introduction 


The organized behavior produced by the long range Coulomb interactions in a collection 
of electrons results in the so-called ‘“ plasma oscillations”. The quantum-mechanical theory 
of plasma oscillations in a free electron gas has been developed by Bohm and Pines.” 
They have shown that the frequencies of plasma oscillations in Al and Be expected from 
the theory are in accord with those observed by Ruthemann” and Lang.” The calculations 
by Bohm and Pines, however, are based on an assumption that the effect of the positive ions 
in the metal may be represented by a smeared out uniform background of positive charges. 
Ruthemann, Lang and other several workers have observed sharp resonances for metals 
such as Al and Be in the curves of intensity versus energy loss, whereas very broad peaks 
for Cu, Ag, and Ni. Wolff has investigated the effect of the crystal lattice on plasma 
oscillations in metals, using the Hartree approximation. He has obtained the following 


dispersion relation 
wo =47en( 1 fins) +(¢ (OE/dp.) */m*\ Rk / tine (1) 


where n is the number of electrons per unit volume and the averages are taken over filled 
electron states. mx is the effective mass in the z direction, z being the direction of motion 
of the plasma wave. He has also calculated the energy width of a plasma oscillation and 
has found the following simple relation connecting the energy width bI’ and the parameter 


nk for optical absorption 


‘I’ /bo, =nk. (2) 


Wolff’s treatment of plasma oscillations is semiclassical. In this paper we shall follow 
the collective description developed by Bohm and Pines and treat plasma oscillations in 


metals quantum-mechanically, taking into account the periodicity of the lattice. 
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In §2 we apply a method developed by Wannier® and Slater” to a collection of 
electrons and derive the dispersion relation. The interaction between electrons and plasma 
oscillations causes interband transitions besides intraband transitions. In § 3 we investigate 
the effect of interband transitions which are neglected in §2. The effect of interband 
transitions is in a shift in frequency of a plasma oscillation due to virtual transitions and 
in a finite width of the plasma energy due to real transitions. The short range electron- 
electron collisions arising from screened Coulomb forces will act to damp the plasma 
oscillation. However the contribution of such collisions to the frequency broadening may 
be expected to be small, so we neglect the effect of electron-electron collisions on plasma 


oscillations in this paper. 


§ 2. Dispersion relation 


In this section we shall derive the dispersion relation, neglecting interband transitions. 
We consider electrons in an energy band and use a method developed by Wannier.””’ 
We shall consider two cases: (a) the band is half filled by electrons; (b) the band is 
completely filled. 


(a) Half-filled band 


In this case the number of electrons n per unit volume is equal to the number of 
ions. The Hamiltonian of our system is given by 
H=)}{ pi/2m+U(x,) | +2ze S) es 7) /k°—27e'n 5) 1/k, (3) 
¢ ba P 
where U(x;,) in the first term denotes the periodic potential and the second term corresponds 
to the Coulomb interaction of electrons and the third to the subtraction of their self energy. 
We expand the wave function as 
P(X, Sto*t*y Ens Sn) = D>) F (my,--+, Mg 5 5,5°°*, Sn) 4(%,—M)) +--+ -a(X%,—mM,), (4) 


m “™m 
1 mn 


where 5s; denotes the spin coordinate and m, is a vector from the origin (located at the nucleus 
of one of the ions) to other ions. The summations are taken over all the lattice points 
in unit volume. The Wannier functions a(x,—m,) are constructed from the Bloch functions. 
—1/2 —i/i)p- 
a(x%,—m,) =n? >) lem. (x) 5 (5) 
pPp 
where 


(pi/2m+ U(x) $f, (%,) =E(p) ¢, (x). (6) 


We see from eq. (4) that Y (my,--+, m3 5,.°°*5 5,) must changes its sign on interchanging 
m,, 5; and m,,s; We substitute eq. (4) into the Schrédinger equation 


Ad (X15 Sts'**s Xny Sn) =ithop (x, Sia2 tes Xy> Sn) /ot 


and multiply a*(x,—m,)-----a*(x,—m,) from the left and integrate over X,,:"*, X,- 
For sufficiently small k we get 
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J a* (x,—m,) ei a(x,—m') dx, ww &&™ 0 


m, m,! 
In general, we find 


\ a* (x,—m,) &"'% a (x,—m}) dx, 


ake atheknie| P* (x;) ih, (x;) dx, 
Ppp 


—y-tSt fleom, ptlirp-(m,-m,1) |) Ce 2 

= nts} etme etme | ae) ty an gee (A)! (7) 
vee 

where K is a vector of the reciprocal lattice multiplied by 27 and the integration is taken 


over the unit cell. Now we assume that the integral in eq. (7) do not appreciably 


depend on p and it may be replaced by an average over p. We write 
Cyn "D) | uh) tyne (@) de (8) 
p 
Then we obtain” 


—2ten> vy 
P Be 


h ’ C,/2 th (00,—70 ,) 
{SE(ZP.,,) +278 3 | kl) & : 9 


hij Re 
= iho /dt. (9) 
We shall now follow the method developed by Bohm and Pines”. We introduce a 


new Hamiltonian equivalent to the Hamiltonian in eq. (9). Our equivalent Hamiltonian 


is given by 
H= SE (prize) 21 Gate) B12: ea Pi Pe 
i xk, 7 
4 ane 3} [Cyc Or-*9 /ke —27€n S) (1/R), (10) 
BK k<k, 
tj 


where we have changed netations, introducing x; for m,. &, is a unit vector in the k 
direction. This Hamiltonian is equivalent to the Hamiltonian in eq. (9), when used in 


conjunction with a set of subsidiary conditions acting on the wave function of our system 
OF = py~—i4re/k)'PC, Se F=0 (R<k). (11) 
a 
The equivalence may be seen by applying the unitary transformation O=SV, where 


S=exp{—(1/h) > (Ane /k YPC que™t} . (12) 
i &<h, 


Expanding the first term in eq. (10) in powers of q, and neglecting terms of the 


order of 0(q’), we find (See Appendix I) 


@ ers 
PONG Ie S45 ee —bk) qe 
H=S}E(p) + Axe)" 3 Pra a7 E(p:—bk) sq." 


¢ 
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p= ipifs 
+4né 3) Ll fe, rE(py +=P— ! 


—E(pi) * 
a ect = Vk Vk 
ik<k, bk bk 
eik: (a,—@ ,) il 
au 4 Me a), 2 ee 13 
+, Bi plpet 2nd S) [Cyl ——— 20a 3 (13) 
ne 


where we have neglected a number of terms which are quadratic in q, and are multiplied 
by a phase factor with a nonvanishing argument, exp[i(k-+1) -x,| (“random phase 
approximation ”’). i 


1 
Introducing the creation and destruction operators for the plasma field 


hu (6/2) 8 (a,—a™,) ? 
Pe=i(bw/2) 12 (ax +a_,) 2 


we get 


(14) 


H=H,+H,+H,+H,, ? 


(15) 
1 1 
H, =DiE (py) + a °° (atay+ ava *) —27 en De? 


(16a) 


Th \+ : 
H= 3 (7 3 AICAEGy) —E(p,—bk)} ae 
tk<k, w bk 


ikeex. 
i 


ea CE {E (ps) —E(p,—bk)} J, 
H,= >) Be) (af 


(16b) 
c Soo ee 
dy, + 4,ag —d,a_,—a*,a¥), 
k<ke 40 


(16c) 
9 eft es ry ci 
H,,.= 278 >) [Cyl : (16d) 
es 
where 
E(p:—bk) —E(p,) 
= &,-VE \ 17 
w;, =47e S$) sa k ‘LV (pd) + bk \ ( ) 
pd SNS MER See eee salir ieee eae 
i pyyel O( Pi) 9 (Pi) y 
=47e 3} abe, (17’) 
a Mm, 
mi is the effective mass in the k direction 


We now perform a canonical transformation, which transforms the “ bare 
into the electron with a cloud of collective oscillation 


electron 


=e SH = H+ H+ Hot ort illo, S]+i[26,, 5] 
—4[46,, 5), Sx 


(18) 
where JC represents that Hamiltonian which is the same function of the new operators 
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(X;, P;, 4,, Af) as H is of the old operators (x,, pi, 4, af). The generating function of 
our canonical transformation is given by 


Saisie )EA| c, Ao PD) ae ® 
ECP) —E(P,—6h).—to 


@ : 


— fe CSS E( P,) —E(P,—bk) | : (19) 
E(P,) —E(P;,—bk) —bo 


We shall make a further approximation of neglecting the effect of our canonical 
transformation on the short range Coulomb interaction H,,,. This approximation is 
equivalent to the neglect of the damping effect of H,,..  H,,, can influence the plasma 
oscillation only indirectly through Hj, i.e. if H, is neglected, H,,, have no effect on the 
plasma oscillation. Since the exclusion principle will further reduce the cross section for 
electron-electron collision, we may expect that the effect of H,,, on the plasma oscillation 


will be quite small. 


We find 
i[ Hy, S]=—H,, (20) 


eb Cal E Pech) ECP)" 
E(P;+bk) —E(P,) —bo 


5% sj=->) 


tk<k, w DR 


__1E (Ps) ne ae (AEA, + A,AE—A_,A,—A*,AD 
E(P,) —E(P;—bk) —bo 
eth a ge {E (P,) —E(P;—bk)} {E (P53 +k) —E(P;)* 
E(P,) —E(P,—bk) —bo 


i<r, wo OR 
ik; 


{E(P;) al Ba bie) } {E(P,+6k) —E(P)} geeex)| 
E(P,) —E(P,—tk) —bo 


a MeN ha Ze SE ae EPIREP AW), ar) 
E(P,+bk) —E(P,) —bw | E(P,) —E(P,—bk) —bo 


— 


A Da 


ith, w OK 
where we have used the relation C_,=C7. 


In obtaining eq. (21) we have neglected a number of terms which are quadratic in the 


field variables and are multiplied by expli (k+)x,| with k+l A 0. 
Equating to zero the sum of 36, and the first term in eq. (21) gives the dispersion 


relation 

Are 
°o 9 

OT a eee | 

P i ok 


For sufficiently small hk, we may expand eq. (22) in powers of (k:P;/w) and (bk /m*a) 
and we find 
* 2 


2 
4mxXo, 


k 


{ {E(P, +k) —E(P,)}? AGS Ik ical ey 
bo —E(P;+bk) +E(P,) bo—E(P;) +E(P:—bk) 


CLL Wp 
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which is equivalent to eq. (1). 
Our new Hamiltonian may thus be expressed as follows 
H= Fl eeoa 1 Hoot Hep 2 (24) 


sah {E(P,+b6k) —E(P;)}° 
bow —E(P,+bk) +E(P;) 


FT tectron = pal: (P;) a > as 


kk, wb 
ike(X,-X) 


BE 


LA Fae AC re 12 hae PE y Gels e 


bo —E (P,) +E (P,—bk) a 


—27en >} “s ; (25a) 
kk, RP 


Hoy = 3 22 (AEA, +4, 49), (256) 
2 


te Pee? {E (P;) —E(P,—bk)} {E(P,+6k) —E(P,)} 
E(P,;) —E(P;—bk) —bw 


k<k, w bR 


+ iE (P,) —E (P,—bk)} (EP, tbk) —E(P3)} Maze, (25¢) 


E(P;)) —E(P)=6k) Sto 


The second term in the square bracket in Hyjectron represents the self energy of the electron 
due to the interaction of the electron with collective oscillations. H,.», describes a weak 
velocity dependent electron-electron interaction. 


Our new subsidiary conditions are given by 


Se ce E(P,)—E(P,—bk) __—_—E(P,+6k) —E(P,) ‘| 
J 


2,= asl hawk 9 
i 7 ow bk \E(P;) —E(P,—bk) —bw E(P;+bk) —E(P;) —bw 


4te |C 
+4_,[1-3 | & 


' E(P:) —E(P,+bk) __—_—E(P,—bk) —E(P,) | 
7 wo bR 


E(P,) —E(P,+b6k) —bo E(P;—bk) —E(P,) +bo) 


Bie Nae cas Pw 
=a a) ‘Pal— {E(P,) —E(P,bH)}? ie 
The first two terms in eq. (26) vanish when we apply the dispersion relation. 
In carrying out our canonical transformation we have treated w as a c-number, though 
w is, in fact, an operator, since it contains P;. This is satisfactory within our approxim- 
ation. The commutator i>} A*Albw, S|, for example, is quite small as compared with 
the commutator i Shw| A A, Sa 2 


i>) AFA (bo, SJ== Se 7=)iIc, E(P,) —E(P,—bk) 
se k E(P:) —E(P,—bk) —bo 


USke ik< 
l<ke 


x {0 (Pi, Pr) — 0 (Py, Pi tbh, P,)} AFA ACP Xs 


On the Theory of Plasma Oscillations in Matals 233 


x tne pel (PaSE (WP, =—bk) 
=A A Ate aCe = —_ : P,,--:, P;—bk,: 
1 4/4, k E(P) =E(P,=61) —$o {w(P,,, P,—bk,-, P,) 


=P ntaes P,)} | ‘ 


(b) Full band 


The number of electrons fer unit volume is twice that of ions. The wave function 
can be expanded as 


Wa, PS_5° #5) Xan > Son) = DIG) Mygis-g Mg Ta,/,-++, My!) a(x,—m,) a(1) °° 


mytseem,! 
x da oe m,,) a (n) a (aed rs m,’) 8 (n ar 1) stra (Cee m,') 8 (2n) 2 (27) 


where @ and f are spin functions. Y (my,,---, m, ; m,’,::-, m,') must be antisymmetric 
. 
in m,, -*-,m, and in m,’, -:-, m,’. 
We proceed in a manner directly analogous to the case (a) and obtain the Hamiltonian, 


which corresponds to eq. (13), as follows 


C, 


H= 2SiE (p:) +2 (47e")"" ma re {E (P:) —E(p,—bk) \ quer 
anes *p,+4me >) |C,|? las Cosy 
4T a ee ~ a= Te Ie 
+47e 2, nD Ge Ie 3 pane. e a, k 2 
t44 
9 ai 
— 47ne SS a (28) 


where the summations over i are taken over all the states of spin with one direction. 
The third term in eq. (28) vanishes, since E (p) is a periodic function. Thus plasma 
oscillations do not exist in insulators, and in conductors the electrons in full bands do not 
contribute to the oscillation. However it should be noted that this conclusion is based on 


the approximation of neglecting interband transitions. 


§3. Effect of interband transitions 


In §2 we have taken into account only intraband transitions which are caused by 
the interaction H, between electrons and plasma oscillations. Owing to these transitions 
the frequency of a plasma oscillation changes from w, to w/*. The intraband transitions 
are virtual, because energies do not consetve between initial and final states, ie. E(p,) 
—E(p;—bk) —bw does not vanish for small k. Therefore these transitions do not 


contribute to frequency broadening, while interband transitions have the damping effect in 


addition to the self energy effect. The former effect is due to real transitions and gives 


rise to the energy widths bl el be latter effect is due to virtual transitions and owing to 


* w/ is the frequency which has been written as in § 2. 
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this, the frequency of a plasma oscillation is shifted from w’ to w. To calculate the energy 
width and the shift in frequency we must extend eq. (9) to include terms which cause 
interband transitions. Adams‘ has carried out such an extension for one-electron problem. 
For many-electron systems Wannier-Adams method is rather complicated, so we shall use 
the method of second-quantization. 


The Hamiltonian of our system is given by 


H= |v* (x) {—2_4+U(«) |v (w) de ane nw (x)(2 6, r—) 


x ke (x) dx + = S) (pipet ongt qn) + 27S | U* (x) (x) E* (x!) F(x’) 
k<k, oke 
eth e(e— al) 1 
x re = ab Hie — 2nNe'd ra (29) 


. 
where WN is the number of electrons per unit volume. We introduce the creation and 


destruction operators for electrons and plasma quanta, 6,,,, 6%, 4, and a*, which are 


defined by 


L (x) a bapaPnpa (x) 5) ae a= 4: a Oy Vi p a (x) > (30a) 
qu== (b/2w)"? (a,—a*,), eens (af¥+a_,), (30b) 


where the indices n and A designate energy band and spin states respectively. ,,, are 


the Bloch functions multiplied by spin functions. The commutation relations are given by 


[b b* nog . » 
npr?» “un par |+ =OnntOppt9rn ? 


3la 
(ene barprar | EST Onohs bx rar ls =0, ¢ 
[a,, ayy |= Oxy, 
31 
[a,, ay |=[ax, ay |=0. ( 2 
In terms of these variables we write our Hamiltonian as 
H=H,+H,+H,+H,.., (32) 
=a; 
Hy= 1 E,(P) bbyabmp +> maG ¥a,ta,at) anne) 2 (33a) 
kk, 2 kkk 
~ 27h n!p bes 
A,= ee mn als Ay, {a, Barincees Or, Pe hy +hk A gt bi Ont p+teaM oe rant > (33b) 
b(oe—w Py 
A, = a oerereras mead tee) —4,4_,—aga*,), (33c) 
Hyp = 2nd 5) ST) CUR CBI 6M b 


beacae : 
k>k, netnttytty OPES ER DAR ARES ER TELE ee 
py ptt ptt k 
Ad 
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X 0 (p!— p+bk+bK) 0 (p'”—p"—tk+6K’) 
—27Ne' >) —, (33d) 
where 


Murti — 


np 


z Wy «(2 SP" oye hey (se) dee 
=5, Em (pth) —E,(p)} Cay? (See appendix II), (34) 
) 


ere (x)( 76, V+€,- p+ ) Uns (x) dz 


Cy,”’ being defined by 
Oada = Uy ptUnpAT gs (35) 


With the aid of eq. (34) H, can be written in the form 


a a ae ys Land mn p+ Tek Pnpr {Ey (p+bk) —E, Cp) ag oe ate 
eh 


+ a* bx ab, n'pt+flcr ear (p +bk) Es (p) } Creal: (36) 
Our subsidiary conditions are given by 


WO=0 wha k.): 


876 
2 =al+ay -(= =) as ae +Hk be Onrp+7kd * (37) 


bak nn! pr 


We now consider a canonical transformation from the operators (b,,,, 6%), 4, af) to a 
new set of operators (B,,,, BX, A,, At) : 


iS 


tS) 
Pnpr —e€e Bin,é ete: 


Our canonical transformation is generated by 


. 27h \4 E (p+bk) — E,.(p) | n'p+hk 

Se oa yl4 Be Be | m on 

kK<k, ra wo RY E,; (p+bk) —E,(p) —bo : 

mn! pr 
E,, (p+bk) —E, (p) ; | 
— AEBy By ie | - Cant Ie 
pr ptr BS (p+bk) =#8,.(p).— eat pth 
where 


1 E,,(p+bk) —E,(p) —bo=0 
4= 
0 E,,(p+bk) —E,(p) —bwX0. 
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We shall expand the Hamiltonian as 

Hae ® b= +H + ot Ban i[ Ho S]+i126,,5]— F460 5], 5] +++. (40) 
We find 

H,+i[ i, S]=4,-4, (41) 


SE Ae n'p+hk|2 {E,.1 (pbk) <5; AG) 
a >) PE Cy foe 
7%. ne ee yw ie el E,, (p+bk) —E,(p) —bo 
mn!pxr 


x (Bean Barn +mnrxBnip+er) (A,A* + A*A,—A_,A,—A*, AZ) (1—4) 
sy CL cntnete e_ {En (p+bk) —E.(p)}? 


ih o be Ey (p+bk) —E,(p) —bw 


miniph 
x {B WAU EEA ca ia Bx y+ ttrPnlp+ter) AF Bx p+ tkaPn'p+Bka @! = Be enya) } Qa oe 4) 


éa 1 {E,(p'+bk) —E,(p’)} {Ew (p+bk) —E, (p)} 
k<k, w bR E,,(p+hbk) —E,(p) —bw 


plil!/pnnl 


* * np lip! +k 
x {Bin Brip+tkaB lip! ener Bipr ar Cr, -aeC ip! 


* * Ip+Rk oo Ip! a 
+ Bi p+ 7tkr»BnprBipr a Burp +7 ep Cir sae} a 4), (42) 


where we have neglected a number of terms which are quadratic in A, These are terms 


like 


em 1 {E,(p+bk+bk’) —E,, (p+bk)} {E,,(pt+bk) —E, (p)} 
wae w RR Ey (p+bk) —E, (p) —bw 


IptRk CO lp+BRe+Rk! * 
Ce : CO uate Ay A, Bir +7471 »Bnpr 
The approximation of neglecting these terms is equivalent to the “‘ random phase approximation.” 
We shall derive the dispersion relation in a manner quite analogous to that in § 2. 


The sum of J¢, and the first term in eq. (42) vanishes, if we define w by the dispersion 


relation 


wo —w? = Sy ite Ko as 3 4{E, (p+bk) —E,,(p) } : 
tor bk hw —E, (p+bk) +E,,(p) 


+ 5 gaa | Cale+aes {En (p+bk) —E, (p)}?* 
wean Bee hw—E, (p+bk) +E, (p) 


CiNesx i Nay +7Kn) 


(Nip NaS aun) ’ (43) 


where N,,=Bx, Buy, and the prime in the summations denotes a sum in which the cases 
Ey (p+bk) —E,(p) —bw=0 are excluded. The first term in eq. (43) represents the 
effect of intraband transitions and the second that of interband transitions. As has been 
shown in § 2, the electrons in full bands do not contribute to the first term, but they do 
to the second. If we neglect interband transitions, we get, for monovalent metals 
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eg lc Cmtik\2 JE, (p+bk) ip) Vis 


wo” = w. — 
fs | np 
Pr bk 


~ N, = N, Zh 
Aiea pA DECES Ce te p+ika) Cap 


which is identical with eq. (22). For very small k, we find 


Pod ween Mi 
npr m bwo— 1B (Pp) +Ep (Pp) 


3 es 
==) == 


Nag Nara) (45) 


where we have used the relation (34). 


Our new Hamiltonian may be expressed as follows : 


H= lgreanen = fac, ot bos: ag 16,4, (46) 


ie Pie ee {E,, (p+bk) —E,(p)}* 
lat. ectron —_ > |E. Ay bbe, Cn a i 
lect (P) Pe k | ‘ (bw) °— Ent (p+bk) —E, (Pp) } : 


mp 


pe) 1 nite % x 
Gh Nypvne) | Napa t 2m 33 CRB, CMR) Bhoy Baty BE tyra Basriprera 


mnt ntini!t 


ppl pltpitt 
k< ky AM 
<1 0(p/—p+-bk-+bK)0(p"”—p! —bk-+bK) — 222 NS, (472) 
9 ye 
Hoon = 3) 22 (AEA +AAD), (47b) 
k<k, 2 
ye SY ea 1 {E,(p'+bk) —E,(p’)} {Ew(p+bk) —E, (p)} 
le kh, ww bk En (p+bk) —E, (p) —bo 
pllllApnnl 
x {Bx Barp+nexDilp! nen Bry Cilp mei. ay 
Beh abhi Brame Cae Cubram a (47c) 


Our new subsidiary conditions are given by 


Ate i , he | 2 Ens (p bk) —E,,(p) 
Ores dt ee [Gue le PP (Nurpeana— Nowa) 
4 | ee ea pth ep) eo ee 


4me 1 1 19 E, (Pp) —En (p+bk) 
He= >> — = Cr prea a ; CN® SiN +hk ) 
+4.) ere ie : E,(p) —Ew (p+bk) bo” iad: 


— sia C2 Pt ik bw BY, anBe ’ 
erp) ago APE tp Dee ee 
ier (48) 


The first two terms vanish when we apply the dispersion relation. Thus our subsidiary 


conditions reduce to those which do not involve the variables of plasma field : 


bw g re 
= CO Rade Bip +texBn ,7=0, 
ah peg ee ees ee iris Ths 


(k<k,). (49) 
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These subsidiary conditions act to reduce the number of individual electron degrees of 
freedom. As has been pointed out by Bohm and Pines”, the major portion of heeoee 
wavelength density fluctuations 1s associated with the plasma oscillations and the subsidiary 
conditions assert that in our new representation the density fluctuations of long wavelength 
are greatly reduced. (See Appendix II) . 
We now calculate the energy width J. The width is due to the transitions in which 
an electron in n band absorbs a plasma quantum and jumps up to n’ band. Using 
second-order perturbation theory, we get” 
bP =27 3} (26,) om (61) mo" 4, 
a 
aS An°e'b 


° 
nniph nw 


Me vrik 


np 


"Napa (1— Narp send O(E,, (p+bk) —E,, (p) —bw) ’ 


- —— 
4ie Bis (w) | Mp 


met 
mw 


=> 


: (50) 


where by(w)dw denotes the number of energy differences between bw and b(w+dw) 


betweea n and n’ bands. |M."|? is the average value of |M,2/?*#*|° over all these transitions. 
Thus we find 


A a ENG ig A 
bw mw 
= (nk) optical » 2 y 


which is identical with eq. (1) except that the denominator on the left hand side of eq. 
(1) is bw, instead of bu, 


§ 4. Diseussion 


If experimental values of nk in the proper frequency range were available, eq. (51) 
would give immediately the energy width. The experimental values of bw for noble metals 
are about 20 ev, at which we wish to evaluate nk. Unfortunately, we have no experimental 
values of nk in soft X-ray region at present. The values of nk for 2000A (~5 ev) 
measured by Minor and Meier lie between one and two. This indicates that, barring an 
exceedingly rapid change of nk with frequency, the order of magnitude of 6/’ will be 
satisfactory. Wolff” has stated that the widths would be expected to increase from element 
to element in the transition series from Sc through Ni, as the 3d band is filled. The 
experimental results of Watanabe™, and Marton and Leder’ indicate that this may not 
be the case. If the electrons which absorb a plasma quantum and jump from n band to n’/ 
band, are not near the Fermi surface, 7an(w) will not change appreciably from element to 
element in the transition series. 

The frequencies of plasma oscillations for noble metals obtained from eq. (23) are 
roughly half of those observed experimentally, while a crude estimate, using the optical 
data, indicates that the values of w obtained from eq. (45) is close to the observed values. 
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Recently Watanabe”, and Marton and Leder’ have measured the energy loss spectrum 
of electrons passing through thin films of metals and insulators. They have found discrete 
energy losses for insulators as well as for metals. As has been shown in § 3, electrons in 
completely filled bands contribute to plasma oscillations when interband transitions are taken 
into account. Therefore it would seem possible that plasma oscillations exist in insulators. 
However further investigations will be demanded to know whether the energy loss spectrum 


for insulators may be explained by the plasma oscillation theory. 


Appendix I 


Since E(p) is a periodic function in the p-space, having the periodicity of the 


reciprocal lattice, it can be written in the form 


E(p) = D1 Ane Kaa (Al) 


where m is a vector from the origin (located at the nucleus of one of the ions) to other 
ions. Then 


Cc mn 
where 


aay | ea (476)? = Cutie 
G S4o 


Feynman introduced a method to expand e*** in powers of (, where a and B are 


non-commuting operators : 
ie v4 [e We nepeeds+ |. ds. etna co-ed! oee (A2) 
0 
With the aid of (A2), we get 


9 9 1 
E(p+—+A (x) )=E( p) + (4xe")'? 3} — Cage S14, (mE) 
c <he 1b 7 
x \ eh L-s)mp gikx e—tasmp Je 
0 


oe w ave CoCrgehe 23 (m-€,) (m-€,) 


1 s é a 
x a ds etl -s) mp othe { en tlt (s—8! np pila otis! MD fe} 
0 0 


Ecos (A3) 


The second term in (A3) becomes 


1 
a By Teac —i/%+(1—s) m+ (pth) ,—t/fesinp 
(47)? S CD) A,,(m-&,) \e e ds 


k<k, tb 
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=< (47)? S} eS An { en ilam: *(pt+ak) __ eee 


kSk, D 


= (are) "SF que" {E(p+bhk) —E(p)}, 


= (ane)! Sy E48 (p) Eph) gue. (A) 
k<k, bk 
We are interested only in the case 1=—k in the third term in (A3), because the terms 


which are quadratic in q and are multiplied by exp (k+Dx with k+10 are neglected 
in our approximation (“random phase approximation”). Then the third term in (A3) 


reduces to 


Ate p> 


bay Cyl 94 24 (m- E,) (m- -E se) 
1) 


Cs 
x \ ds A Cae (i-s) sasha e @6—-8) mp o—tka ilies p JJ 
0 0 


— ane ag 134m (m -E,) ee 


1D - _-Dle —t/fe 
eam (p 2h) __ t mo} : 


— S)4re 


fel q14- ate REC es eed 2 


k<k, bk 
Ce E bk) —E 
— = 2 4ie a eal G4 ree VE(p)+ Vee ay p)} (A5) 
Appendix II 
We write 


Lie = 7/7 par Le 2s —i/7F-p!la 
Pap =Vaype > PutptSHUnipie ~ > 


then the Schrédinger ome for up, and uj, are 


Mu apt 24 -(p: V) Unp+ = ” {En (P) = F _u(a)bup=0 


a Zt ( putea” {Ew (pe) — eure = Fiend. 


m 


Multiplying these equations by u,, and u,,, respectively, integrating over the unit cell and 
subtracting, we get 


a (p’—p) -| Unrpl Un, dey + 7 {Ew (p’) —E.( p) mats —F il Uripitinnd tyne 


m 


Setting p’=p-+hk, we find 


i hb bk 
| ee i 2k (- &,°V +€&,:p+ : Vinee z {Ew (p+hk) —£,.( pP)} \ a aplaediy 
) 


(A6) 
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Appendix II 


We write our Hamiltonian as 


H=| P* (x) {— be | (x) de+£ ‘|| DS (a) GE Colh® (xi Pi (a!) dul. 


|x—x’| 


A7 
We expand Y and ¥* as ew) 


Oi f d 

P= >} Bapad /npro WR =>) bx ror? npr > 
npr npxr 

where 6*, and b,,, obey the commutation relations (31a). 

Then we can write the Hamiltonian in the form 


yt 
i at Bb Bn (p) =e ite i RB CEC Sve mon, rw Onrpr Oe rp arPnrriprina 


npr 


X 0(p!—pt+bk) 0(p’”’—p” —bk). (A8) 
Following Bohm and Pines,” we introduce the quantity aes 
Debs ie. ee | (A9) 
; nalpa bo—E,,y (p+bk) +E, (p) 


With the aid of ib€,.=[§;., H], we find 


np 


“27k _ ¢ Ee Uq+hk px 4ie 
ib (Fx. — 108 4,0) = >| Cc; 88, cabin) 1 > - 


Ulgn nn! pr bok 


x {E,y (p+bk) —E,(p)} (Nie Npee) . (A10) 
bw —E,,(pt+bk) +E,,(p) 


In obtaining (A10) we have made an approximation of neglecting a number of terms. 
It can be shown that this approximation is equivalent to the ‘“‘ random phase approximation.” 
Equating to zero the right hand side of (A10), we get the dispersion relation 


= = Are BG ae Ea! (p+bk) —E,,(p)} (Nypa— Notpenend (A11) 
nn! pr bok bo—E,, (p+bk) “-£,, (p) 3: 
Thus 
oe 0. (A12) 


We define 7, by 


5 (Fx, — 5%, -w) (A13) 
@w 
BOX, na perl. 
—_ (es nl p+PkAT npr 5 (A14) 
pa i Po — {E,, (p+bk) —E,,(p)} ¢ 


which is proportional to the oscillatory part of the density. We see that 


5 — WN: (A8) 
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Collisions between an atom and a diatomic molecule are theoretically investigated. The detailed 
calculations are carried out in the special case of hydrogen gas at lower temperatures in order to 
interpret the observed relation between the viscosity of the gas and the para-ortho concentration ratio. 
It is found that, by improving the shape of the intermolecular potential, one can avoid the greater 
part of the discrepancy between the experimental fact and the result of an older theory. However, 


quantitative explanation of the relation requires more detailed and exhaustive calculations. 


§ 1. Introduction 


Up to the present, all calculations for elastic collisions between molecules have been 
limited to the case of spherically symmetric intermolecular potentials. Of course, real 
molecules, except those of inert gases, are not spherically symmetric. It seems, therefore, 
highly desirable to investigate characteristic features of the collisions between non-spherical 
molecules. For these collisions, the trouble is that the molecules can undergo rotational 
transitions and, in some cases, vibrational transitions too. For example, rotation-translation 
energy interchange upon collision may occur with considerable probabilities in N,, CO, O; 
etc., which prevents us from separating elastic collisions from inelastic ones. | Moreover, 
these molecules are distributed over a number of rotational states at room temperatures. 
In view of this fact, we have to carry out a tremendous amount of calculation before we 
can get theoretical values of any quantities which can be compared quantitatively with ex- 
perimental values. 

However, H,-gas at low temperatures forms an exception. In this case, almost all 
para-hydrogen molecules are in the ground rotational state while those of ortho-hydrogen 
are in the first excited one. Moreover, because of the large spacings of their rotational 
levels, rotation-translation energy interchange can hardly take place. Therefore, we can 
treat the molecular collision in hydrogen gas at lower temperatures as a purely elastic 
one. Furthermore, owing to the smallness of the mass of this molecule, we can foresee 
the possibility of the presence of some quantum effects in the collision. For these 
reasons, we have studied some features of the collision between hydrogen molecules at low 
temperatures. 

For collisions between non-spherical molecules, one would think that the molecules 


prefer some particular orientations during the collision. Generally speaking, such states having 
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a particular orientation can be obtained only by mixing of many wave functions of higher 
rotational states. Such mixing hardly occurs in the case of hydrogen molecules because of 
their large level spacings mentioned above. The ortho-hydrogen molecule is, however, in 
a triply degenerate state of the directional quantization and mixing among these three sub- 
states takes place even at low temperatures. Only such kind of mixing is taken into 
account in this work. In the para-ortho collision, for example, the total angular momentum 
J is the vector sum of the rotational angular momentum / of the ortho-molecule and the 
angular momentum j of the relative motion. The three rotational sub-states correspond to 
the three possible orientations of the vector / around the constant vector J. A general 
mathematical formulation along this line is developed in the next section and its application 
to the case of hydrogen is given in § 3. 

In relation to this calculation, it must be mentioned that Becker and Stehl measured 
recently the viscosity of hydrogen gas at low temperatures,'? which, in fact, aroused our 
first interest in this kind of problem. They measured the viscosity for various concentra- 
tion ratios of para and ortho components and could get a small variation of the viscosity. 
Comparing with a theoretical prediction by Halpern and Gwathmey,” however, they found 
that the viscosity variation was in the opposite sign and very small in absolute magnitude. 
We show in § 4 that the disagreement has been brought in by the rough assumption of 
the intermolecular potential, ie. the rigid sphere model, since we can avoid the greater part 
of this disagreement by adopting more detailed potential including the van der Waals at- 
traction. However, in order to make a complete explanation for the observed small variation 
in viscosity, we have to give an accurate estimate of many different kinds of small effect, 
which is extremely laborious. For this reason, we can not completely explain the remaining 
small variation, but some brief accounts are given in § 4 for the various effects which seem 


to play important roles in this phenomenon, 


§2. Mathematical formulation ef the collision preblem 


Since the para-hydrogen molecules are in the spherically symmetric state, the para-para 
collision can be treated by the ordinary method for the spherically symmetric potential field. 
Thus we shall mainly investigate the para-ortho collision in this section.* This collision 
process can be considered an encounter between a diatomic molecule and a monatomic one. 
Thus in the center-of-gravity system, we have the following wave equation** 


1 a hy Iu ‘ F 
{—syphisy Pit VR D—Wh =o, (2-1) 


where the first term represents the rotational encrgy of the diatomic molecule (the vibrational 
degree of freedom being neglected throughout this work), the second term corresponds to 


the energy of the relative motion of the two molecules and the third one is the intermolecular 


More general discussions about the collisions between diatomic molecules have been given in another 
place.” 


** Atomic units are used throughout this paper. 
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potential function, while W is the total energy m, 


of the whole system (neglecting the internal ae centre O 
ete of diatomic 
binding energies of both molecules). Reduced molecule 


masses are ny 
M’= (m,m;) i (m, +m) , 
M=m, (m,+ ms) /(m,+ m,4+ m,). 


G 
R(R, 6, ~) 


Now we can expand the wave function 5 FC, 4, 9) ei 
® in the form Piggy 
i ce 
actinie” (R) Mey GE. ~) Y, mt (4, ¢), (2:2) 
jvim 


where Y’s are the normalized spherical harmonics. Then, by use of the orthonormality 


of Y-—functions, it is easy to derive a set of equations for g(R). Thus, we have 


it ge ] | - 1 iv 5! « / ily! 
4 | a iit ) +k} gin= >) bm | P| jem gil, (2-3) 
where 
[ s : 
kr =W— See » Sy=mean value of the internuclear distance in the diatomic molecule. 
Sq 
and 


(julm | V|j'v'U'm') =|---| ae PD) Y,* (0, ¢) ey (0, D) 
X Yim (OG, ¢)sin@dldy sinCdbd@ . 


For the para-ortho collision, we may put /=/’=1, but the above and the following equa- 
tions are valid more generally for the collision Letween a diatomic molecule and a monatomic 
one. Furthermore, it may be noted that the para-para collision is also involved in the 
present formulation as a special case in which [=/’=0. 

Now we shall consider the collision in which the diatomic molecule has the definite 
values of the rotational quantum number /, m before collision. After collision, all quantum 
numbers j, v, 4 m have the possibility to take different values from the initial one. We 
can, however, reduce the number of changeable quantum number to two if we move into 
a new representation of the states in which the total angular momentum J and its z- 
component /# have definite values. For this sake, we must take, in place of the single 


product Y;,(0, 9) Y,,(9, ¢), the linear combination 
Ye ia Aa vires (0, ~) een G, ro) (2 4 4) 
m 
as basic functions. The coefficients s;”,,,, ate the well-known transformation coefficients 


defined by Wigner in his text book..* Being the coeflicients of a unitary transformation, 


they satisfy the following relations : 


* In place of pia we may use the notation (ll/mm’|Il/Lm+m’). 
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DD Sear Ship a= ona ’ (2 A 5a) 
> Shuts SPup—m=Oan : (2- 5b) 
Now, the wave function & of our problem can be written as 
P = 5) {G5,(R) /R} YH» (2-6) 
ie 
where 
GH (R) =>) Cee gis (R)s (2-7) 
v 


Since J and ys are good quantum numbers, the set of equations for G(R) has the form 


J {#10405 8) Gh. ®) =D Uni VTE OCH) 
Moreover, since the intermolecular potential V is a function of the relative distance and 
the relative orientation of the two colliding molecules while the quantum number // defines 
the orientation of the system as a whole, it is clear that the matrix elements (Jyzj/|V\ Jj’) 
are independent of 4. In what follows, therefore, we shall omit the subscript from the 
matrix elements. 

For our present purpose, we can confine ourselves to the case in which the inelastic 


processes hardly take place. Thus our fundamental equations become 


A_{# 194) seles@=SUiMUIDGH®. 2-8) 
Furthermore, the orbital angular momentum j hardly changes in the low energy collisions. 
The change in j means the change of the virtual potential j(j-+1)/2MR*. For hydrogen, 
the reduced mass M is so small that change of the effective kinetic energy k'/2M— 
j(/+1)/2MR,™* is considerably large, which makes the overlap between the initial and the 
final wave functions very small. For this reason, we may assume, at least to the first 
approximation, that j is also a good quantum number, and our set of equations is reduced 
to 


d* i(j 2 : 
{je LGD eam iD}Gg@=0, 29) 


which is a set of separated equations. 


As is well-known, if we expand the plane wave exp (tkR cos) in terms of the 
Legendre polynomials we have 


>1(2j +1) #P; (cos) f,(R), 
j= 


where the function f,(R) has the asymptotic form (kR)~' sin(kR—V% j=) at large distance 
R. Therefore, the incident wave in our collision problem can be written in the form 


Yim (9, Y) exp (ikR cos 0) 


The transition occurs only near the classical turning point R=Ry 
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=S12j+1)Pf,®) 42/H+V"¥,(, D Ym, $) 
j= 
=SHGA® /R} YA, 


where the function G(R) has the asymptotic form 
GA~k's 2, [47 (2j + 1) Ji sin (AR—Y jr). 
According to (2:6) and (2-9), the wave function in the potential field can be 
w*itten as follows 
P= SOAS FPR) Vi, 
os 
where the function F(R) is a particular solution* of (2-9) and the coefficients A are 
determined by the condition that the function 
F —Yi»,(4, ’) exp GikR cos 7) 
represents an outgoing wave asymptotically. If we normalize the function F(R) by the 
asymptotic form 
F#~k" sin (RR—Y% jr +0”) , (2-10) 
we easily get 
A j= 5 jim (47 (2j +1) i exp (107) - 
After all, the wave function Y is asymptotically expressed as 


DP ~ Yim (8, 2) exp (ikR cos 9) + Ej, (6 POG) exp (ikR) /R 
E,,.= (ik) SY3 sf [2 (2) + 1)": [exp (28%) —1] ¥#,. (2-11) 
j=0 J 


From this expression the total cross section for scattering o, and the cross section o, effec- 


tive to the viscosity are obtained straightforwardly. (See Appendix.) The result is 


o=|---[ [Eml*sin edad sind dp = “7 S131 (2j+ 1) (6#,)*sin’d#, (2-12) 
2 


o=|-| Eps 


27 jl. i Hoe Siz 
= Rk De > mat Ses STum—p Sjtom Sitm—wp 
rf ji SJ BE 
x {cos (207 — 207) +1 — cos 204? —cos 204 


j42,0 G42, 2 VG+1l+tp) G+ 1—/) G4+2+ /) Gj+2—p) 
— Sitom Si pm=e +3 


> sin" dO d@ sin 0 dO dy 


(2j+1) G@+j-1+F) 
(2j—1) (2j+ 3) 


x feos (204¢21— 28#) + 1—cos 284'—cos 205" * | (2-13) 


* G(R) is the solution of (2+9) cotresponding to our scattering problem (see (2*6)), while F(R) is 
a particular solution of (2+9) which is normalized as in (2°10). They are related with each other by 


iby ae Ae ut 
Gin, ar 5 es ee 
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In the above formulation, we have assumed the orbital angular momentum j to be a 
good quantum number. But it is possible for this quantum number to change during the 
collision, so that it is desirable to study to what extent this quantum number can change. 
For this sake, we must start from the equation (2-8). In the following, however, we 
shall confine ourselves to the case /=1, for the sake of simplicity. 

For collisions between two identical homonuclear diatomic molecules, |j—j’| can be 
zero or even number only.” Furthermore, from the combination rule for the angular 
momenta, we have the restriction: J=j’, j/+1 and J=j, j +1. Therefore, for any given 
value of J, we have the following three equations : 


ee +F—2M(J, J, 1|VIJI, )1GAZ=0, (sia 


- ras Goud +k’—2M(J, J—1, 1|V\J,J—1, 1) box 


=2M(J, J—1,1|V|J,J+1, 1) Gi", (2-15) 


Ae el bs ik 9) i ae 9 2 Jat 
TR Re +k—2M(J,J+1,1|V|J,J+1, 1)| 6 


=2M(J, J+1,1)V|J, J—1, I) GF". 
The pair of coupled equations (2-15) may be solved by the perturbation method, which 
yields solutions of the form G+JG, where G are solutions of the uncoupled equation 
(2-9) and the additional parts JG have, to the first approximation, the following asymptotic 


forms, 


AG Fyh~ elbhng | (470) UGH 2M, J-1, UAL J+ 1) 67g aR, 
0 


(2-16) 
AG Si *~ ARABI | (AHS) GL12M(, J+ 1, 1|VI JL DORR. 
0 


Now the total cross section is given by 


o(l=1; m) =3)|G},,(R>@) + dGy}, (R00) — G4}, (Ro) 


ad 


9 


= Bo | (1/2ik) shin 42 (2) + 1) JP — 1] e* 4 AGS, (R-> 00) [? 
Iie 


and, according to (2-16), it is easy to see that, after averaging over the quantum number 
m, the first order correction terms ate cancelled out owing to the relation 


NT Jg+t,1 J—1,1_ 
24 Szom Jom —_ . 
m 


Therefore, the correction to o,, after averaging over m, is given by 


do, (l= 1) =} 3937 |4G4}, (R00) 


m jit 


2 


oO 


= 40> 2J+1)} [2M] FSC J+, ULL Jou 1 FI" Re 


0 
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within our approximation. Strictly speaking, in order to get the accurate correction to the 
second order quantities, we must solve the equation (2-15) more accurately. But the 
order of magnitude of the correction may be estimated by the last formula. 


For the cross section which is effective for the viscosity, we have now 
o, (1=1; m) =k 333} 21 {som (2j + 1) J! (27 —1) + ik4G3!, (R>00)} 
X {Srom[7 (2j’ + 1) Te (en208 —1) —ikdG jy, (R> 0) } 
ee Ape: Y;, sin'0d0d0, 


for which we have had no evidence that the first order correction is small or vanishes. 


§ 3. Calculation of the cross sections for hydrogen 


In the following sections, we confine ourselves to a comparison between the para- 
ortho and the para-para collision. (Certainly, there is the third type of collision, namely 
the ortho-ortho collision. However, if we included this last one, we would have to carry 
out much more tedious calculations.) | Becker and Stehl, who have analysed their experimental 
data, have derived the quantity (4Q/Q) ,=(Q2—Qpy) /Qpp» with which we can compare 
our results of calculations. Here Q means the averaged cross section effective to the visco- 


Sity,” 1.€. 


ae (mT) fre. (K)exp(——_-) dt, 


where m is the mass of the hydrogen molecule and x is the Boltzmann constant. 
Making reference to the results of the calculations made by H. Margenau” and J. de 


Boer” and also to the semiempirical result derived by Mizushima et al,” we have assumed 


the potential 


Vy =(20 cn) +(16 on) (cos*%, + cos’ 7%.) 3-1)* 


6 


between two hydrogen molecules. This form might be open to question with the light of 
the recent work of Evett and Margenau,” who have shown that the quadrupole-quadrupole 
interaction is significant. In that case, the simplified 
form (3-1) would be a poor approximation, but as 
the most part of the calculations given below had 
been performed before the publication of their paper, 
we are going to use the form (3-1) throughout this 
paper. Although the effect of such higher order terms 
might be important for the rotational transition, it 


would scarcely produce a serious error for the elastic 


process we are now investigating. Fig. 2 


* Concerning the definition of R, x; and x2, see Fig. 2. 
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Assuming one of the colliding molecules to be in the para-state, we average the 
potential (3-1) with its rotational wave function and get the effective potential correspond- 


ing to V in the general theory given in §2. The result is 


ey ae (ger ee 4 1p (cos7). (3-2) 
3 S| eeae 
Here V,, is the potential for the para-para collision : 
vn — 92, ene 34 1 " GB s 3) 
3 3 R® 
Then the potential for the para-ortho collision becomes” 
| ed oes a | i 
; . : fog} + 4 
AV = (Jjl|P, (cost) | Jj) (22-e-*--+_  ) 
<a 3, =R’ 
= Sy Girone VJ, », 6 —»|P.(cosZ) lj. v’, I, —v) sit, = Po yt 1 
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the semiempirical potential 


by Hirschfelder et al. 
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where c(/m; l'm’)is the coefficient defined in the book by Condon and Shortley..” We 
can simplify the expression (3-4) by use of the general formulae for the coefficients 
c(ln; Um!) and s/,, the result being 


—1 for lear 


j ; 
32a 4 it oA J=j+1, 
4V= ———e et _ tx . 
15 15 R° ae 
iets =j;— ] Bhs 
2j—1 ‘c J Py 2 


Fig. 3 shows V,,+7(j +1) /2MR’, AV and the semiempirical potential by Hirschfelder, 
Bird and Spotz'? for comparison. 

Next problem is the evaluation of phase shifts for the above potential. Let us treat 
the case of the para-para collision first. Without solving directly the wave equation (2-9), 
we use the following approximations. Namely, for ¢,;<0.1, we use the wellknown Born 


approximation 


ao 


y= 7M | Voy (R){ Jyerre(ER) PRAR (3-6) 
ti) 
and for 0; large (1), the Jeffreys approximation 


2 : 2 \ 1/2 A : 2\1/2 
4,=|{e-2Mr,, uth) ar— | je-—U4 2/2) } dRe- Ve?) 


where the lower limits of the integrals are the outermost zero of each integrand. To 
calculate the integrals in (3-7), we divide it into the following three parts: 


Ro 


Ro 
] ei ; 2B Vay? 
Be eae ET 2) tp fase) ie 
j R R 


PP 


oo : / 2 \1/2 . “ ye 2 NeI1/2 
+| | {P= 2MP yp {e——U+ i) [a. (3-8) 
R Re 
Lo 
The first part is evaluated numerically by the Simpson formula and the second part can 


be integrated analytically as 
R 
(je G-#i/2)* p= | (2) + 1) tan“? — 
R’ 2 2j+1 


Finally, by choosing such R, as V and (j+1 /2)°/R° are sufficiently smaller than R for 
R>R,, the third part is calculated by expanding the two square roots. While for the 


intermediate case 0.1<0,;<1, we can easily get the value of the phase shifts by graphical 
) 


; 5 : : o% 
interpolation, comparing with the results by Mizushima et al. 
We will consider next the phase shifts for the para-ortho collision. Putting it as 


0,+40,7, we can calculate 40,7 as follows : 


| » t= @ER,)?— Qj 1). 


for small 0;, 4 
b= ait AV Jyara (RR) PRAR,, 
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In the latter case, we have divided the whole interval into two parts ana for larger R, 
ae, 


we have evaluated it by series expansion just as before. 
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The results of the calculation of the phase shifts 0, are shown in Fig. 4. These 
curves are very close to those obtained in a more exact way by Mizushima et al” for a 
potential which is not so far from the present one. This fact supports the validity of our 
approximation procedures. For 40;’, we give two illustrating examples (for k=0.8 and 1.4) 
in Fig. 5. In these curves, the accuracy of the computation is not good in the region of 
hump right side of the intersecting point of the three lines, because this is the region 
where both the Born and the Jeffreys approximations fail. 

The total cross section o, and the cross section effective for the viscosity o, are shown 
in Fig. 6 and 7 respectively. The solid line corresponds to the para-para collision; we 
have obtained the line from the formulae (2-12) and (2-13) replacing 0/ by 0;, sum- 
ming up over even j only and multiplying by two taking into account the Bose statistics 
for para-hydrogen molecules. The dotted line corresponds to the para-ortho collision though 
we have neglected 40,’ here, namely we have inserted the value of 0, shown in Fig. 4 
into the equations (2-12) and (2-13). The discussions on these figures 6 and 7 and 


also the estimation of the effect of 40,’ are given in the next section. 


§ 4. Viscosity of hydrogen at low temperatures 


As mentioned in the introduction, Becker and Stehl have measured recently the 
viscosity of hydrogen gas at lower temperatures with greater accuracy. The results of their 
measurement may conveniently be summarized as follows : 

(i) (£Q/Q)us> (40/Q en > 0. 

(ii) (4Q/Q).» is nearly proportional to T~*”, while (4Q/Q),, changes a little more 
slowly with temperature T, 

(iii) at 15.0°K, (4Q/Q).» is about 4.2 107%, while (4Q/Q).. is 9.9X 10°. 

Now we shall try to give an explanation for these observed facts. 

(a) First of all, it is to be noted that, for collisions between two hydrogen molecules 
with identical internal states, odd values of the angular momentum of the relative motion 
are excluded by the Bose statistics. This arouses differences in the cross sections for para- 
para, para-ortho and ortho-ortho collisions, even if we assume the same intermolecular 
potential for all these. About twenty years ago, Massey and Mohr™ calculated the total 
cross section o, and the cross section o, effective for viscosity for the rigid sphere model 
and investigated the similarity effect we are considering. The results of their calculation 
showed that o, for the similar particles was larger than o,, for the dissimilar ones, for all 
values of the energy of the collision. Consequently, Halpern and Gwathmey, who made 
a comparative study of the para-para and para-ortho collision using the results of Massey 


and Mohr, concluded that the viscosity coefficient of pure para-hydrogen gas should be 


smaller than that of para-ortho mixture. (Note that the viscosity coefficient is inversely 


proportional to the cross section Q,.) This is clearly contradictory to the observed fact cys 
Furthermore, the predicted viscosity variation by Halpern and Gwathmey was too large in 
absolute magnitude. Now, the greater part of this contradiction can be removed by our 
present calculations. In Fig. 7, the solid line oscillates up and down about the dotted line 
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and after averaging this with the Maxwellian distribution of the energy of collisions, we 
find no appreciable difference between the viscosity of the pure para-hydrogen gas and of 
the para-ortho mixture. This oscillatory behaviour comes from the positive part of the 
phase shifts (see Fig. 4) and the latter is due to the van der Waals attraction. We can 
say accordingly that the use of a reasonable intermolecular potential can avoid the greater 
part of the discrepancy between the experiment and the older theory. 

It must be noted, however, that as long as we take into account the effects of the 


Bose statistics only, we must have the result either 


(4Q/Q) op > (4Q/Q) 00 > 0 


or 


(4Q/Q) op ~ (4Q/Q) o =U 


because the para- and ortho-hydrogen molecules are completely dissimilar, while ottho-ortho 
pair is partly similar. Both of these inequalities are inconsistent with the observed order 
(i). Therefore, in order to get a full explanation for the remaining small variation in 
the observed viscosity, we must resort to other effects. Unfortunately, there are many small 
effects which must Le investigated before obtaining quantitative results, and studies of these 
small effects require calculations of a very high degree of accuracy. Such quantitative 
investigation is beyond the present work as the accuracy of our calculation is not enough. 
But, in the following, we shall give a brief survey about various causes which might have 
some effects on this point. 

(b) Now, let us take 4d;7 into account. This comes from the non-spherical character 
of the intermolecular potential. We can see from Fig. 5 that 40,7 is considerably small 
as compared with unity, so it may be legitimate to expand the cross sections 0; and o, 
into power series in 40,’ and retain the first two terms only. Then the correction terms 


of o, and o, are easily calculated as 


do, = 42/8 +>) (2) +1) sin20,-T;; (4-1) 
j 
Ao,= at > Gd) (inh?) sin 2 (0;,2— 95) , Py2—L), (4-2) 
Pests 2p-+3 


where 
Py= 2180; J) 407 
(j=1)/3Q@j+1) fer J=i-1, 
EG, DHT 2m) = 44/7 fo eae 
(Gupayweaptiye. +, bee jaa: 
As we ate concerning ourselves with very small difference of the viscosity, 40,7 is not a 


negligible quantity, though it is small. It turns out, however, that after averaging with 
the weight factor g(j; J), we get very small [,.* This is due to the cancellation of the 


* Jt is the general feature that the first order effect due to the nor-spherical nature of the intermolecular 


potential is vanishingly small. As for the general discussions, see the reference 3. 
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positive and the negative 40;’. As a result, the calculated value of do, has the correct 
sign but is too small by a factor of about ten. So we cannot attribute the observed dif- 
ference to this effect only. 

(c) The intermolecular potential depends on the rotational states of the molecules 
as a result of an elongation of the internuclear distance €. This effect may be estimated 
roughly by 

Lefo ae (FSI |S : 
For the ortho-hydrogen molecule, we have” 
may By een Ley (in a.u.) 
so 
Api ac oa 10. e. 


This is the same order of magnitude as the difference at issue, but the effect is almost 
temperature independent and this is in contradiction to the observed fact (ii). 

(d) According to the potential (3-3), the system of two hydrogen molecules has 
a stable discrete level for j=0 and a quasi-stable level for ;=1.* Namely, there are some 
H, molecules in hydrogen gas at lower temperatures. Their presence naturally contributes 
to the viscosity, and the change of the viscosity due to this effect may be regarded as 
proportional to the concentration ratio H, to H,. For the identical pair of two hydrogen 
molecules, the level j=1 is excluded because of the Bose statistics and this arouses the 
viscosity variation we are considering. This effect decreases in its magnitude when the 
temperature rises in accordance with the observed fact (ii), at least qualitatively. But this 
effect is inconsistent with (i), because this comes from the Bose statistics just as the effect 
(a). 

(e) Up to now, we have tacitly assumed that the viscosity coefficient is expressed 
by the classical formula : 


No=5/24+ (maxT)*?/Q. 
But according to the quantum hydrodynamics we must replace the classical Boltzmann 
equation by the Uhling-Uhlenbeck equation. The viscosity coefficient, then, becomes!” 


t= (1 +n- (27) nde ay) 
(mxT ) 


$3: 12ei7 Bete ey: 
On =2 | 4-228 le en a d; | Jerre, | > 
° 


where 7°=k?/2MxT, and + and — correspond to Bose-Einstein and Fermi-Dirac statistics, 


respectively. mn is the number of particles per unit volume. By this effect the variation 


of viscosity with para-ortho concentration ratio might have the opposite sense to the observed 


: x1): < : 5 
one since %y° 1s a negative quantity for our problem. This effect, as well as the previous 


B oe ; ; ; 
The level j=1 is estimated to be virtual for out potential V,,,, but since this energy level is very 


close to zero energy and is surrounded by a thick potential barrier due to 


the centrifugal force it is practical- 
ly stable. 
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one (d), are pressure-dependent and since the pressure of hydrogen gas varies rather rapidly 
from point to point in the apparatus of experiment, we have not estimated these effects 
quantitatively. Because of these dependences on pressure, it is desirable to attempt an ex- 
periment under various pressures. 

(f) Finally, we can estimate the effect of change of j along the line developed at 
the end of § 2. It turns out that this effect seems to have the same or somewhat larger 
order of magnitude and it may be expected that this effect is consistent with (i). But 
this does not depend on temperature in the required way. 

As a conclusion to this section, we can say that any single one of the effects above- 
mentioned can not explain the observed viscosity variation. In other words, for the cxpla- 
nation of this phenomenon, it seems inevitable to take simultaneously two or more of these 


effects into account. More detailed analysis is open to an investigation in future. 


5. Conclusions 


In this paper, we have developed a theory of collisions between non-spherical molecules. 
Though the detailed calculations have been confined to the special case of hydrogen gas 
at lower temperatures, our procedures of treating the problem can be extended to other 
cases straightforwardly. For the problem of the viscosity variation, we have found that 
an improvement in the shape of intermolecular potential function can avoid the greater part 
of the discrepancy between the experimental fact and the previous theory. However, the 


quantitative explanation of this phenomenon requires more detailed calculations. 
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Appendix 
Derivation of the cross section o, effective for the viscosity. 
We begin with the general formula for the cross section o,, 


v= |---| [Engl sin’ 0400 sin 0 dO do . 


Putting the asymptotic form (2-11) of the wave function into this integral and integrat- 


ing first over the coordinates @ and 9, we get 


F=7/k s aps ie ee Co pa Oe eee [ (27 a 1) Cy Ts 1) di k 
ji IF pb 


x (e729 1) (e+ 285" 1) [Yh (0) Vy, (OD) sin’ Od0d0 , (At) 


258 K. Takayanagi and K. Ohno 


owing to the orthonormality of the spherical harmonics. The remaining integrals can be 


carried out by use of the formula 


Y;,(0, 9) sin? = oes ¥in(9, 9) 
owt, Ua1t 4) U-1=) UY Gah ay, ego ad 
iL J (2) +1) (2)—3) qlee 


ee ie. G+1+/) G+1—/) G+24+ G+2-/) y,,, (0, 0). 
2543 (2j)+1) (2/4+5) i 


(A2) 
On the other hand, if we disregard the product (exp(—2i07) —1) (exp (2i03/’) —1) each 
term in (Al) is symmetric for the exchange of (j,J) and (j’, J’). Therefore, this 
product may be replaced by 
1/2 [ (e7 287 — 1) (e2id 5 — 1) + (e— 2105," 1) (¢2i0F 1)] 
=cos2 (0#— 0%) +1—cos20#— 204} (A3) 
without affecting the value of the sum. 


Thus, by using (A2) and (A3), (Al) becomes 


v1 she . . 4 P . 2 ; 2 ; 
o> BE = Pied na ian ee 5 Felons S (2) zs 1) . Be - : 7 ua ) {cos2 (07 — o# 
: 2j—1) (2j+3 


7 Jw 
41 es 28 0s 208} aft $8. VG bl) GS 1) G2) FFI 
2j+3 


+22 9 95 ~ 
X cos2 (d5¢*!— 0 J) + 1—cos 20% —cos 2057? 


; 9 ° / fice : 7 = . 
pci, = LL ey gee G+) GP) {cos2 (di7%4— 8) 41 
= 


4 S4—5 
—cos 207 — cos 204,” " | : 


The second and the third terms in the bracket [ ] become identical if we carry out the 


summation over j, J and J’ and, therefor>, we are lead to the final result, 


(2j7+1) (P+j—1+ 2°) 
(2j—1) (27+3) 


pt Gat = Sat Sat j+2,2 44% 2 
X {cos 2 (0% — 0%,) + 1—cos 204 —cos 20%} — 33+ sioes 


27 = i ¥ 
pe Page ile Bh Fe, <a Ces, g’ jt je 
Oy 2 SIPs Siiom Svipm: bh Sytom SP m= 
ji Sd 


x ¥G+1+4) G+1—p~) G+2+) G+2—p) 5 
+3 ; 
+ 1—cos 20# — cos 204} "| ; 


cos 2 (04°)? — 93) 


(2-13) 


If we assume that the phase shifts 0 do not depend on J, we can carry out the 
summation over J and J’ by use of the formula 


i jl —_ 
23 Som Hints ho Bis 3 


obtaining 
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i) 
4 


G  (2j—1) (2+3) 3 2j+3 


X {cos 2 (05+? ?— 6") 4 1 —cos 20% — cos 205+? 4 | 


ws 
re) 


wl] yy 


= zg Is: GY) Gz (1 —cos 2 (09+? ?— 93) ) 

j 2 ae 

+ FADED G2 00204 
F  (2j—1) (2j)+3) 


I 2) G1) 951 
>a ea a ae —cos20”) |. 
+3] 2j+3 2j-1 }a . | 


The 2nd and the 3rd terms of this expression cancel out each other, thus giving 


2a S Gt 1) G2) sin? (07+?)! — 82) 


RG fash 2 


which is the well-known expression for the spherically symmetric potential. 


oO, = 
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The nuclear matrix elements for the B-decay in the second and the third forbidden transitions 
are derived on Bohr’s collective model. The results are used for determining the ratio of the scalar 
and the tensor coupling constants in the analysis of the B-decay of Rb*’, Cs!**, Tc% and Fe®", in 


terms of a linear combination of the scalar and the tensor Fermi interactions. 


§ 1. Introduction 


Recent studies of ~-decay”:> have shown that the ratio of scalar and tensor coupling 
constants in the Fermi theory satisfies the following condition : 

—1S (gs/g7) S—1/2, (1) 
where g, and gy represent the scalar and the tensor coupling constants, respectively. The 
absolute magnitude of (g./gr) had been investigated by the analysis of magnetic moments 
and ft—values in the allowed /{—decay.” However, because no interference term between 
S and T appears in the allowed transition, we have to analyze the shape of a higher 
forbidden //-spectrum, in order to determine also the sign of (gs/g-). Unfortunately, the 


only parameter, of which we can obtain the approximate value in the analysis, is the 
following real number” x: 


x=i(gs/gr) +Q, (Pr, r) /Q: (AloXr],r), (L&2) (2) 
where Q, (fr, 1) etc. are nuclear matrix elements in Greuling’s” notations. In the former 
treatments,” (gs/g) was calculated by using values of x found empirically and of the 
ratio of nuclear matrix elements, Q,(9r, r)/Q,(5|¢Xr], r), predicted by the single 
particle shell model. (We shall write it briefly as SPM hereafter.) But the true value of 
the ratio may be different considerably from the one predicted by SPM, in spite of the 
fact that the individual particle shell model gives the same value for the ratio as SPM. 
It is probable that the mixing of configurations may change the ratio to some extent. The 
former conclusions are based upon the presumption that the ratio predicted by SPM will 


give a good approximation to the true value of the ratio. 


In this paper, the ratios are calculated by the strong coupling approximation studied 
by A. Bohr and B. R. Mottelson™ as another extreme case. 


ry : . 
§2. The ratio of nuclear matrix elements 


In the strong coupling approximation, the nuclear wave function is given by 
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P (2; nan, ; IKM) = V (21+ 1) /167" 9(8, 7) {%uDh, xt+-%-aDh, x, (3) 
where we use the same notations as in the reference 6, and 
XoH= a Xb + a0XG joe Noaaed Gai tote (—) 7h Br B gb os (4) 
supposing that there exists one extra nucleon outside the core of the nucleus. The calcu- 
lation of the ratio of Q, (fr, r) and Q,(6(0Xr], r) (in this case L=2 and 3) can be 
performed easily using the components of the polarized solid harmonics,” Y), (fr, 7) and 
Yr» (8[oXr],r), which correspond to Q,(fr,1r) and Q,(4[0Xr], r) in Greuling’s 
notation, respectively. They are conveniently expanded along the nuclear axis, giving 
Yiw (a, b) = VYiw (a’, b’) Dy, ur (5) 
in terms of the operators )/,,,(a’, b’) expressed in the nuclear coordinate system, where 
a and b, for example, represent the vectors fr and r, respectively. 
We can calculate the ratio of nuclear matrix elements easily under the following 
restrictions. (a) We consider only the parity-unfavored forbidden transitions, for which 
ip 


are more reliable. We know that both I, and I; of the relevant nuclei cannot be zero in 


I,—I;| 22. (b) We treat only odd mass nuclei, for which the shell assignments 


this case. (c) It is known that K=2=I for the ground state of every nucleus. But 
when [=3/2, the particle wave function may be exceptionally expressed by the mixture of 
= 3/2 and 21/2 in Bohr’s collective model. In the present case, the state with 
Q=1/2 cannot contribute to the /-transition at all, and so we shall simply omit the state 
with Q= 1/2. 

Then the nuclear matrix elements of a transition operator QY),1,(a, 6) is written as 


af 21 i! 2; ata ib aK si Oa 
(F ,, Qiu (a, 6) F,) = ( mers ) | eres eps Sas JU Vian Us,» 
(6) 


ves 
where Q is an operator which changes a neutron into a proton, and M,=I,—I,. If we 
put R=Q,y (Sr, r) /Q,(80 Xr, Tr), we have, for “‘ Boht’s model”, 
(F;, QOD (Pr, r) F ;) (Li) ONiu, (Pr’, r’) z1,) 

Rew =F, Qin GoXr NF) hip Win G5Xr, YL) 
with M,=I,—I,. From the relation (7) it can be seen straightforwardly that, if the extra 
nucleon has a definite angular momentum, Ryy=RKspu- However, the surface interaction 
between the core and the extra nucleon gives rise to the mixing in several particle states 
with the same parity but with different values of angular momentum j,, jo, etc. Thus the 
amplitude of mixing 4,, a:, etc. according to the reference 6 must be found. Then, we 
can obtain the ratio R,y, in the non-relativistic approximation, substituting 4,, dy, etc. to 
the relation (4) and using the relation (7). But we meet with some ambiguities and 
difficulties. One of them is the lack of exact knowledge with respect to the radial wave 
function. When the mixing occurs in two states which are not spin-orbit partners with 
cach other, we need necessarily an estimate of the radial matrix element of r”. It is known 
that the value of a radial matrix element is not very setiously affected by the shape of 


Hartree potential so far as the central potential is supposed to give a good approximation. 


(7) 
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We therefore use the value estimated from the solution of a three dimensional harmonic 
oscillator potential. The sign of the radial wave function can be determined by a fact 
that the radial wave function must have a definite sign on the surface of a nucleus” and 
no node exists outside the surface. Another difficulty is the lack of the detailed know- 
ledge about the level splitting 4 in the case of no surface interaction ie the strength k 
of the coupling between them, which may fluctuate among various nuclei. Generally the 
amplitudes of mixing depend on the relative magnitude of k8 to 4. If memantine that 
the level splitting, J, is not very different from the corresponding level splitting eins 
observed excited level, for example, the level splitting J (dso—gz)2) for Ru is determined 
to be nearly 0.6 Mev found by interpolation of the observed data.” However, J (dsjo— 
dy») for Ba’ can hardly be estimated from the existing data for higher nuclei, because 
we cannot find any regularity among them. [Even in such a case, however, we can pee 
mine the sign of the amplitude of mixing state and we shall find its absolute magnitude, 
taking the value of k3/4 which can give better agreement with the observed magnetic 
moment. 

According to the above considerations, the amplitude of mixing and the ratio of nuclear 
matrix elements R»x, are calculated for four nuclei, Rb”, Cs’, Fe’ and Tc”, which have 
been used to determine the ratio of g, and gy. The results are shown en bloc in Table L. 
For the sake of reference, the calculated and experimental values of magnetic moments are 


shown in Table II. 


Table I. R=Q,(6r,r)/Qr(B[oxr],r) (In this table SPM and BM means single particle model 


and Bohr’s collective model, respectively.) 


Tnitial Final 


Order of 


; a) + 

Forbiddenness| Nucleus Nucleus SPM Rspu oi Row 
3rd 37 Rb? zgor! 29/2>ps/2 i 89/2 (psyot 26 fay) | 181i 
2nd 5pCs}54 sjbals? ds/2—>g7/2 1 (dsjo+% d5/2)9— (g7j2—75 gaj2)©) 0.527 
2nd gx L99 giRu%? d5/2— 89/2 =H} (dsj2—3 g7/2) f) —>g9/2») | —0.761 
2nd oFe®? 970%? ps/2> file =U (ps/2+46 fs/2)° > fi/2) ig 1.59; 


a) In this column the numerical coefficient represents the amplitude of mixing state, including its sign. 

b) For these nuclei, there exists no near-lying level with j > @=TI and same parity. The magnetic moment 
of the nuclei are all close to the strong coupling limit. (cf. Table II.) 

c) If d;/2 is small compared with &8, the mixing amplitude does not depend seriously on k8. (cf. reference 
6, page 70.) 

d) We obtain the limit of mixing amplitude, if we put 4/k3~0, which is probably an overestimate, judged 
from the calculated value of magnetic moment. (cf. Table II.) From the range, 1.2 ><45/2/a3/2>>—0.2, 
which is consistent with the observed magnetic moment, (cf. ref. 6, p. 73, Fig. 12), we obtain 0.4 rhs 


Rrw<1.2i. In this case, we don’t need the estimate of the radial matrix element, since we take into 
account only spin-orbit partners. 


efect on Ryy is small. 
e) This configuration can be obtained using the value k8/dojo~—4. 
the observed magnetic moment. (cf. Table IL.) 
f) We find 47/2~0.6 Mev by interpolation of the data. If we put k@/ 4; 
which can explain the observed magnetic moment. (cf. Table II.) 


However, gz/2 state may mix additionally to this configuration, but its 
It gives an accidental agreement with 


2~4.2, we obtain this configuration 
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Table II. Magnetic moment » (n.m.) 


aden Lexp USP Lnu (pure) | em (mixed as in Table I) 
Rb? 27D 3.79 255 as 2.158) 
Srv —1.09 —1.91 —1.20 —1.20 (not mixed) 
C187 2.84 72 1.69 2.840 
Bates 0.94 1.15 0.96 1.42°) 
Tc%9 5.68 6.79 5.93 5.93 (not mixed) 
Ru%? —0.6+0.2») —1.91 ~ —1.04 —0.62 
Fes? — 1.91 0.88 0.55 
Co59 4.65 S/S) 4.86 4.86 (not mixed) 


a) The magnetic moment calculated by BM, assuming that the extra nucleon has a deSnite angular 
momentum. 

b) Cf. K. Murakawa, J. Phys. Soc. Japan, to be published. 

c) Cf. reference 6, page 73. 

d) Though the strong coupling moment for a pure g7/2 state is very close to wsp, the small admixture of 
the spin orbit partner increases the moment. 

e) The relatively large magnetic moment of Rb‘? may arise partly from a small admixture of f7/2 and partly 
from the less developed strong coupling situation. (cf. ref. 6, p. 70.) 


§ 3. Discussion and conclusion 


We have obtained the ratio of nuclear matrix elements R,4,, predicted by the strong 
coupling collective model as an extreme case against the single particle model, though the 
intervening ambiguities make the numerical results not so convincing quantitatively. It can 
be seen from the results that the sign of a ratio R,,, agrees with the one predicted by 
the single particle model, at least in regard to the above four forbidden (transitions, though 
the absolute magnitude of the ratio is different by a factor of about two. Therefore, even 
if we use R,y instead of Repy in the former investigation’ of (gs/gz), we have no 
need to modify the former conclusion that gs/gr < 0. We would think that the former 
treatments assuming the single particle shell model and their conclusion (gs/gr) <0 have 
been justified in this respect, because we expect the true value of R lies between Rspy and 
Ryw- 

Recently it has been asserted by M. Morita et al. that the possibility of V instead 
of S as the Fermi term cannot be excluded at the present stage. The discussion of this 
paper will be equally valid also for the case of the combination of V and T. 

The author wishes to express his sincere thanks to Professors T. Yamanouchi and S. 
Nakamura, Dr. H. Horie, A. Sugie, M. Yamada and M. Morita for their valuable dis- 


cussions. He is also indebted to “‘ Yukawa—Yomiuri Fellowship ” for the financial aid. 
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Previously we considered a new expression of the electromagnetic field strength in the generalized 
theory of gravitation. In the present paper we study, on this basis, static solutions of the field equa- 
tions for the magnetic case. At first a magnetostatic field is studied by introducing a scalar potential. 
Next, examining the feature cf the field equations in Einstein’s new theory, we show that a singularity 
of the field cannot be identified with the source, contrary to the classical field theories. By using 
this result it is further shown that a single magnetic pole does not exist. This conclusion is not 
contradictory to the observation, and consequently favorable to Einstein’s new theory. 


§ 1. Introduction 


In a previous paper?* we have discussed static solutions of the generalized theory of 


gravitation” for the electric case. The present paper is chiefly concerned with the magnetic 


case. 
In Hinstein’s theory, there are several antisymmetric tensors of the second order which 


depend on the fundamental tensor 7, alone and may be interpreted as the strength of the 
electromagnetic field. Therefore, in I, we have investigated the mathematical expressions 
of the electromagnetic quantity, and have clarified that, in order for the treatment of the 
electromagnetic field to be kept as analogous as possible to the Maxwell theory, it is pre- 


ferable to identify F,, given by 
Pc PRE asf 9/27 V9 ? (a, B, A, pe ie; 4), (aD) 


with the strength of the field, where 
by = Gay = (Gin tGpa)/2> fu =Ia= (Jay —Gua)/ 2s (1 -2) 
J=det. Jip» g=det Ds ais Caen, aes) 24 


and both €,yye and «*"” are the Levi-Civita relative tensors. The indices of f,, are 


raised and lowered by means of h** and /y,, the former being the conjugate of the latter. 


Then one of the field equations, (2-5) in I, is equivalent to 


Bas tel ihy x SE age ake (1-3) 


* Hereafter referred to as I. 
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where the comma denotes the ordinary differentiation with respect to the xs. By means 
of this equation it is possible to introduce a four-vector potential in the same way as in 
the Maxwell theory. 

When Wyman examined the static spherically symmetric solutions, he pointed out a 
certain difficulty about the boundary value problem in the electric case.” He expected that 
this problem would be solved by obtaining a general solution including both the ‘ electric : 
and ‘magnetic’ parts. However, it was shown by Bonnor that such a solution does not 
throw any further light on this problem.” Afterwards a method of avoiding the difficulty 
was put forward by the present author: He showed that if one uses the electrostatic 
potential, i.e., the fourth component of the vector potential above stated, then one can 
choose a suitable boundary condition, which is free from the difficulty. And the essential 
feature of I was the introduction of a ‘scalar’ potential for the electrostatic field. 

In the present paper we shall deal with the magnetic case in a similar manner as in 
I. For that purpose we shall introduce for the magnetostatic field a scalar potential, whose 
existence is not a necessary conscquence of the field equations. In the Maxwell theory a 
similar situation appears also, but for the discussion of the magnetostatic problems a scalar 
potential can often be introduced in many important cases, by means of which the treatment 
becomes very easy. Correspondingly we shall assume the existence of a potential ¢ at the 
beginning of this work. «/ thus introduced can be expressed in terms of 7), for the field 
with or without spatial symmetry (§ 2). In particular, if 4,, and ¢ are assumed to be 
static s.s. (spherically symmetric) ,* it follows that the form of f,, reduces to the general 
static s.s. tensor with vanishing electric part. This form of f,, has been used by other 
authors in studying the spherically symmetric solutions.”°” It is thus shown that for the 
static spherically symmetric field of the magnetic case hitherto studied a scalar potential can 
be introduced without any assumption (§ 3). 

We shall further investigate the features of singularity of the field in the new Einstein 
theory, and shall show that, in contrast to the classical field theories, it is not appropriate 
to identify a singularity with the source of the field. If a single magnetic pole were ex- 
istent as discussed by some authors, its field would be represented by a static s.s. solution 
without singularity. On the other hand, as will be shown, the general static s.s. solution 
for the magnetic case necessarily has singularity, that is, there is no coordinate system for 
which the solution is regular everywhere. Accordingly, we may conclude that our result 
indicates the non-existence of a single magnetic pole, which is consistent with the observation 
(§ 4). We shall lastly give some supplementary remarks to the previous and present 


papers, explaining our standpoint that F,, defined by (1-1) is identified with the strength 
of the electromagnetic field (§ 5). 


§ 2. The magnetostatic field in general 


In the present work the strength of the electromagnetic field is represented by F,, in 


* A spherically symmetric (abbreviated as s.s.) tensor is, 


' by definition, one which is form-invariant 
under the group of spatial rotations. 
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(1-1). And this section, unlike the others, is concerned with the magnetostatic field for 
the general case, i.e., with or without spatial symmetry. 

For the following purpose it is convenient to divide the electromagnetic field into the 
electric and magnetic parts, and to write the equations in a_three-dimensional form. 


Further we shall use a coordinate system such as 
ba — 0, (2 i 1) 


which is analogous to the time-orthogonal system in general relativity. The index 4 is 
referred to the time coordinate, and the Latin indices are to the space coordinates and take 
the values 1, 2, 3. Then the equations to be treated, e.g., (2-2), (2-3), etc., are tensor 
equations for x’, although not invariant for the general four-dimensional transformations of 
coordinates, since the index 4 appears in a special mode. This device is especially adequate 
in discussing the magnetostatic field, because the electric field may appear or the staticness 
of the field may be lost by a transformation of x*. 


Since the magnetostatic field is in question, it is reasonable to assume 
lire a) (22) 
by analogy with the Maxwell theory. Then we get from (1-1)* 
fis=9, (2-3) 


a condition to be satisfied by g,, in the present case. 

Later on we shall introduce a scalar potential for the magnetostatic field. For that 
purpose we must obtain from F,,, the covariant components of the ‘ magnetic vector’, which 
will be equated to the negative gradient of the potential. In forming such components 
there appears, unlike the case of general relativity, some arbitrariness due to the non- 
symmetric character of 7,,. So we shall follow here a procedure keeping a sufficient 
analogy with the Maxwell theory. 

Now let o be a space-like hypersurface defined by x'=const.,** and consider in o an 


axial vector 
Hee") 21, where esl el VG (2-4) 
This vector is equivalent to the spatial antisymmetric tensor of the second order with com- 


ponents F,,, and corresponds to the magnetic field strength in the Maxwell theory. (2-4) 


can also be written 
Ci= Cz ieald 5 


which is used when the Maxwell equations are formulated in the Minkowski space-time 


of ; 6 
referred to curvilinear coordinates.” 
Since the magnetic vector H’ lies in the three-dimensional space o, it is natural to 


* See Appendix. 


** g¢ may be regarded as a three-dimensional Riemannian space with the fundamental tensor hij (or 


equivalently giz by means of (2-3)). 
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define its covariant components by* 
Hist (275) 


where 4,; are the spatial components of h,,, i.e., the components without index 4. Then 


from the assumption (2-1) of timc-orthogonality, we have 
let) gle (2-6) 


where h'? are the spatial components of 4**, and form the conjugate of 4,;, in o. It is 
to be noted that the right-hand member of (2-5) is equivalent to 7,,H’, while the right- 
hand member of (2-6) is not necessarily coincident with g**H,, as can easily be scen 
from. (2™3)6"* 

In the Maxwell theory, a scalar potential is not necessarily useful for discussing a 
magnetostatic field. However, it is well known that, in important cases, it is possible to 
introduce a scalar potential, with which the problems are treated very easily. Moreover, 
in the Einstein theory, it was shown in I that a scalar potential is useful for the electro- 
static case in discussing the boundary value problem. Thus we shall similarly assume that 


the magnetic force H,; can be derived from a scalar potential, i.e., 
H,=—9,; 5 (2.57) 


where ¢ is a scalar function in o. It is obviously equivalent to the vanishing of the curl 
of H;. This means that our program corresponds to the classical case in which the curl 
of the field strength is zero (e.g., the magnetic dipole). We should notice that there is 


no such classical analogue for the spherically symmetric case. By substituting (2-5), 
(2:4) and (1-1), we have from (2-7) 


a a st, / 
P= —hisf “9/9, (2-8) 
which expresses the derivatives of ¢ in terms of /,. 
§ 3. The spherically symmetric solutions of the magnetic case 


In this section we shall study the static spherically symmetric field of the magnetic 
case. In this case we may assume as in I 


Ary?" 0 0 
ye 0 — B(r) 0 0 (x49 
0 0 —B(r)sinX o |’ 
0 0 0 C(r) 


* H* can be regarded as a vector HA 
component is taken to be zero. By lowerin 
which does not coincide with (2-5) 


in the four-dimensional space-time considered, where the fourth 
bts 4: ; ‘ 
g indices by means of hay» We may obtain a covariant vector, 


in general. However, under the assumption (2-1), its fourth component 
is also zero and the spatial ones reduce to (2-5). 


** gtd are the spatial components of g’* defined by gia 


yan : 
: Iua=6O,*, and are not nec i 
in general. v wo? essarily symmetric 
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g=(r), (3-2) 
using the ‘ polar coordinates’ x*=(r, 0, ¢, ct). Then we obtain from (2-8) 
fu=fu=, 
b! = Af) \AC— (fs), (3-3) 
where the prime denotes the differentiation with respect to r. Solving (3-3) for fis we 


know that f,, is a function of r alone. Thus fy, representing the magnetostatic field with 


spherical symmetry reduces to the form 


f= ff @ yr other “f=. (3-4) 


This form constitutes, together with (3-12) in I, the general form of the static 
antisymmetric s.s. tensor of the second order, and it was adopted by other writers as the 
starting point of their studies on the spherically symmetric solutions of the magnetic 
case..-” Thus for the case under consideration, supposing that the force of the magnetic 
field be derived from a scalar potential, we can obtain the general antisymmetric s.s. tensor 
without the electric part. This implies that for the spherically symmetric field of the 
magnetic case studied by many authors, a scalar potential can be introduced without any 
assumption, and hence (2-7) must be considered as the definition of ¢. 

We have thus seen that when the field is static spherically symmetric, the form of 
bh, and @ can be obtained by integrating the ficld equations under the conditions (3-1) 
and (3-4), and then substituting the results in (3-3). For this case Papapetrou obtained 


a solution of the field equations (i-e., Jay), which is given by” 
A=(1—2m/r)',  B=r, C=(1—2m/r) (1+en /1'), (G25) 
fHen/T, (3-6) 


m and e,, being arbitrary constants of integration. The most general solution under the 
assumption (3-1) and (3-4) is obtained from this by carrying out an arbitrary transfor- 
mation of the radial coordinate. By substituting (3-5) and (3-6) in (3-3) and integrating, 
we have 


b= (e,,/2m) log (1 —2m/r) + const., (a7) 


which is the form of the potential for the present case. 
It follows from (3-5) and (3-7) that 


hy,->Galilean values, gb—>const. (0) as 1-00, (3.8) 


which expresses the vanishing of the field at infinity and can be considered as a natural 
boundary condition. In the same way as in I we can show that this condition is, in a 
sense, independent of the coordinate system, that is, invariant under S (the class of transfor- 
mations of x’ leaving spatial infmity invariant) and T (the class of linear transformations 
opr)? 

The above solution has been interpreted as representing a single magnetic pole by other 


authors. This interpretation was obtained from the traditional standpoint that singularities 
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of the field represent its sources. However, such interpretation is not possible in the gener- 
alized theory of gravitation, and the meaning of the solution must be considered physically 
according to the characteristic feature of the theory. This will be discussed in detail in the 


following section. 


§ 4, Singulerity and source of the field 


Before we study the character of singularity of the field in Einstein’s new theory, we 
shall briefly consider how a singularity has been interpreted in the classical field theories. 

As is well known, in the Maxwell theory, the electrostatic potential satisfies Laplace’s 
equation in a region where there are no charges. Now let a solution of this equation have 
a singular region. Then, in such a region, there should be sources which will produce the 
‘exterior’ field corresponding to the solution, and the potential does not satisfy Laplace’s 
equation but must satisfy Poission’s equation. As is easily seen, this interpretation is based 
on the existence of the charge density in the ficld equation. 

In general relativity, a similar situation is seen for Hinstein’s gravitational field equation. 
The source of the field is represented by a singularity of the exterior solution, and in some 
region containing the singularity there should exist a suitable solution of the field equation 
with the non-vanishing energy-momentum tensor. Many investigations on this subject were 


made by Lichnerowicz 


and others. From their results, one can clearly see how a singularity 
of the exterior field is connected with the existence of the energy-momentum tensor in the 
field equation. 

These show that, in the classical field theories, a singularity of the field is generally 
interpreted as the source, or the region with singularity is considered as being filled with 
the source of the field. This interpretation is possible by means of the common feature 
of the classical field theories that a phenomenological description of the source enters into 
the field equation. 

On the other hand, in Einstein’s new theory, the field equations are dependent on the 
field quantity (i.e., non-symmetric g,,,) alone, and have no quantity representing the source 
of the field (such as the charge density in Poisson’s equation, or the energy-momentum 
tensor in Einstein’s equation). Therefore, if the field equations have a solution which is 
not free from singularity, there exists a region in which the field equations are not satisfied 
by the solution. The new theory has no basis on which to interpret this region physically, 
and consequently it is a regular solution that may be required from the physical point of 
view. We must thus seck after those solutions which are regular everywhere. 

This is characteristic of the new theory and can not be ignored in studying rigorous 
solutions of the field equations. Nevertheless, when many writers discussed the s.s. solutions, 
they kept to the traditional view that the sources are represented by singularities of the 
field. So we shall discuss Papapetrou’s solution on the basis of the above consideration. 

It is easily seen from (3-5) and (3-6) that Papapetrou’s solution has a singular 


point r=O and a singular surface r=2m in the coordinate system in which YJ, is given 


by (3-1) and (3:°4) with B=r’. These singularities cannot be removed by any (probably 
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singular) transformation such as ‘r=/r(r). For, even if C is made regular everywhere by 
a suitable choice of ‘r(r), B will simultaneously become singular at some value of 'r, since 
B is regular at r=2m but C is not.* We thus know that there is no choice of radial 
coordinate by which the solution becomes free from singularity. 

A similar circumstance holds for a more general change of coordinates, namely, for a 
transformation leaving the boundary condition (3-8) invariant (i.e., one belonging to S or 
T in § 3). This is trivial for T. Also for S one may see this at a glance from the 
scalar character of & in (3-7), since a finite point is transformed into such a point by 
any transformation of S. Now we are going to prove this in another way without using ¢. 

In the following argument (x*) denotes the coordinate system in which 9, is given 
by (3-1) and (3-4) with B=r, and (‘x’) a system obtained from (x*) by a transfor- 
mation of S. Assume that there is a coordinate system ('x*) in which the solution is 
regular everywhere, and let a two-dimensional closed surface F be defined by r=const. in (x*) 
in a space-like hypersurface o given in §2. Then its interior domain V is finite in Cas 


and we have Stokes’ theorem’ 


3| VF fkd'o=| IF, ds (4-1) 
JV F 


where /k'%d'v and /k'’d’s are a volume element of V and a surface element of F in (’x’) 
respectively, and antisymmetric with respect to all indices. This equation is invariant under 
a transformation of S, because it is possible to replace the ordinary differentiation in it by the 
corresponding covariant one with respect to h,;.** Since (1- 3) in (‘x*) is satisfied throughout 


V by the assumption of regularity, we have, by use of the antisymmetry of /k’™, 
| 1F,/k"d's=0. (4-2) 
JF 
On the other hand, it holds that 
\ B,kds= I Fkds, (4-3) 
F 


because of the invariant character of the integral. If we choose a surface element of F so 


that its bounding curves are given by J=const., Y=const., we get 
2kds=didy, other k¥ds=0. 


Then from (3-5) and (3-6), the right-hand member of (4-3) becomes e,, apart from 
a constant factor, and consequently e,,=0 by comparing with (4-2). This means that 
the solution degenerates into the one for the ‘ pure gravitational ’ field, hence the field 


equations coincide with those of general relativity for empty space.*** In this case it is 


* B and C transform as scalars by ’r=/r(r). 


** See footnote at page 267. 
*k For the symmetric gay, I,” is not necessarily symmetric. But in the s.s. case Tx," =0 follows 


from f,,=0. See the form: of i'4,,4 1b 7). 


272 Mineo Ikeda 


known that an asymptotically flat solution cannot be free from singularity, unless it reduces 


to the flat solution."” 


We have seen that, in the magnetic case, there exists no regular static spherically symmetric 
solution satisfying the boundary condition (3-8). Moreover if a single magnetic pole were ex- 
istent, its field would be represented by a static s.s. solution. Thus we may say that a 
single magnetic pole can not exist in the Einstein new theory, as in the Maxwell theory. 
This theoretical conclusion is consistent with the observation. 

On the other hand, in the electric case, there is a regular solution which satisfies the 
boundary condition in I. It is given by (5-1), (5-2) with (5-3), (5-9) in I, where 
C satisfies the following conditions: It takes positive values other than 1, and has deriva- 
tives of the required orders, the first of which vanishes nowhere. Further it reduces asymp- 
totically to (5-12) in I.* 

Since the above conclusions on the existence of regular solutions are not contradi-tory 
to the observation, we may state that Einstein’s new theory is satisfactory at least concerning 
the subject now considered. 

It is to be noted that our argument in this section is based on (1-3) and (3-8), 
and therefore that the expression (1-1) of the electromagnetic field strength and the in- 
troduction of a scalar potential play an important role in our discussion. A similar result 
may follow from the ordinary standpoint that the conjugate tensor of f,, is identified with 
the field strength, where, however, ambiguous considerations will be needed. 


§ 5. Supplementary remarks 


We have studied on the basis that F,, in (1-1) represents the strength of the 
electromagnetic field. Comparing with the ordinary view that f,, is more basic, our treat- 
ment would seem to be complicated formally. But we can introduce naturally a scalar 
potential for the electrostatic and magnetostatic fields. Moreover, as a consequence of this 
introduction, the non-covariance of the boundary condition is removed, and it is possible to 
show the non-existence of a single magnetic pole. These are the salient features of our 
method. In this last section we shall clarify our standpoint adding further complementary 
remarks. 

Many writers have studied the weak field with the help of the approximation method 
of various orders. In the first approximation it holds that 


ptt. 36 as 
Fy € yuan 7?) fre apanf ? 


‘ sb Cpt ela ee ase i i 
where 40! = =7"= —74=—1 and other 7**=0. Hence all the results hitherto obtained 
in the linear approximation are valid also for the new expression of the field strength. 


In Einstein’s theory the charge-current density is given by 


* Since sin@ appears in the denominator of I’;,”, the domain sin?=0 may seem to be singular in a 


sense. This domain is not excluded, however, in discussing the field equations which depend on functions of 
r alone, because we can understand it as the limiting cases 0-0, x. 


Thus we have only to consider singulari- 
ties which may arise from the form of A, B, C and hf. , ox 
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Weide hry Ip (5+1) 


If one considers the dual relative tensor of f,,, ie., €***f,,/2!, as the field strength, the 
divergence of this relative tensor coincides with the charge-current density, just as in the 
Maxwell theory. On the other hand, the divergence of F,, is not equal to the charge- 
current given by (5-1). Therefore, when F,, is interpreted as the strength, the analogy 
with Maxwell’s theory comes to a stop in this respect. This analogy is, however, valid for 
the linear approximation, that is, the divergence of Pee rs is equal . to oo 
hy —g) in this approximation. 

In the present work h),, é and ob were assumed to be spherically symmetric, namely, 
form-invariant under the group of spatial rotations. The same assumption of spherical 
symmetry was put on YJ, in the studies of the other authors. Consequently it may seem 
at first sight that we did not deal with the two fields in a unified mode. In other words, 
in the usual method the condition is imposed only on one tensor, while in our new method 
on one tensor and two scalars. However, when remarking that 7, is reducible and de- 
composed into two irreducible tensors hy, and f,,, we see that the condition is actually put 
on two tensors in the former treatment. We may thus say that it is merely a matter of 
appearance that the new treatment of both fields seems to be less unified. In fact, in § 3 
of I and § 3 of the present paper, the spherical symmetry of fy, was derived from that 
of hy,, @ and ¢, which shows the equivalency of both methods. 

The general theory, developed in §§ 2, 3 of I and § 2 of the present paper, seems 
of little use for the spherically symmetric case, except the problems depending on the boundary 
conditions. However, it will provide a powerful means, when one tries to obtain a solu- 
tion with other spatial symmetry. For instance, when the static axially symmetric solutions 
are in question, it is hardly clear how the form of g,, is to be assumed. In this case, 
it seems reasonable to assume g,, to be a general axially symmetric tensor, but this con- 
dition is too weak, and, hence, is of no use for the integration of the field equations. 
However, if we adopt our theory the procedure may be as follows: We take as /,, the 
metric tensor of Weyl by analogy with general relativity’? As for the electromagnetic field, 
the potential ¢ or # is assumed to be static axially symmetric, i.e., independent of ¢ and t 
in the ‘cylindrical coordinates > =(p,% ¢, ct). Then by calculations analogous to this 
work we can easily obtain the form of f,,, which is found to be a special form of the 
axially symmetric tensor. The form of 9, thus obtained gives a more stringent condition 


than the above, and therefore may simplify the integration of the field equations. 


Conclusion 


concerned with static solutions of the generalized theory of grav- 


For the magnetostatic field we introduced a scalar potential 


The present papet is 
itation for the magnetic case. 
¢, which was useful for the problems treated in this work. A spherically symmetric 


solution was previously obtained by Papapetrou, and it has teen thought of as corresponding 


to a single magnetic pole by some writers. Examining this solution, we saw that 4), and 


gh satisfy a reasonable boundary condition, and that there is no coordinate system in which 
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the solution is free from singularity. On the other hand, we clarified that it is a regular 
solution that may be required from the physical point of view in the new theory. We 
may thus conclude that a single magnetic pole does not exist. This result is not con- 
tradictory to the observation and consequently favorable to Einstein’s theory. 

In his concluding remarks, Einstein stated, “+--+: we know no method to find singularity- 
free solutions for such a system of equations not even any method by which to judge the 
very existence or non-existence of singularity-free solution.” We may say that the discussion 
in § 4 gives an example of an approach to this subject for the particular case. 

In general relativity the Schwarzschild solution brought some satisfactory results, which 
explained the famous three observed effects. In order that the spherically symmetric solution 
of the electric case discussed in I may similarly provide the conclusive evidence of the 
theory, it is necessary to find out a phenomenon such that the distribution of matter and 
charge is static spherically symmetric, and the mutual effect between them can not possibly 
be neglected. At the present stage, however, we know of no such phenomenon, so that 


we can say for the present that the validity of Einstein’s theory has not yet been de- 


termined. 
The author wishes to express his sincere thanks to Prof. Y. Mimura and Prof. H. 


Takeno for their kind interest in this work. 


Appendix 
Pregproy C23) 
By substituting (1-1), (2-2) reduces to 
Pfutet "= Osa (G3 here. (lyi2e 3) )s (A-1) 


Now let us choose the coordinates so that at an arbitrary point P of the space time 


e=hy=—hy=—1, other 4,,=0, 
then (A-1) becomes at P 
Pfiu—fn=0, (1, i k=cycl. (1, 2, ay ye (A-2) 
Multiplying f,, and summing for i, we obtain by using (1-2) 
P- (fx)? — (fos) °— (fa)*=0. (A-3) 


On the other hand, we have” 
g=9+ e+ CL Sad Rad a pe) 
and consequently by using (A-2) and (A-3) 


Gy Lea) tl te) Clad (A:4) 


If 740, then we have y=0 by means of (A+2) and (A-4). Therefore, o must vanish 
hence f =O in consequence of (A-2). 


1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 
9) 
10) 
11) 
12) 
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We have calculated the @-ray angular distribution functions F7,717/(4) for the interference between 
different types of the Fermi interactions in the second forbidden transition, taking into account the 
effect of the nuclear charge to the emitted electron. The investigation of the 8-7 angular correlation 
is performed in the case of Tm!0, assuming the linear combination of vector and tensor interactions. 
With this combination, we have also given the formulae of §-y angular correlation for Sb!*4. 


$1. Introduction 


Many theoretical and experimental investigations on the Fermi theory of (3-decay have 
recently been published. The main point of these researches resides in the determination 
of the interaction type of /-decay. For this purpose, the study of @—y angular correla- 
tion offers an effective mean. Therefore, Fujita, Morita and Yamada studied the P—j; 
correlations in terms of the ST* interactions which is regarded as the most favourable 
among the possible combinations. Since, however, the VT combination can not be completely 
excluded from the reasons as described in section 3, we shall now try to analyze the experi- 
mental data by the WT combination with the same method as the ST case. First, we give in 
section 2, /-ray angular distribution functions Fj’.,(@) for the interference between different 
interaction types of the second forbidden transition. The effect of Coulomb field of the 
nuclear charge to the electron wave function is correctly included. In section 3 the reason 
of examining VT is discussed. The data on Tm’ are analyzed in section 4, and the 


theoretical equations sufficient to treat the data of Sb’ are given in section 5. The results 
are summarized in section 6. 


§2. Interference terms of /-decay angular distribution 
functions for the second forbidden transitions 


The complete tables of -decay angular distribution functions F}%,(@) have been 
constructed by Yamada and Morita? (YM) for each pure type up to the second forbidden 


* We write the five interaction types of the Fermi theory of f-decay as S, V, T, A and P; and ST 
means a linear combination of S and T, where the ratios of the coupling constants are not specified particularly. 
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transition, and the interference terms up to the first forbidden transition (including the 
second forbidden ST terms) by Morita” (M). In this note, F}¥,,(()’s for the interference 
between different types will be given for the second forbidden transition. The notations 
and the methods of calculations are given in reference 1. 


The interaction Hamiltonian for [-decay is assumed to be a linear combination of 
the five relativistically invariant terms 


H;=G;S+ G;V+G,T+G,A+G,P, (1) 


where the coupling constants G;’s are assumed to be real. The angular distribution 
functions F//,(@) for the interference terms in the second forbidden transition are given 
as follows: 


S. and... 
See, reference 2. 


S and A 
Fon (8) = —GsGig iW* (Ris) M (Tis) +.0.} [{ AIS) K°Ny + (1/6) K* (Lp + My) + KN 
+ (3/2) (Ly +My )} + {(1/30) K*Lg + (1/6) K° (Nag +27) + (1/14) Keg + KIND 
+ (12/7) Lz + (3/2) My + (3/14) Nos} P, (cos 0) + (3/7) (KLig+ 3Lz + 3.Ni2) P, (cos 4) |, 
Fo) (0) = —GyGy {M* (Ri) M (Siz) +e.c.} (Y%10/3)[ { (1/150) (K*Lp+5K°L; +5K°Nz) 
+ (1/14) (KL + 3Ly +3Nx)} P, (cos 8) + (5/28) (KL + 3Lz + 3Ny) P, (cos 8) J. 
(SA2) 


V and T 

FS (0) =GyGp {iM* (R,,) M(TS) +e.c.} [ (1/15) K°Ny — (1/6) K? (Ly + My) 
+ KN, — (3/2) (ly +M_)} + {(1/30) K*La— (1/6) K*(L7 + Nz) 
+ (1/14) KL3+KNz — (12/7) Ly — (3/2) Mr — (3/14) No} P, (cos 4) 
+ (3/7) (KL3—3Lz — 3.) P, (cos 9) | 
+ Gy Gp GM* (Ris) M (Af) +e.c.} [ { (1/30) K°Ly — (1/6) RNG + (1/2) KE 
— (3/2) N7} + {— (1/6) K*L t+ (1/2) KL; — (3/2) No — (9/14) L3} P, (cos @) 
— (27/7) LP, (cos 8) ]—Gy Gp (1/4) {M* (Ai) M (TH) Fee} [{/15) R°Ly 
— (1/3) PN +kL, — 3N,} + {KL, + (6/7) La—3N, } P, (cos 4) 
4 (36/7) Lab, (cos 8) ]+ Gy Gp {M* (Ais) M (Ai) Fe.c.} [1 (1/12) K°Ey + (3/4) Ee} 
+ (3/4) L;P, (cos 4) |, 

Fy (0) = — Gy Gr iM (Aig) M Six) Hee} (10/3) [ {(1/60) K°L3+ (3/28)Ls5} P,(cos 4) 
4 (15/56) LaP, (cos 8) J+ Gy Gp {W* (Ris) DESix) Pec} ( 10/3) [ (1/150) K*Lis 
—5K°Lz7 —5K°Ny) + (1/14) (KE — 35 — 3x) $ P2 (cos 8) 
4+ (5/28) (KL3—3Lz — 3,5) P, (cos 4) J. (VT2) 
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V and A 
F.3(0) =G, Gy EM* (Riz) M (Tis) +e-c-} [ { (1/6) K (L,-M,) + (3/2) (,—- My} 
+ {— (1/30) K*Ly+ (1/6) K? (L,— Ny) — (5/14) KL, + (12/7) Ly 
— (3/2) M,— (3/14) Ny} P, (cos 0) + {— (15/7) KLy,+ (9/7) (Lz— Nzs)} P, (cos 9) ] 
+ Gy G4 (1/4) {M* (A,) M (Ti) +e.c.} [{ (1/15) K°L+ (1/3) K°N,+ KL, + 3Nj} 
+ {KL,— (6/7) L»,+3N,} P; (cos 0) — (36/7) LosP, (cos 9) ], 
Fy} (0) = —Gy Gy iM* (Ay) M (Sige) tec. (10/3) [ { (1/60) KLy 
+ (3/28) Ly} P, (cos 0) + (15/56) Ly,P, (cos 9) | 
+ Gy G4 {M* (Ri) M(Siy.) tec} (% 10/3) [{ (1/150) (K Ly 
+5K°L,—5K°N,») + (1/14) (KL,,+ 3L,—3N,,) } P; (cos 4) 
+ (5/28) (KLo,+ 3L,— 3Nos) P, (cos 6) ]. (VA2) 
The expressions L;, M;, N;; Lz, Mv, Ni; Liz, Miz Na and Lj, Nz have been given 


ij? 


by Konopinski and Uhlenbeck*”, Smith? and Yamada and Morita’, 
La= (pF /22)—{g_, f, cos (0_,—0,) +fg-»cos(0,—8_,)} / (4p) > 0, 
La= (p°F/25)“Hg--2 fa c08 (8-48) +f,9-4 c08 (8y—0_,)} / (47/2) > 0, (2) 
No = (pF /27)~" {f_; fo cos (0_, — 05) — 99-5 cos (0,—0_.)} / (44°) > — (p?/9W), 
Nox = (p'F/27)—" {f_» f; cos (0_»—0;) —Gag_, cos (0,—0_,)} / (4zp') > — (p'/225W). 


. . . . . . 2 - 
The arrow in each expression indicates the approximation (aZ)?<1. 


§ 3. Necessity for investigating the validity of VT interaction 


The interaction Hamiltonian of f-decay, Hy, may be expressed in accordance with 
analyses of the experimental data made by Fujita, Morita, Yamada and éthers®’ as follows: 


H,=G,(AsS—T+2,P), (3) 


where 1/2 S ds 1 and —55<’4,<19™). Here the necessity of P is uncertain.*”* 
That the various experimental data can always be verified by this Hamiltonian is well known, 
but it must be borne in mind that the alternative to ST (ie. WT) remains as a possible 
solution for the interaction type of (-decay since nobody can deny the possibility of ex- 
plaining the experimental data by means of VT. 


* Yamada’s conclusion is as follows): if the transition in the B-decay of RaE is of 1—0, ST seems 


to be more favourable than VT, though VT is not necessarily excluded, and if it is of 0—0, the B-decay 
does not depend on the Fermi part of the interaction Hamiltonian, therefore, VTP is as favourable as STP. 
It is well known that P is necessary only for the latter case (0—0). 
Note added in proof; Recent investigations favour the spin one of Rak. (cf. C. S. Wu, Proceedings of 
the 1954 Glasgow Conference on Nuclear and Meson Physics, Pergamon press (1955).) 
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Mahmoud and Konopinski (MK)° assumed that Ahrens-Feenberg’-Yamada’s” parameters 
X;, y; ate nearly equal to one, following Ahrens-Feenberg”; in discussing the correction 
factor, they only dealt with the terms of the order of (a@Z/2)) *, In this approximation, 
the so-called 1/M# terms have the important rdle in the first forbidden correction factor 
of VT, with the result that the allowed shape of the -spectrum is destroyed. Thus they 
concluded the invalidity of VT. 

Our view for their argument, however, is as follows : the approximate equations of 
Ahrens-Feenberg-Yamada show only that the parameters are statistically of the order of 
one as was referred in MK, since these equations can not claim high accuracy owing to 
the approximate calculations in deducing them. Consequently, for certain values of the 
parameters, i.e. in the case of cancellations, other terms which were neglected in the 
calculation of MK will be of the comparable order of magnitude with the (aZ/2:)” 
terms*. In the calculation of correction factor we must therefore take into account all of 
the terms which arise in the approximation (@Z)°<1. If actually x; and y,~1, the 
(aZ/2p)” terms are predominant, then the large P—7 angular correlations could not be 
expected*””, However, experimentally, Sb'***” and Tm'” ™ show large angular correlations. 
This, together with the fact that Kurie plot is straight, sets up the condition to determine 
the values of the parameters x;, y;, These values of parameters are not always close to 
Gnitys =”. 

Thus, at present, STP of eq. (3) is one of the preferable interactions with which 
one can explain the existing experimental data of [-decay, and we can not deny that there 
remain other possibilities. It looks therefore worth while to examine the validity of VT 


by performing the analysis of the experimental data. 


$4. f-ray spectrum and ?—7; angular correlation of Tm’ 


We shall analyze the experimental data on the energy dependence of the f—y7 angular 


correlation and the spectrum of the /-ray in the successive transitions Tm!”—Yb'*—Yb"” 


by assuming VT, the same problem has been 
studied by Fujita, Morita and Yamada™ in ST 


taking into account the effect of the nuclear Coulomb 


Geld on the wave function of the electron. In the 


numerical calculation, the usual approximation 


2(+) _ Mev 5 
Tee 0.084 (aZ)* <1 is used. one effect of the finite puctear 
0 size on the wave function of the electron is also 
neglected. 
Bet Dewy scheme ct Fe” Tt is certain that the P-decay of Tm’ is of 


the first forbidden, and the spin and the parity changes are indicated as 1 (—)—2(+) 


* Mahmoud and Konopinski pointed out this precarious balance, (MK). 
** Also this fact was shown, in the case of the @-ray spectrum for the second forbidden transition, by 


Morita, Fujita and Yamada”. 
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—0(+)+(See Fig. 1). The interaction Hamiltonian, H,, is assumed to be 
H,;=G,V+G,T, (4) 


with real coupling constants G, and G,. This interaction includes five reduced nuclear 


matrix elements : 
Mia), Mr) (vector coupling), 
M(Boxr), MPa), MBs (tensor coupling). 


First, we shall try to examine if the experimental data can be explained neglecting ‘Yt (B;5) . 
The energy dependence of the —7 angular correlation function is as follows, including 


interference terms of V and T interactions : 
W (8) =1— {3a{? / (4a$ +- af?) } cos” 6, (5) 
where a{]” are derived from eqs. (19), (V1), (T1) of YM and (VT1) of M: 
a = (1/6) (p+ K°) Axe +1) 1/9) (Kp’/W) +1) 
+ (2/3) (@Z/20) {K+ (p'/W)} {A—y) +¥ A —A)} 
— (K/W)x{(1—y) + G—A)}] (6) 
+ (aZ/2)*[x° (1—A)?+ (1—y)?—2x(1—y) (1— A) (1/W) J, 
aty = (p’/12) (1—4x") + (1/9) (Kp"/W ) (1—2x°) 
+ (1/3) (a@Z/29) (p°/W )[(1—y) —2x(1—)], 
with 
GyM(r) /G,M (Bo Xr) =ix, GyM (a) /G7M (86 X r) = — (aZ/2p)y’, 
M (Ba) /M (Po Xr) = (aZ/2e)y, Ma) /M(r) =i(aZ/2p) A. (7) 


Here we can choose as the independent parameters either x, y, y’ or x, y, A. The notations 
here are of the usual meaning. The energy and the length are measured in the units of 
mc and b/mc (m: mass of electron). For direct comparison with the experiments, we 
introduce the characteristic function of energy for the angular correlation : 


a(W) =—3a? /(4a? +a), (8) 


where a(W) is given in 
(0) =1+4(W) cos’. (cf. eq. (5)) (9) 


It must also be mentioned that a(W) depends on three parameters x, y and y’ or A, 
besides W. We shall examine if the experiments by Richmond and Rose™ and by Rose"? can 
be explained for certain values of these parameters. The procedure of analysis is as follows. 

First, for a fixed value of A, we find the values of x and y, so that they may satisfy 


the following two conditions: 1) experin-ental a(W) is repreduced, 2) a, which is 
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er 


1 1.5 2.0 2.5 (me*) 
Fig. 2. Energy dependence of angular correlation coefficient for 
1(—)—2(+)—0(+) in the case of the linear combination of 
Ma), Mir), M(Bsxr), M( Ba). Experimental data are given 
by H. Rose}. 

x=0.1, y/=0.14, y=1.02, A4=1.4. 
—-----— x=0.8, y=0.96, y’=1.01, A=1.2. 


u 
9 
38 
7 
6 


un 


In atbitrary unit 


1S 2.0 i6., 
Fig. 3. Kurie plots for low energy spectrum of Tm!0, 
O VT combination x=0.1, y/=0.14, y=1.02, A=1.4. 


x Uncorrected. 


IV (tre? ) 


Fig. 4 Correction factors 44;. 
1: VT combination (x=0.1, 9/=0.14, y=1.02, A=1.4). 
2: ST combination”). 


the correction factor itself, 


is constant in the whole 
range of W (since the un- 
corrected Kurie plot given 
by reference 10 is straight). 
These two conditions are 
equivalent to the equations of 
the second degree in x and y. 

Next, we take different 
A’s and repeat the same 
procedure. 

We find thus that the 
values of x and y, for which 
the conditions 1) and 2) are 
satisfied, lie within 1.3 < A 
< 1.5. Comparison with the 
experimental data for Az 14. 
Ce=0, 18 y= 1102 which is 
equivalent to x=0.1, y/ =0.14 
and y=1.02, is given in Figs. 
2, 3 and 4. The corrected 
ft-value for M (fo Xr) is ft= 
(27°/G7) log 2/| | Bo Xr |? 
a2 X10". For the small 
change of the values (about 
one tenth) of the parameter, 
the situation is scarcely 
changed. 

Thus we can find out 
the solution for the parameters. 
These parameters can explain 
the experimental data pretty 
well. 

We could manage to 
derive an almost linear correc- 
tion factor in the VT interac- 
tion, although the fit with 
the experimental data, even in 
an optimum case, is not so 
good as that in the ST interac- 


tion. (See, Fig. 4.) 
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§5. Formulae of /—7 angular correlation of Sb™ 


The @—7 angular correlation of the highest energy group of the P-ray (W)=2.317 
Mev) of Sb’! was measured by Darby, Opechowski and by Stevenson, Deutsch”. For 
the f-rays of Sb’! and the j-transitions of Te’', many experimental results have been 
accumulated by Langer, Lazar, Moffat”, by Metzger and by Tomlinson.’ 

Morita and Yamada investigated theoretically the /#-ray spectrum and the f—y angular 
correlation of these elements with the assumption ST. 

Since, however, VT is not yet excluded as is shown by the discussion in section 3, 
we derive the expression for the #—7 angular correlation function ((#) in VT in the 
following section. 

an Sith 2 (HE) — 0 (A) 

Under this assignment, the {decay is the first forbidden transition, the reduced nuclear 
matrix elements of which are M(a), Mr), MPa), M(soxr) and M(B). The 
f—y angular correlation function (A) is given by the eq. (1) of MY II®: 


(0) =7al) + 7a) + (—al? + V 2 af + 4a$?) P, (cos 4), (10) 


where af", are derived from eqs. (19), (20), (21), (V1), (T1) of YM” and (VT1) 
of M”: 


(0) 


aj, is given in section 4, 


aj; is given in section 4, 


ay = (2/V¥ 2) {(p’/2) + (1/3) (Kp’/W) + (aZ/29) (p’/W) (1—y)} (11) 
ayy = (2/12) (K°+p"), aP=— (2/24) p, aM=o, 
and M (Bs) /M (Bo Xr) =iz. (12) 


Za) eae) OC) 


Under this assignment, the /3-decay is the second forbidden transition, and the reduced 
nuclear matrix elements will contain Wt(4,,), W(R,,), MAS), M(TH) and MS.) in 
VT. The S—7 angular correlation function is given by eq. (7) of MYII™, 


W (8) =126 (a +a) 
+ {—36a9 + 1354) +45 V 1049} P, (cos 0) 
+ {—4a$) + 884 +4 10a! P, (cos 0), (13) 


“n) ? 


aj;/,8 ate derived from eqs. (21), (22), (23) ; (V2), (T2) of YM” and (VT2) ih 


section 2 of the present paper as follows : 
ayy) = (1/48) (@Z/20)*[ p* { (x—y')°+ (A—y)*} 
+ (2p°/W) (x—y') (y—1) + K? { (2x—y')?-+ (2—y) 3} 
+ (2K°/W) (2x—y') (y—2)] 
t+ (a@Z/2p)[(K*/60) {2x42 —xy’—y— (1/W) (42 9d 
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+ (K°p?/36W) (2% — xy +2—y) + (p'/60W) (0 —xy' +1—y) 
OK G {36nd ayy dW )-(2x—xy—y' )} | 
+[ (1/1080) (3K°+ p°) (K°+ 3p’) (3x°+2) + (1/90) (Kp’/W) (K?+p’) (+1) ]; 
aS) = — (1/96) (@Z/2p)*| (x—y’)? + (y—1)?+ (2/W) (x—y’) (y—1) | 
— (1/72) (aZ/2p)| (Kp? /W) x(2x—y') + (3/7) (p1/W) {2x(x—y’) + A—y)} 
ap kay) (19) a Oy ary) | 
—[ (1/180) (K*p?/W) ¢ + (1/216) K°p’ (3x°+1) 
+ (1/252) (Kp'/W) (2x +1) + (1/504) p*(3x°+1) J, 
ei ('/420)[ (@Z/20) (/W) {3x @—y') +2(y—1)} + /2)* — (2/3) 
4 (K/W) 42x (4/3) 3); 
a® = {1/3073 )} (aZ/2p)[ (Kp /W) (z/6) (2—y) + (p'/W) (z/14) Ay) ] 
+ {1/(90/ 3 )} al {K°p"/ (SW) } + (K’p?/3) + {Kp'/ 7W)} + (P'/7) J; 
a = — {1/ (168 3 )} (aZ/2p) p'z(1—y) — {1/(252V 3 )} pati + (K/W)}, 
a = (2/72) {(1/15) K'+ (2/9) K*p’+ (1/15) p} , 
a® = — (2/1620) {K*p’+ (3/7) p}, a8) = (¢/7560)p’, an = 05 (14) 
with 
G,M(R,,) /GpM(T3) =i(x/2), GM (Ay) /G°M (TH) = — (@Z/20) 9/2), 
M (AZ) /M (L$) = (aZ/2p) (y/2), ME Sige) (MT) =x. 


In each case, the four independent parameters x, y, y’ and z arise, and this fact 
makes the analysis more difficult in VT compared with ST. It would be expected that 
the results may be almost similar to that of ST. Other possibility of the transition 
scheme is improbable. The numerical calculation will be put off until more accurate 


information on the spin of Sb"! is obtained. 


§ 6. Conclusion 


The @—7 angular correlation and ft-value of Tm'” can be explained by VT as well 


170 


as by ST. The correction factor of 3-ray spectrum of Tm’ is more precisely fitted with 


the experimental data by ST than by VT. It is, however, impossible to exclude the VT as- 
sumption by the phenomenological analysis of Dee: 

It remains to examine the @—y angular correlation of Sb”! together with its spectrum 
for the combination of VT. The analysis of the decay phenomenon of this element is 
expected to supply some knowledge concerning the interaction of the /-decay. 

After this paper had been written, it was shown that ST is more favourable than 


VT to explain the experimental result of the electron-neutrino angular correlation of Ne’ ™. 
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Note added in proof: In Figs. 3 and 4, the set of parameters x=0.8, y=0.96, y’=1.01, A=1.2 has not 


a good correction factor. There, we omitted this set of parameters. 


References 


1) M. Yamada and M. Morita, Prog. Theor. Phys. 8 (1952), 431; called YM. 
2) ™M. Morita, Prog. Theor. Phys. 10 (1953), 363; called M. 
3) EE. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60 (1941), 308. 
4) A. M. Smith, Phys. Rev. 82 (1951), 955. 
5a) M. Morita and M. Yamada, Prog. Theor. Phys. 8 (1952), 449; 10 (1953), 111 and 641; called 
MYI, V’ and II. 
5b) M. Morita, Phys. Rev. 90 (1953), 1005, Prog. Theor. Phys. 9 (1953), 345. 
5c) M. Yamada, Prog. Theor. Phys. 10 (1953), 252. 
5d) M. Morita, Prog. Theor. Phys. 10 (1953), 364. 
5e) J. Fujita and M. Yamada, Prog. Theor. Phys. 10 (1953), 518. 
5f) M. Morita, J. Fujita and M. Yamada, Prog. Theor. Phys. 10 (1953), 630. 
5g) H. Takebe, Prog. Theor. Phys. 10 (1953), 673. 
5h) J. Fujita, M. Morita and M. Yamada, Prog. Theor. Phys. 11 (1954), 219. 
Si) S. Nakamura, Report at the International Conference of Theoretical Physics held in Kyoto (1953) 
6) H.™M. Mahmoud and E. J. Konopinski, Phys. Rev. 88 (1952), 1266. 
7) T. Ahrens and E. Feenberg, Phys. Rev. 86 (1952), 64. 
8) M. Yamada, Prog. Theor. Phys. 9 (1953), 268. 
9) E. N. Darby and W. Opechowski, Phys. Rev. 83 (1951), 676. 
D. T. Stevenson and M. Deutsch, Phys. Rev. 83 (1951), 367. 
10) R. Richmond and H. Rose, Phil. Mag. xliii (1952), 367; H. Rose, ibid. 1146. 
11) L. M. Langer, R. D. Moffat and H. C. Price, Jr. Phys. Rev. 79 (1950), 808. 
12) Report in the Conference at Indiana University, Bloomington (1953). 
13) L. M. Langer, N. H. Lazar and R. D. Moat, Phys. Rev. 91 (1953), 338. 
14) D.R. Maxson, J. S. Allen and W. K. Jentsche, Phys. Rev. 97 (1955), 109. 


285 


Progress of Theoretical Physics, Vol. 13, No. 3, March 1955 


Charge Independence Theory of V Particles* 


Kazuhiko NISHIJIMA 
Department of Physics, Osaka City University, Osaka 
(Received February 11, 1955) 


Based on the charge independence hypothesis the properties of V particles are theoretically investi- 
gated. It is found that the curious behaviours of these unstable particles are most simply interpreted 
in terms of the 7-charge conservation law which directly results from the C.I. hypothesis and suitable 
isotopic spin assignments to these particles. The topics which are discussed in this paper are 

(a) the isotopic spin assignments to V’ particles, 

(b) the concept of the y-charge, 

(c) the y-charge conservation law which is to incorporate with the even-odd rule, the so-called 
“cascade” decay of some hyperons, and the positive excess of long-lived K particles, 

(d) the interpretation of heavy nuclear fragments, 

(e) the possible models of t—mesons. 


§ 1. Introduction 


Ever since the first observation by Rochester and Butler, so much information on 
hyperons and heavy mesons has been accumulated that some of the many puzzling ques- 
tions on these curious particles are being resolved. We are sometimes motivated to seek 
for an ordering principle by which species of new particles can be described in a unified 
manner. It is expected that the solution of this problem would serve as a clue to remove 
the difficulties inherent in the present field theory. 

Besides such problems of rather general nature, we are interested in speculating possible 
models of these unstable particles that can consistently account for their various properties 
together with their implications to the pion-nucleon interaction. 

In this paper, we shall investigate the latter problems. The theory of V particles is 
closely related to the pi—meson theory on which we base our arguments, and through the 
present work it will become clear that these particles are so strongly coupled to each other 
that we cannot treat them separately for quantitative calculations. 

Hence the theory of these strongly coupled particles is sharply contrasted to the 
quantum electrodynamics which is practically a closed theory. As the quantitative theory 
of pion-nucleon interactions is not yet fully successful in explaining the experimental 
material, we cannot expect any quantitative theory of V particles at present. We shall 
rather discuss them qualitatively by making use of general invariance principles in quantum 
field theory but not referring to the details of the theory. Especially the principle of 
charge independence is found to play the most important role in understanding the charac- 


teristic features of these particles. 


* Preliminary reports of the present paper have been published in this journal. See references 1) and2). 
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After such qualitative investigations we shall examine by assuming a specific model, 
whether or not the experimentally available data are consistent with each other. Preliminary 


calculations show that we can consistently account for (a) the cross section of the elementary 
process 

am + p> /?+ 6°, 
established by the Cosmotron experiments and (b) the binding energy of the A? particle 
in the heavy nuclear fragment *H,° which is known to decay as 

+H3>He3-+-7-, 
by assuming the presence of an interaction of the type AN@. 

By exploiting the magnitude of the coupling constant for the interaction .N@ estimated 
above one can infer how much modification results in the pion-nucleon interaction caused 
by the presence of the V particles. [For instance, according to a tentative calculation, about 
10% of the anomalous magnetic moment of a proton is supplied by V particles. 

Although the influences of these particles are subject to fluctuations from case to case, 
we may conclude that one cannot ignore the presence of these particles for quantitative 


investigations of pion-nucleon interactions. 


§2. Brief summary of the experimental evidences” 


Before working with the theory of V particles, it will be instructive to briefly sum- 
marize the experimental evidences upon which our reasoning stands. 

(1) Hyperons 

Of the various new particles the best known one is the /° particle which decays as 

A°—p+7-+Q, Q~37 Mev. (mjo~2182 m,) (2-1) 

with the mean lifetime of about 3107" sec. 

The most characteristic features of the A’ particle as well as other V particles are 
their large abundances and long lives. It had been the central problem in the theory of 
V particles how to reconcile these two contradictory features with one another. 


Later on evidences for the existence of charged hyperons were presented. Their modes 
of decay may be represented by 
At—>p+7°, A#n+2*, Q~130 Mev. (mys ~2370 m,) (2-2) 
These charged hyperons are heavier but less abundant than 1’. 
Besides, there are evidences for the ‘‘ cascade ” decay of negatively charged hyperons ; 
YA +a, (A sp+2-).  (my~2800 m,) (2-3) 
(2) Heavy mesons 


It is now established by cloud chamber experiments that there exists a neutral heavy 
meson, the #’—meson, which decays as 


MP—m*+m-+Q, Q~214 Mev. (my ~966 m,) (2-4) 


There are various kinds of charged heavy mesons with the common name of K particles. 
They are further specified according to their modes of decay : 
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ct—att+attaé~ or tt—-2*++22°, (m.~966 m,) (2:5) 

> PM, (2-6) 
’ (900 —1000 m,) 

6 ee gd (227) 

K,>p+™, (912 +20 m,) (2:8) 

Clic. 


There might be alternative modes of decay of an identical particle or conversely different 
particles with the same name. If different names correspond to the alternative modes of 
decay of the same particle, their branching ratio should be the same under any experimental 
condition. 

However, there seem to be at least two kinds of heavy mesons. 

(a) It is reported that comparatively long lived S particles (~10~° sec) or some 
of the K particles observed in photographic emulsion exhibit a large preponderance of posi- 
tive ones over negative. 

(b) On the other hand, positive and negative V particles are observed with equal 
frequency in cloud chambers. 

In order to reconcile the above two kinds of events with one another we tentatively 
assume that they Lelong to different kinds. Discussions in this paper are limited to the 
former which, as we shall see later, is considered to be closely related to the -meson. 

(3) Heavy nuclear fragments 

After the discovery by Danysz and Pniewski® several examples of the so-called heavy 
nuclear fragment have been reported. These phenomena are reasonably interpreted to re- 
present the spontaneous decays of light nucle1 emitted from nuclear disintegrations. Because 
of their long lifetimes compared to their large Q values it is assumed that a nucleon is 
substituted by a 1° particle in the heavy nuclear fragment. 

Bonetti and others” observed an interesting example 

+Hi—Hes+a-+Q, Q=41.741 Mev. (2-9) 
from which the binding energy of the A® particle in *H,’ was deduced to be about 1.5 
Mev. 

Hill and others” found another example 
+ He! He; + p+. (2-10) 

The binding energy of the 9 in this case was estimated to be about 4 Mev. As we 
shall see later, these values are useful in estimating the magnitude of strength of the nuclear 
interaction of the 1° particle. 

Further, Debenedetti and others” found a very interesting star in which a 7—meson 
and a heavy nuclear fragment *H," were emitted simultaneously. This example serves as 
a support for the hypothesis that a ° particle is loosely bound in a heavy nuclear frag- 
ment in view of the pair production of heavy unstable particles. 


(4) Elementary processes 
The information on elementary processes is very instructive in studying the nature of 


The production process that has first been established from the Cosmotron 


V particles. 


. 8) : 
experiment ») 1S 
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zt +p>+ 0, (c~1 mb), (217) 
energy of 7 =1.5 Gev 


The long standing contradiction between the relatively copious production of V ee 
and their long lifetimes is resolved by this observation of the pair production of V patticles. 
The branching ratio of the above process to the total one is given by 
o (2 +pA’+ 0°) /o (x +p, total) ~1/40'. (2-12) 
It is worth while to notice in the Cosmotron experiments that no particle has been 
produced so far in nucleon-nucleon collisions,” whereas the production has been found in 


. . 0 
nucleon-nucleus collisions.'” 


With a multiplate cloud chamber, De Staebler™ observed such reactions that were 
interpreted as 
K-+12— 2-7, 
K-+p>A+n°. (2n13) 
These processes are the reciprocals of the reaction (2-11). 


In the following sections, we show that some of the above experimental evidences as 


well as other data can consistently be accounted for. 


§ 3. Charge independence hypothesis for V particles 


The central problem in the theory of V particles had been how to reconcile the 
relatively copious production of V particles with their long lifetimes as measured on a 
nuclear time-scale. The theoretical solution of this problem has been the hypothesis of 
pair production of heavy unstable particles,’~'? and indeed it was experimentally proved 
as descrited in the previous section. Since then, this hypothesis has widely been accepted. 
As this hypothesis is purely phenomenological in nature, however, various attempts to relate 
it to the intrinsic properties of quantum field theory have been proposed.’”~'? In this 
paper we shall prove this hypothesis theoretically on the basis of the charge independence. 
We shall briefly summarize what will be necessary for this purpose. 

From the investigations on the levels of isobaric nuclei, nuclear reactions, and the 
nuclear interaction of pions it is now established that the principle of charge independence 
(abbreviated as C.I. hereafter) is valid for the pion-nucleon interaction and nuclear forces 
at low energies of the order of 10° Mev. 


We classify all elementary interactions into three categories according to their orders 
of the strength. 


(a) Charge independent interactions 

The strongest interactions of the three groups are the charge independent ones for 
which the isotopic spin I is conserved. As is well known, the pion-nucleon interaction 
belongs to this class. There cannot be any interaction that is as strong as the pion-nucleon 
interaction but is not charge independent, otherwise one could not recognize the C.I. principle 


for the pion-nucleon interaction. 


From the cross-section of the process (2-11) and the binding energies of the ° 
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particle in the heavy nuclear fragments, the nuclear interaction of the A° particle is inferred 
to be much stronger than the electro-magnetic interaction. Hence we are allowed to take 
it for granted that the nuclear interaction of the A’ particle is charge independent. 

However, it is still an open question whether the nuclear interaction of other kinds 
of V particles are also charge independent. In the present paper, we tentatively assume 
that the nuclear interactions of all kinds of V particles belong to this category. 

Charge independent interactions are inevitably charge symmetric. 

(b) Electromagnetic interactions 

The principle of C.I. is not strict but approximate, otherwise the charge multiplets, 
such as the positive, neutral and negative pions, could not be distinguished so that the 
principle itself would not be called under such a name. As far as we know, slight devia- 
tions from the C.I. can be attributed to. the electromagnetic interaction and small mass 
differences among charge multiplets. lence we may regard the electromagnetic interaction 
as the strongest one among those that violate the C.I. For the electromagnetic interaction 
the total isotopic spin is not conserved, but its third component JI, is still conserved. 

(c) Very weak interactions 

As is clear from the above classification, interactions other than the above two groups 
should be weaker than them. 

In general, neither the total isotopic spin I nor its third component [, is conserved 
for such interactions. The interactions responsible for various observable decay processes 
and Fermi interactions belong to this third group. 

What is interesting is the fact that the interactions in this category are much weaker 
than the first group by about twelve orders. We do not know yet the reason why there 
is so large a gap, but it might be due to the experimental difficulties in detecting the 
interactions of intermediate strength if there were any,’ since they would lead to too small 
cross-sections for production or scattering processes on one hand, and too short lifetimes for 
decay processes on the other hand. Or, one might suppose that the large gap is real since 
there seem to be regularities in the strength of the interactions between Fermion-Fermion 
(universal Fermi interactions) and Boson-Fermion (universal weak Boson-Fermion interac- 
tions).' In this paper we stand on the latter point of view. 

Based on the above assumption concerning the classification of the elementary interac- 
tions and the experimental evidences described in § 2, we shall assign the isotopic spins of 
V particles. 

(1)  Hyperons 

In assuming the isotopic spin of A, the problem is whether or not there is a charged 
counter particle to A. If it were to exist, its mass should approximately be equal to that 
of A® and it would have to be produced as many as aD; 

Experimentally charged hyperons A* ate known, but their masses are considerably 
heavier than the A’ mass and are less copiously produced than A. These facts lead us 
to conclude that these charged hyperons cannot be the counter particles to A’, Hence we 


: . : ; 
assign the isotopic spin of A° as 


Tao fore. (3-1) 
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It may be natural to assume that A* and A~ belong to the same charge multiplet. 
A number of reasons make us assign 
[=1 (a as 
to A* together with a supplementary neutral particle. This neutral particle is different 
from the former A° and they are distinguished by subscripts indicating their isotopic spins 
as 
he (<1) 
Ae (3-2’) 
The A,° particle is not experimentally observed, since it is supposed to undergo a radiative 
decay with quite a short lifetime : 
AYA +7 . (3-3) 
It must be noticed that the decay of /, through 
AA, +7 (3-4) 
is energetically forbidden. 
Discussions on the charged hyperon Y~ which exhibits a cascade decay are made later. 
(2) Heavy mesons 
From the Cosmotron experiments, the process 
m+ p—A,’+ 0° (2-11) 
is established. The cross-section of the above process amounts to about 1/40 of the total 
cross-section at 1.5 Gev. On the other hand, the ratio of the elastic scattering 7 + p— 
p+” to the total” at the same energy is known to be about 16/90, so that we have 
o (7 + p—Al+ 6) /o (z= +p—>p+2-)~1/7 * (3) 
From the above relatively large ratio and the classification of the elementary interactions 
discussed before, it is reasonable to assume that the isotopic spin is conserved for the 
process (2-11). 


Hence the isotopic spin of @’—meson should be either 1 /2 or 3/2 as seen front 


T+ p—s 1,°+ G7? 
I Lyebh/2cOszi ke oc23/2 
Tp*—1,0 192 bepieen/an (3-6) 


The latter choice results in the existence of a doubly charged heavy meson of the com- 
parable abundance with 6°, which is excluded experimentally. 
Hence we have 


[=1/2 for 0* and @°. (3-7) 
The charged counter particle to ( should be positive since [,=—1/2 for 6°. In this 


A recent observation by Eisberg et al. has led them to the conclusion that only 1/4 of elastic events 
are interpreted as the reaction scattering, while the rest of them are due to the diffraction scattering. If this © 
interpretation is granted, 1/7 in (35) should be revised as Wey 


Then the coupling constant estimated in 
§5 should be increased correspondingly. 
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paper, we shall denote the -mesons as // (or more specifically //,), but the //—meson 
is called @ only when it undergoes the characteristic two pion decay [/>7-+7. 

As we shall see later, the //°-meson, being a member of a charge doublet, should 
be distinguished from its charge conjugate particle 1°, and IP? and [I~ form another 
charge doublet. 

/I~ is the charge conjugate particle of //* and its existence seems to be supported 
by the process (2-13), since they can be interpreted as 


te + pA,’ a ag 
[en A ee (3-8) 


§ 4. Qualitative discussions”” 


In this section we shall discuss the nature of V particles qualitatively on the basis of 
the isotopic spin assignments in the previous section. 

(1) The particles 1 and // cannot be composed of nucleons and pions. Since both 
the ordinary and isotopic spins are half-integral for a nucleon and integral for a pion, both 
spins of a system composed of them should be either integral or half-integral. However, 
it is not the case for these particles and this is a reason against the composite theory of 
V particles. For the time being, we shall assume them as elementary. 

Alternatively we can assume A to be composed of a nucleon and a [[—meson* without 
violating the C.I. principle. However, this assumption requires so large a binding energy 
of A as B=my-+m,—m,~300 Mev. and hence a very strong nuclear interaction of //— 
meson in contradiction to our experience. 

(II) The //°-meson is described by a complex wave function” so that it must 
be distinguished from its charge conjugate particle IP. 

Since J[* and /[° form a charge doublet, their transformation properties in isotopic 
space are identical with those of proton and neutron, 7.e. the wave function of the //—meson 
is a spinor in isotopic space. Hence /[° as well as /[* should be described by complex 
wave functions, and //° must be distinguished from its charge conjugate particle // 9 it 
contrast with other neutral Bosons such as a neutral pion and a photon. 

In the case of a pion, there are three charge states, positive, neutral and negative, 


forming a charge triplet (I=1), and under rotations in isotopic space the three bases 
tis (i, Es 


2 . : ° : —0 
are mutually transformed irreducibly. Furthermore, there are representations 1n which 7 


can be described by a real wave function so that the charge conjugate particle of 2° is 7° 


itself. 
In the case of /J/—meson, on the contrary, two sets of bases 


Wifi, and.) He dle 
are not mixed under rotations, i.e. they form separately irreducible sets of bases. These 


two sets are transformed into each other only through the operation of charge conjugation. 
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These relations would schematically be understood in Fig. 1. 


ABO (or a 


pon Pp i m4 m a Ay" 
uy (rai 
gh eth Sy brag 
Nucleon Pion A, particle 


At, AY, Ae An ASA ——- —— 
aaa ioe Lege miomela) 
= chat : : 
A, particle //-— meson 
Fig. 1 


In the above Fig. 1, the underlines combine bases which are mutually transformable under 
rotations in isotopic space, and C and T represent the operations of charge conjugation and 
charge symmetry, respectively. The charge symmetry operation T is defined as the rotation 
of 180° around the ‘‘ 1” axis in isotopic space. 

Introduction of the 7—charge 

In developing the C.I. theory of V particles, the concept of 7—charge is most useful. 
As is well known there is always an intimate relationship between the third component of 
the isotopic spin I, and charge q for each elementary particle which has a definite isotopic 
spin, e.g. g=1,+1/2 for nucleon and q=J, for pion. 

In general we may write 


q=I,+1/2+ (1/2) Ga (4-1a) 


for a baryon* N,, and 
q=1,+ (1/2) % (4-1b) 
for a heavy meson //,. 


From the definition, the 7-charge of nucleon or pion is zero. For A and //, we have 
Z (A) =7(A,) ==—1, 
(iT ) sede (4-2) 


An anti-particle, i.e. charge conjugate particle, has an opposite 7—-charge of the particle 
as is the case for the electric charge,** and we have 


* A baryon is a hyperon which is a member cf the nucleon family. 
** Por an anti-baryon N,,, we have 
= ae i / J = TR) 
7=u3 2 =" 2 Na’, Na’ =7(Nzq), 
instead of (4+1a). 
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nG=— Chm qo = —Cqs (4-3) 
where C is the operation of charge conjugation. 
Let us consider a system of particles with definite isotopic spins. Then the total 
charge q of this system is expressed in reference to (4-la) and (4-1b) by 


q=L+1/2-Sn(N.) +1/2-Dnan(Na)+1/2- Dont), (44) 
where n is the number of particles minus the number of anti-particles. By putting 
b=din(Na),  7=Dinet(Na) + 2imah), (4-5) 
we have 
q=1,+6/2+7/2. (4-6) 


From the stability of matter, it is known that 6, the number of baryons, is a strict quantum 
number. 

For production and scattering processes in which only charge independent and electro- 
magnetic interactions are effectively operating, q and I, are conserved. In this case q is 
the total charge of particles with strong nuclear interactions but does not involve the charge 
of other particles like y-mesons or electrons. 

From the conservation laws of q, I, and 6 and the eq. (4-6), follows the conserva- 
tion theorem of the 7-charge. 

(III) The z-charge is conserved for processes caused by charge independent and 
electromagnetic interactions.” 

Utilizing this conservation law, we can account for various properties of V particles 
as we shall see in what follows. 

(IV) The even-odd rule’ is a direct consequence of the 7-charge conservation law. 
Let the group of elementary particles with y-charge +5 be G,, then elementary particles 


with strong nuclear interactions are divided into several groups 
Gr Ep Gyrvereeees : (4-7) 

The pion and nucleon belong to G,, and A,, A, and IT to G,. Since there is no evidence 
for the existence of other charge states of the hyperon Y~ which undergoes the cascade 
decay, we may assume 

T=1/2 for Y° and Y-, or [=O for Y. (4-8) 
In the above cases the 7—charge of Y is given, respectively, by 

RCL = —2 , tot iY )=—3,; 

and Y belongs to G, or G;. 


Let us consider a strong interaction of the form 


N; N; /T;, (4-9)* 


* In a previous paper,'®) we have similarly divided the elementary particles into several groups in order 


to generalize the even-odd tule so as to include the interpretation of the so-called cascade decay. Although 


this theory is completely phenomenological, it is a special case of the present scheme with more specified 


interactions of the types, No No Ilo, Ni NoHi, Ni N; I. 
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for which the 7-charge is conserved. N; denotes the baryon of the group G; and //, the 
heavy meson of the group G,. Then the conservation of y-charge requires 


i+j+k=even (4-10) 
as a necessary condition. Conversely, interactions of 
i+j+k=odd (4-11) 


should be very weak since they violate the conservation law. We shall call these interac- 
tions even and odd respectively. 

With (4-10) and (4-11) the copious production of V particles is reconciled with 
their striking stability. 

Processes allowed by the even-odd rule 

A’ >p+H- (NON, +Ih), 

A=AAr (Ni >NAE Th); (4-12) 
are forbidden energetically. Hence V particles should decay slowly through odd interactions 

A,’—>p +2 (N—-N,+/h); 

IPortt+na- Uh-/l,+Jh). (4-14) 
It is characteristic of the even-odd rule that the V particles should be produced in pairs, 
which is supported by the recent Cosmotron experiments 

a pA +O Ch -NAN+H). (4-14) 

(V) The conservation theorem of 7—charge can account for the nature of V particles 
more adequately than the even-odd rule.')” 

(i) The cascade decay of Y~ 

YAY +a2-, (A’>p+27) (4-15) 
cannot be accouted for by the even-odd rule. 

If Y~ were odd the process (4-15) takes place through an even interaction so that 
its observed stability could not be guaranteed. If on the contrary Y~ were even, the 
process 

Y-->n+77 (4-16) 
would have to be fast. In either case the stability of Y~ could not be proved. 

The 7-charge conservation law can forbid the processes 

Viana Ae + jc iy? ay ey + Yaa 
2 OL ee OLE 0 
to occur rapidly through even interactions alone.” 

While the conservative process 

Y-—A.o+ hike 
=2° =—1l"—1 
is forbidden due to the energy conservation. 


Suppose that Y~ belongs to the group G,, i.e. Y° and Y™~ form a charge doublet, 
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then the observability of Y° must be discussed. It is natural to assume that Y’ may 
decay as 


YS Ao + (4-17) 
as compared to (4-15), but the decay can hardly be observed. 
If, on the other hand, Y° decayed as 


Spek, (4-18) 
it would have to be observed experimentally. 

So far there has been no evidence in favour of the decay modes (4-16) and (4-18), 
though not decisive because of the poor statistics, so that it will be instructive to impose 
a new selection rule” upon the odd interactions in the form 

An=05e 1 (4-19) 
Then the processes 
bar ie 
Y°32n4+7 7 
(a) (2 On? 
are forbidden in virtue of (4-19) since we have 47;=2 for the above processes. 
(ii) It is characteristic of the Cosmotron experiments that V particles are more 
copiously produced in pion-nucleon collisions than in nucleon-nucleon collisions.” This 
can be attributed to the fact that the process with the lowest threshold energy 
N+N>A+A (4-20) 
(0) Sia 

is forbidden by the 7-charge conservation Jaw.” »?) 16.22) 

We tabulate the threshold energies of possible production processes which are expected 


to occur at Cosmotron energies. 
In this table 1 denotes either 4) or 


Table 1 A, but the calculations are made for 
Threshold Kinetic Energies cf Production Processes the A, mass. 

of A and JZ. In nucleon-nucleus collisions the 

—————————— en 4 z 
rey ; threshold energies of the production 

Process E,,* (cm.) E,;, (lab.) 5 ‘ P. 
are lower than those in nucleon-nucleon 
a+N->A+IE 516 Mev 760 Mev collisions so that hyperons can more 
mprway teller ah oad ee easily be produced in nucleon-nucleus 
N+N>4A+N4 10 335» 158lh) » 


a collisions than in nucleon-nucleon col- 
N+N>ON+N4+H4-0 493 ” 2490 ” 


lisions in conformity with the expert- 


mental material.'” 


(iii) It is remarked by several authors that comparatively long lived S particles” or 


* This is an analogue of the isotopic spin selection rule 
Hinge w 


for the electromagnetic interaction. 
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some of the K particles observed in photographic emulsion” exhibit a large preponderance 


it i [ 1 d on the basis of the 
of positive ones over negative. This tendency can also ke understoo 


F : 5 3 : 1) 
y-charge conservation law provided that these particles are identical with the //—mesons. 


For simplicity we shall confine ourselves to 7, N, // and l, then the 7—-charge of 

this system is expressed by 
n=n(II,) —n(N), (4-21) 
where HOH) =n, sen) 
n(N,) =n(A) —n(A). 

V particles are generally produced in pion-nucleus or nucleon-nucleus collisions so that 

we can put 
Hinitia = , 
and from the conservation law, we have 
Hina —O - 
Hence in the final state, we obtain a relation 
n(1*, I) =n(T-, IT) +n(A), (4-22) 

neglecting sib 

Let the total number of produced V particles be n(V), then we have from (4-22) 

n(V)=n(II*, 11°) +n(U1-, 11°) +n(A) =2n(IT*, IT”). 
Since A particles are more easily produced than the /]-mesons because of the lower ex- 
citation energy to transform a nucleon into a -! particle, i.e.~180 Mev. for |, and ~270 
Mev. for 1, than the energy required to create a heavy //—meson, i.e.~490 Mev., the 
production of V particles may occur in such a manner as to make n(/) as large as pos- 
sible for a fixed value of n(//~, //°)+n(1), ie. 
n(A) >n(II-, IT). 


Combining this inequality with (4-22), we arrive at 


n(I*, H°)~n(A) >nCI-, IT), (4-23) 
namely the positive //—mesons are more copiously produced than the negative ones. How- 
ever, there are some exceptions to the above arguments. First, there must be enough 


material nucleons to be transformed into -1 particles when particles are multiply produced. 
Secondly, at extremely high energies (> 10 Gev), the small energy difference between the 


excitation energies of a A and the rest mass of a // cannot play as decisive a role as 
discussed above.* 


(VI) In some cases the ratio of cross-sections can be obtained with reference to the 


C.I. alone. 
The ratio 


o(pt+pd+7*) /o(n+pod+zr") =2 (4-24) 


* The author is indebted to Prof. 'Z. Koba on this point. 
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is well known in the pion theory as a test for the C.I. hypothesis. There are similar 
examples in the case of V particles, and the simplest one is 


oti +n >A® tary /e Gt +p 54A$42) =2. (4-25) 
The channel isotopic spin of the above processes is equal to unity. Besides, there are 
many equalities derived from the charge symmetry, e.g. 
o (2 +p Aye + ID) = (2+ +n A +11"). (4-26) 
These relations would be susceptible of experimental tests. 
(VIL) Some remarks on the Fukuda—Miyamoto theorem” 


(i) Let ¢4 be the wave function of a neutral Boson A which is an eigenstate of the 


charge conjugation C, then we have 


COs) =Eaba, S4= 1. 
We call A even or odd according as €4=1 or —1, e.g. m is even and 7 is odd. We 
can sometimes speak of the parity under charge conjugation not only for elementary Bosons 
but also for composite Bosons, for instance a positronium is even in the 'S, state and odd 
in the °S, state. 

The transitions 

ALB § => C+D+- 
among such neutral Bosons are forbidden by the conservation of parity under charge con- 
jugation, if 

eyenco ST, (4-27) 

This theorem is usually expressed in the form 

n(v) +n(t) =odd is forbidden, (4-27’) 
where n(v) and n(t) denote the numbers of neutral Bosons participating in the process 
which couples to the nucleon (or baryon) with vector and tensor couplings, respectively. 

To our regret this selection rule cannot be applied to the decays of neutral heavy 
mesons since they cannot be eigenstates of the operator C unless 7=0 as seen from 

(C= — Cy: 

(ii) Similarly the conservation of charge parity’? can forbid some transitions among 
Bosons with I,=0. Since the charge parity is conserved only for charge symmetric interac- 
tions the disccussions here are restricted to charge independent interactions,* consequently 
the photon is excluded from our subject. 

The charge symmetry operation T anti-commutes with I, i.e. 

Thai .- 
Hence a particle can be the eigenstate of T only if I,=0 for which the eigenvalue of T 
is given by 

T=(—1)4, (4-28) 


ical i i i consider 
* Charge symmetric interactions are not necessarily charge independent. However we shall 


them to be charge independent according to the classification of the elementary interactions in § 3. 
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where I is the isotopic spin of the particle and (—1)? is the charge parity. 
The transitions 
A+B SCE DLS 
are forbidden for charge independent interactions by the conservation of charge parity if 
Tale Coma = ls 
or [,4+1,+Io+--:=odd, (4-29) 
where T,, T,,-*+ are the charge parities of A, B,--- and I4, Ip,°+ their isotopic spins. This 
theorem is also known by a more familiar expression 
n(z.) =odd is forbidden, (4-29") 
where n(z,) is the number of neutral Bosons coupled to the nucleon (or baryon) with 
the isotopic spin matrix T;. 

This selection rule, too, cannot be applied to the //—mesons since I, cannot be equal 
to zero for halfintegral isotopic spins. 

(iii) A particle which is neither the eigenstate of C nor that of T is sometimes 
the eigenstate of the product CT, for instance, it is the case for charged pions (CT=—1 
for pions). 

A selection rule similar to (i) and (ii) can be derived by referring to the operator 
CT, which is known in a special case by 

n(v) +n(t) +n(z.) =odd is forbidden. (4-30) 
Again this selection rule cannot be applied to V particles since they are not eigenstates of 
CT as seen from Fig. 1 in § 4. 

In this way we have arrived at a conclusion that the selection rules imposed by charge 
conjugation cannot be applied to the analysis of heavy mesons, and we should refer to 
more general invariance theorems such as the conservation of angular momentum and of 
parity against space reflection. Thus it is very hard to settle the types of heavy mesons, 
for instance, from the @’-mode of decay of a //°-meson 

[P>x* +77, 
we can infer that the possible types of //° are 
De L stutity, oh autsn nek : (4-31) 
It could be reduced into 
ony Sty Mie 
if another possible mode of decay of the //"—meson 
IT°—>2%° 


were experimentally established. 


§5. Heavy nuclear fragments 


One of the most remarkable phenomena recently established is the heavy nuclear 


fragment. Danysz and Pniewski” have found the spontancous disintegration of a boron 
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nucleus emitted as a fragment from the disintegration of a silver or a bromine nucleus. 
Inspite of its rather large Q value of about 50 Mev, it decayed after reaching the end of 
its range within a time ~3X107" sec. If it were a highly excited state of the boron 
nucleus it would undergo a spontaneous decay within a quite short lifetime, say, ~10~” 


—12 


sec. and could not survive as long as 10~™” sec. Therefore they considered that a A,° 
particle substitutes a nucleon in the fragment. 

At present there are several examples and they seem to support this view, namely 
the order of Q-values of these examples are consistent with their hypothesis. We have 
now further precise measurements of the Q—values of heavy nuclear fragments from which 
we can estimate the binding energies of a 4," particle in the fragments” as described in 
§ 2, i.e.~1.5 Mev in *H,? and ~4 Mev in *He,'. Another support in favour of this 
view is provided by the observation of Debenedetti and others.” They have found a frag- 
ment *H,° emitted from a star together with a positive t—meson, and this phenomenon is 
quite consistent with the above viewpoint on the basis of the pair production of the heavy 
unstable particles. It then gives rise to discussions whether or not the 4, particle can be 
bound to form a heavy nuclear fragmens in a way similar to 4,. The answer is negative, 
since the , particle, when bound to a nucleus, should decay within a quite short time 
emitting a virtual pion as 

AA, +7 (Gal) 
and the virtual pion being subsequently absorbed by the residual nucleus producing a star. 
Shortly speaking, the fast process is expressed by 


A,+ N>A,+ N-+energy release. (5-2) 
It is also the case for the Y particle, since it would be transformed through the process 
Y+N>4A,+4A,+ energy release. (5-3) 


It is worth while to notice that the process (5-1) is energetically forbidden only when it 
is isolated. 
In this section we shall present a semi-quantitative basis for the Danysz-Pniewski’s view. 
From the process (2-11) we shall take it for granted that there exists an elementary 
interaction of the type 
NA II. (5-4) 
On the other hand, the interaction 
shed Be 
cannot be charge independent and hence cannot be strong. Thus the problem is to examine 
whether it is possible or not to account for the two quantities 
(a) the cross-section of the process 77 + poAr+ TT, 
(b) the binding energy of the 4,” in a heavy nuclear fragment, e.g. *H,’, with a 
unique value of the coupling constant of the interaction (5-4). 
For simplicity we shall assume the //—meson to be scalar, then the interaction (5-5) 
can be written more precisely as 


ieee Pda th.c., (5-5) 
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where ¢,, gq and Dy are the wave functions of the nucleon, , and //, and 
Py Py, = Py* +o, P iyo : 

Then the straightforward perturtation theory gives” 

gy /42~0.4 (5-6a) 
for o (z= +p—>A,'+ //°)~1 mb at 1.5 Gev., provided that the coupling constant for the 
pion-nucleon interaction (direct coupling) is given by 

G°/4z=10. 
Similarly we have” 

9/42 ~0.9* (5 -6a’) 
for the ratio (3-5), ie. 

o (a +p Ai + I) /o (a +popt+e )~1/7* 
In order to solve the problem of the heavy nuclear fragment we must first derive the 


potential between a J, and a nucleon which can be found to be 


Viay= E PLP. Sr (5-7) 
47 r 
by iterating the interaction (5-5) as seen from Fig. 2. 
With the potential (5-7) and the phenomenological neutron- : N 

proton potential, the binding energy of /J,’ in a fragment *~H,* com- 
posed of a proton, a neutron and a A,° can be adjusted to fit the We 
experimental value, i.e.~1.5 Mev, by choosing” ( 

9 ao 

g /4m7~1.1, (5+ 6b) 
and furthermore it is found theoretically that the fragment *H," has N A 


: : ; : : Fig. 2. Feynman 
spin 1/2, even parity, and isotopic spin 0. 

P J y P nea P P hie f diagram for the 
The above estimates are not quantitatively trustworthy since we 


potential Vay. 
have utilized the perturbation theory for strong interactions. We may, 
however, infer that the results are remarkably consistent with one another. Hence we may 
conclude that the Danysz-Pniewski’s hypothesis is consistent with our present information 
on the V particles and that the coupling constant of the interaction (5-5) is roughly 
given by 

9 /4a~1. (5-8) 
It is seen that the interaction (5-5) is considerably strong and that it will appreciably 
affect the pion reactions virtually. For instance, the contribution of the heavy particles to 
the anomalous magnetic moments of nucleons through the interaction (5-5) is roughly 
estimated on the perturbation theory to be” 


Apseohigr, sal dget0a} (5-9) #% 


* If we employ the revised value of the ratio (3+5) to be 1/5 instead of 1/7, the coupling constant 
(5+6a’) may be 1.2. See footnote under (3+5) in § 3. 


** Note added in proof: This result was revised as App ~—0.1 by Iso in a private letter to the author, 
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in the unit of nuclear magneton. Cf. Fig. 3. 

In the case of proton, the contribution of these particles amounts 
to about 10% of the anomalous magnetic moment. 

From the above calculations we see that the contributions of V 
particles to pi-mesonic phenomena are different from case to case due to 
the severe selection rules governing these particles, but we may conclude 
that in general we cannot ignore the presence of these particles for 
quantitative investigations of the pion-nucleon interaction. 

We cannot discuss the pion-nucleon interaction without taking 
account of the influences of V particles. This is a situation sharply 
contrasted with quantum electrodynamics which is approximately a 


closed theory. 


§6. Pessible models of the t—mesons 
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Fig. 3. Feynman dia- 
gram for the anoma- 
lous magnetic moment 
of a proton through 
the interaction (5*5). 
Afin=O in this order. 


In the previous sections, we have not touched upon the z—meson. Indeed, inspite of 


‘ts oldest career it is not an easy task to adapt the z—meson definitely to the present C.I. 


scheme. We shall therefore discuss three possible models” of the 
scheme. 
Model I. (//,—model) 


meson in the C.I. 


The most economical model is to regard the 7—meson as the charged counter particle 


of the 6°—meson, i.e. T*=//,". 
through the modes 
[[forut+r, 
IT SS lat Er Fe OAT 5 


are called 6° and c*, respectively. 


The basis for this model consists in the equality of their masses 


mM, =Ms . 


As has been discussed in § 4, we can expect the positive excess of 7 


with the experimental material. 


In this cace, the heavy mesons //,’ and //,* which decay 


(6-1) 
(6-2) 


(6:3) 


—mesons in conformity 


With reference to (6-1), we may suppose that the /],*—meson will decay into two 


pions as well as into three pions, then the //,"—meson decaying as 
I i oa 5 7 


must be called with a name other than the zt—meson. 


(6-4) 


Ba : 
On the other hand it is reasonable to assume that /],*—mesons and //,’—mesons are 


produced with equal abundance and that the branching ratio [1,27 to [1,37 1s much 


larger than unity. 
Thus we can predict 


(abundance of 0°) / (abundance of 7*) ~branching ratio (11,27) / 1,337), (6+5) 


and consequently 
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abundance of @°> abundance of t*. (6-6) 


It is interesting to see that the above relations are roughly satisfied, though not deci- 
sive because of the poor statistics. 

From the three pion decay of a t—meson the //,-meson cannot be scalar (0*), so 
that the possible types of the //,—meson are 

jE Se aR Ua (6-7) 

in reference to (4-31). 

However, there seems to be an objection against this model. In preliminary analysis 
of the z—meson decay data Dalitz”? has arrived at a conclusion against (6-7). 

Model II. (//,/—model) 

If we take Dalitz’ objection seriously, the model I must be improved. The simplest 
modification is achieved by assuming the c—meson to be a charge doublet of the group G;, 


other than the //,—meson, i.e. 
f=172. forse* bandar’. (6-8) 
Since y=1 for a t-meson, we shall denote the s-meson as //,’ analogously to //,, then 


the nature of //,/-mesons is akin to that of //,-mesons so long as the C.I. is concerned, 


but their transformation properties in space-time are different from one another, contrary to 


the model I. 


The observations by Debenedetti and others” provide one with a support in favour 
of the above two models. 


Model TI. (//,—model) 
Another possibility is to assume 


I=0 for t*, and hence™y7=2: (6-9) 
In this case we cannot retain the selection rule (4-19) 
4n=0, +1 
for the weak interactions since we have 4y=—2 for t—>37. The t—meson in this model 


will be denoted as //,. 
Possible production processes of the //,—mesons and their threshold energies are tabu- 

lated in the Table II. 
In this Table II, just as in Table I, A 


Table II* denotes either i or A, but the calcu- 


Threshold Kinetic Energies of Production Processes of Iz lations ate wiade tok Shes anes 
: oi 0 : 


Deovess E;,* (eto) |) Bex (abo It is interesting to see that the 
See ee a ee ae a /1,—meson still exhibits positive exce 
m+N>Y-+Jh 649 Mev 1123 Mev . | F b } P zn se 
et N->N-b Hy if pet ie mise at aw energies but its positive to 
N+N>A+A+Ih rege 2078. + negative ratio is expected to be smaller 
N+N>N+N+4+Ib+ Ih 4935, 2490» than that for the //,—meson since the 


argumentation of (V), (iii) in § 4 


. a : ; ; : 
The observation by Debenedetti and others’) can be interpreted in terms of the third process of this 
table with a Ao° missed from their observation. 
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loses its validity because of the double 7—-charge of //). 
The IT,-—-meson can be absorbed by a nucleon through the process 
[ep ne tae (6-10) 
plage Rania 
even at zero energy. 


On the contrary, He cannot be absorbed by a single nucleon since the absorption of 


a J/[,-—meson from a Bohr orbit via 


fTo7 +poY-+2* (6-11) 
—2 0 -2 0 
or fi Fp Se Te (6-12) 


= 2a Om — lt =i 
is forbidden energetically. Absorptions through very weak interactions may occur, however, 
via other processes which are allowed energetically. 


The situation is quite different for nuclei, i.e. the process 
fi +d-Ap +A, (6-13) 
=) 
can take place even at zero energy with an energy release of about 130 Mev. provided 
that //, is not scalar. 
The nature of the above process is very like the familiar process 
m +d-n-+n. (6-14) 

We have presented here three possible C. I. models of the c—mesons but we need 
further precise measurements to settle which of the above three or none of them is the 
correct one. 

In conclusion the author expresses his sincere thanks to many physicists who gathered 
at the Research Institute for Fundamental Physics for their helpful discussions and to Prof. 
S. Hayakawa for his careful reading of the manuscript. 

Note added after the completion of the manuscript 

(1) Fry and Swami observed a heavy nuclear fragment in which possibly a ’—-meson 
was bound. W.F. Fry and M.S. Swami, Phys. Rev. 96 (1954), 809. 

(2) Naugle and others have observed an interaction caused by a stopping heavy 
meson in emulsion. One of the four particles emitted in the interaction is interpreted as 
a nuclear fragment with a A,° attached. This evidence provides us with a strong support 
in favour of the Danysz-Pniewski’s hypothesis together with the De Staebler’s observation. 

J.E. Naugle et al., Phys. Rev. 96 (1954), 1383. 
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The general procedures described in I and II to deal with the scattering problems involving com- 
posite particles are illustrated in this paper for the interacting scalar meson and scalar photon fields. 
Utilizing Wick’s solution for the covariant two-body equation (Rethe-Salpeter equation), the 
following problems are discussed : 
(1) the normalization of the Feynman amplitude for the bound state corresponding to Wick’s solution, 
(2) the disintegration of the bound state by a scalar photon, 
(3) the Rutherford scattering of the composite particle. 
In appendices some general remarks are given on the reciprocal nature of the present formalism 


and on the asymptotic forms of the Feynman amplitudes. 


§ 1. Introduction 


In previous papers” (to be referred to as I and II hereafter), the concept of dressed 
particles in quantum field theory has been discussed in detail. In treating a scattering 
problem in quantum field theory it gives rise to a discussion that the observed particle is 
not bare but dressed with its self field, and the situation should correctly be taken into 
account in calculating the scattering matrix. Thus the problem to be considered is how 
to describe the interaction between dressed particles. We shall examine which of the follow- 
ing two ways fits the present purpose : 

(a) description of temporal development of the state vector by means of Schrédinger equa- 


tion and 
(b) Feynman’s over-all space-time point of view”. 

In I and II, we have developed our theory on the latter point of view by making 
use of the “ Feynman amplitude > W7e shall show here that only the latter is accessible 
for description of the dressed particles. 

Consider, for instance, a collision problem between two dressed nuleons, then in order 
to calculate the observable transition amplitude one must distinguish between the interaction 
of a nucleon with its self field, the self interaction, and that between two dressed nucleons, 
the nuclear force. Suppose that a meson is emitted from a nucleon, then the meson 
should be absorbed by the same nucleon to be a cloud meson or by another nucleon to 
be a nuclear force meson. By the former description, however, one cannot foresee at the 
moment by which of the two nucleons the meson will be absorbed so that one cannot 


completely separate the nuclear force mesons from the cloud mesons. By the letter descrip- 
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tion, on the other hand, one deals with the problem by summing up the transition ampli- 
tudes over all possible histories and in each history the casts of the participating mesons 
are obviously seen, and hence the separation can completely be achieved. 

The scattering problems involving composite particles are closely related to the descrip- 
tion of the dressed particles and only after the settlement of the latter the former problems 
can be treated, since the separation of the two kinds of interactions mentioned above is 
essentially important in this case. Furthermore the renormalization problem is also inti- 
mately connected with the separation problem since the purposes of the former are to 
recognize the differences between the ideal bare particles and the observable dressed particles 
as well as to eliminate divergences. 

These problems have already been discussed formally in I and II. In the present paper 
we shall illustrate the method more precisely by applying the general theory to simple fields 
i.e., interacting scalar meson and scalar photon fields. In § 2, the Green function formalism 
developed in II for the case of interacting Fermion-Boson fields is translated into the case 
of interacting scalar meson and scalar photon fields. 

In § 3, the relativistic two-body problem is discussed for this case. The solution of 
the Bethe-Salpeter equation” corresponding to the ground state has already been obtained 
by Wick”, and in § 4 we shall discuss the normalization of the Wick’s solution. Then 
in § 5, we shall calculate the cross section for the disintegration of the bound state by a 
scalar photon. Finally in § 6, other related problems such as the Rutherford scattering of 
acomposite particle and the self energy of the bound state are investigated. 


These illustrative calculations would much facilitate understanding of the general proce 
dures. 


§ 2. Equations for Green functions” 


As has been shown in II, the equations for the Feynman amplitudes are closely related 
to those for the Green functions from which we shall start our discussions. 


The propagation functions for a free scalar meson and a scalar photon are given res- 
pectively by 
STiOtry, d* (2) |> vac = 4,(1—2), 
(2+1) 
<T(A(1), A(2)]> se =Dp(1—2), 


where T is Wick’s T-product”, and ¢ and A are th> wave functions of the charged scalar 


meson and scalar photon fields in the interaction representation. These functions are given 


by 


A eee (dq) a D. =e = | dk ike 
col wie Pe mie) (27)! (Te 22) 


(— *) 47 (x) =i8 (x), LD (x) =i), (2-3) 
where /4 is the meson rest mass. 


The interaction between these two fields is chosen to be 


Hin =fo*9A+ Q4— Ayery > (2-4) 
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where Q is an external cnumber source introduced for later convenience and H,,, is the 
counter term to cancel divergences like self energies. The coupling constant f has the 
dimension of (length)~' in the natural units. 

With the Hamiltonian (2-4), we define the transformation function U by the Tomo- 


naga-Schwinger equation 


Pe) 
Oa) U(o, 0) =Hin(x) U(o, %)» (2-5) 


and the initial condition 
U(oo, o%) =1. 


(a) Functional derivatives with respect to external sources 


We first introduce the following notation 
ABC Ze SST [U (cog 00), BCL wef UO, — 0) > race 


Then the propagation functions or the Green functions of the meson and photon in the 


presence of the interaction (2-4) are defined respectively by 
A »(1, 2) = <$(1)4* (2) > — <6) > <P Q> = <(1)d*(2)>, (2°) 
and 
i, 2) = a) <A(l)> =A) = 6 <A(1) > /0Q(2) 
S02 A) /eQ1). +7) 
It must be noticed that even in the presence of the external source we have 
2o(1) = — <p (2) 0 
in virtue of the charge conservation law. 
For simplicity the following abbreviations will be used : 
U=U(o, —«), <U> =e ae (2-8) 
Then we have 
i 0C/0Q(1) = RAIN SC, | 1-0L700 GO) —— <A(1)>. (2-9) 
These formulae can be derived in reference to the general equation 


i (0/0Q(0)) T | Uabe-+-z]=T|UA(0) abe-++z}. (2-10) 


(b) Equations for the chronologically ordered products of operators 
Following the method desctibed in II, we can readily derive the eqs. 


(I-14 T(d(1) abe::-z]=i( 0/0d* (1)) T | abc---z]; 
and (2-11) 


C1, T[AC) abe: +z] =i 0/dA(1)) T | abe: +z]. 
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(c) Equations for the Green functions 
Combining (a) and (b), the equations for the Green functions are easily found. The 


basic equations are 
(F,-#—-f<A(1)> —if (6/6Q(1))) 4,'(1, 2) =i0(1—2), (2-12) 
and 


C,<A(1) > =fdy’(1, 1) +Q(1). (2-13) 


The details of the derivation have been given in II. 
By differentiating (2-13) with respect to the external source Q we have 


[1,D,’ (1, 2) =if (6/éQ(2)) 4,1, 1) +i0(1—2). (2-14) 
The integral form of the eq. (2-12) is given by 
4, (1, 2) =4,(1—2) —if\dw, 4,013) <A(3)> 4, (3; 2) 
+fidw, 4,(1—3) (6/6Q(3)) 4,’ (3, 2). (2-15) 


We now define the proper self energy operator $)* of the meson by 


ia dy! (1, 2) = [do SI*(1, 3) dy!B, 2) (1) 4p, 2). (2-16) 


Then eq. (2-15) can be written in an alternative form 


Ay! (1, 2) =dp(1—2) —if {doy dy(1—3) <A(3) > 4,3, 2) 


+ do, da, A,(1—3) 5* (3, 4) 4,!(4, 2); (2-15) 
We shall write eq. (2-12) symbolically as 
Do(1) 4,’(1, 2) =i8(1—2), (2-17) 
and similarly put 
2 y(1) = (Chi-#—f <A(1) > —159*(1)). (2-18) 
The differential form of (2-15’) then yields 
Dy(1) dz’(1, 2) =i0(1—2). (2-19) 


By differentiating the above equation, we find 

yea 6/6Q(3)) 4,’(1, 2))=— (—fD,’' (1, 3) +03 (1) 7606) Ja Os 2). 
(2-20) 

This equation can formally be solved with the aid of the Green function afALna ye 

(2-19) as 


(0/6Q(3)) Fa ps We Reade =|do, ay, 4) (—fD5 (4, 3) +05) (4) /0Q(3)) 4, (4, we 


(2.21) 
Now we define the vertex operator /’ by 
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(0/6Q(3)) 4,’ (1, 2) =—fl dw, dw, dw, 4,/ (1, 4) (45 5 6) 4,' (5, 2D 6, 3), (2222) 
then from eqs. (2:21) and (2-22) follows the equation 
(0/6Q(3))>°* (1, 2) = —f\ de, P(12; 4) Dy’ (4, 3) + fD,’ (3, 1) 6(1—2), (2-23) 
or 
f\dw, ['(12; 4)D,’ (4, 3) =fD,' (3, 1)6(a—2) — (6/6Q(3)) S* (1, 2). 


The proper self energy operator of the meson can be expressed in terms of the Green 
functions and the vertex operator in reference to eqs. (2-16) and (2-22) as 


D1, 2)=—-7 \eo,da, oy (1, 3) il (32; 4)D, (451); (2-24) 
Similarly we shall introduce the polarization operator //* for the photon by 
De, 2) =D, —2) + \do, dw, D1 —3) IT* G, 4) Dy (4, 2) (2-25) 
or in the differential form by 
CL), D,’ A, 2) =id (1—2) +ifdew, IT* (1, 4) Dy’ (4, 2) 
=id (1-2) +if (0/8Q(2)) 4y’(1, 1). 
Hence we obtain 
(daspel I CirA) Dy’ (4; 2) f C/0Q 2)) 46 Gl pd) (2-26) 
= —f?\du, dw, dw, 4,1, 4) '(45 ; Gye (5 1) De (6,2) (2-27) 


ICy2yest= fi \darde,d,' 1, 4)" P45; 2) 4,6, 2) (2-28) 


analogously to eq. (2-24). 
The contents of this section are not original but merely the translation of the formulae 


derived in IJ. However they will serve as the introduction of various notations and defini- 


tions. 


3. Two-body problem 


The Green function formalism introduced in the previous section can readily be extend- 
ed to two-body systems. We shall derive the covariant two-body equation—the Bethe- 
Salpeter equation—on the basis of the Green function formalism and introduce Wick’s 


solution for the lowest bound state. 
The two-body Green function is defined by 


K(12; 34) = <(1)4(2)6* (3) *(4) >. (3-1) 
It satisfies an integral equation of the form 
KGa 34) =p (124534) 
+ {dw,---do, 4,’ (1, 5) 4p’ (2, 6) G(56; 78) K(78; 34), (3-2) 


where 
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4,' (12; 34) =4,' (1, 3) 4,’ (2, 4) + 4,1, 4) A, (293) > (3-3) 


° 29 3) s 
This equation is well known under the name of ‘ Bethe-Salpeter equation ”. Since eq. 


(3-2) involves two unknown quantities K and G, we need another equation which can be 


derived with the aid of the Green function formalism?” 
(dw, dw, G(12; 56) K(56; 34) 
=—f*(dw, dw, (26; 5) D,'(1, 5) K(16; 34) 
+f (dw, dw, dw, 47'(1, 5) (8/6Q(1)) [G(52; 78) K(78; 34)]. (3:4) 
In the lowest order approximation, the above equation is reduced to 
(dw, dw, G(12; 56)K(56; 34)~—f°D,(1—2) K(12; 34). (3-4') 


Hence in the differential form the lowest order Bethe-Salpeter equation for the Feynman 


amplitude is given by 
(Ci=F) 3 --) =F Dy (l—2)) 9,1, 2) =9; (3-5) 

where g, is the Feynman amplitude defined by” 
g.(1, 2) = (Vac T[$(1) $(2) ]|s). (3 +6) 


Here Vac. is the abbreviation of the true vacuum, ¢ is the meson wave function in the 
Heisenberg representation and s is a bound state (or a scattering state). 

The solution of eq. (3:5) corresponding to the lowest bound state was found by 
Wick” and further solutions were obtained by Cutkosky’ by extending Wick’s method. We 
shall briefly trace Wick’s method. 


Put A= (x%,+%)/2, x=x—% (3-7) 
then the corresponding momenta are given respectively by 
P=p,+p» pos (pi — p2) /2. (3-7') 


P and p are the total and relative four momenta. 


From the conservation theorem we can put 
gs(1, 2) =e'?*| V (p) e?* (dp) (3-8) 


where (dp) =dp, dp, dps dp. 
Inserting the expression (3-8) into eq. (3-5), we find 


(pit pP+ po-+ P*/4) (p'— pP-+ po + P?/4) © (p) = — if? (22) “4 [ (p—q)?—i8]1F (9) (dg). 
(3 +9) 


If /(p) is assumed to be representable as 


1 ny 
LT ( ) =| ——— Ad) d. 
f -1[ p’+- zpP+ po+ P?/4— i€ | z (3 10) 


one can transform eq. (3-9) for Y into a differential equation for g by making use of 
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the formula 


1 1 
| a) Smet hae: a A 
(p—q)°?—i8 [gq +2qP+ pi + Pi/4—iéP 


sand 
we 1 


~ 22+ P/4—z P/4) p?+zpP+ i+ P?/4 18 


(3-11) 


In this derivation it is assumed that s is a bound state. 
By putting the rest mass of the composite system as 


M=2py, (1> > 0) (3-12) 


and 
d= (f/anpy’, 
we find the differential equation for 7 
9" (2) 4A —2) 1-7 +72) * 9) =0 G12) 
with the boundary condition 
g(+1)=0. 


In this way the complicated equation (3-5) is reduced to a simple ordinary differential 
equation (3-13). 


Since the ladder approximation utilized in the derivation of eq. (3°5) is valid only 
for small values of the coupling constant 1 (ot (f/)?/4), we shall assume the weak cou- 
pling approximation throughout in this paper. Then the binding energy will be very small 


and we may assume the inequality 
1>1—77>0. (3-14) 


In this case Wick approximated the eq. (3-13) as 


(pt fe) twa (1-77) 10 @)s (3-15) 
and obtained the lowest eigenfunction 
g (2) © (2/2) (A=) 7? gO)AA= lal), (3-16) 
which requires as the solution of the eigenvalue problem 
A= (2/n) (A—7)". (G17) 


The approximation (3-15) will frequently be used in the later calculations. 
We shall fix the normalization of the eigenfunction g (z) by 


g(0)=1 (3-18) 
for later calculations. Then (3° 16) gives us 
g (z) ~1—{zl- (3-19) 


Thus the Feynman amplitude for the ground state s is given after all by 
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e px 


ae (3-20) 
[p’t+<pP+ e+ P’/4— sé} 


1 
9s(1, 2) =iptc el 7 (2) (dp) 


. . . $. . . 
where pu is supplemented for the dimensional reasoning,'i for the appropriate choice of 
the phase, and c is the normalization constant to be determined subject to a certain physical 


requirement. 
In the following sections the information on the reciprocal Feynman amplitude 


9.(1, 2) = (s|T[S* (1) $* (2) || Vac) (3-21) 
is required. 
As we shall see in Appendix I, g, is obtained from g, by the time reversing operation and 
its expression is given by 
eiPt 


: 3-22) 
[p+<pP+ et P*/4—i€)° ( 


gC, 2) =intee*{" 9 @ de| (Ap) 


§ 4. Normalization of Wick’s solution 


The problem how to normalize the Feynman amplitude has already been solved in I 
and II, and this solution is one of the most important results arrived at in the previous 
papers. In this section we shall apply this method to normalize the Wick’s solution (3-20). 

According to the general theory of normalization we need to seek for a suitable quan- 
tum number of the state in question. We shall choose the total charge of the system as 
this quantum number, then we have only to follow the procedures described in the Ap- 
pendix of II. 


The current four vector of the charged scalar field is given by 


Ju=i(4(38* /dx,) — (26/9x,) 8") (4-1) 


in unit of the elementary charge. Then the total charge is expressed in the Heisenberg 
representation as 


q=\do, ju (=Sd*x j, for a flat surface). (4-2) 


The operator q represents the difference in numbers between the positive and negative 
mesons. In order to calculate the expectation value of q or jy, we shall introduce the 
following interaction Lagrangian 


— Lin=fb*bA+ QA+ jn Gus (4-3) 
where q, is the c-number external field introduced for the mathematical convenience. The 
interaction Hamiltonian for this case is not equal to —L,,, but further involves a normal 


dependent term. We can, however, construct the transformation function U without recourse 
to the complicated Hamiltonian. Indeed, it is given by*? 


U=T*|exp (if (dk) Lin (2)) 


The benefit of introducing the external field J. consists in the formula 
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—9__ T[UABC.--Z]=T[Ujy(0) ABC--Z1 (4-4) 


0g, (0 


In the present case the equations for the Green functions are modified from those derived 


in §2. They are given by 


[Doc +16.) 8+ 525%) Jae 2=G-2), 5) 
and 
bee) ieee is’ a1) OW). (4:5') 


It is interesting to see that the form of the equation for <A> is invariant. The eq. 
(4-4) yields 


(i 8/8q,(0) 4p’, 2))e, a0= <B(1)G* (2) ju 0) > o— <ju 0) > ode’ (1-2) 
= (Vac|T[$(1) 8* (2) j, (0) || Vac) - Geo) 
By differentiating eq. (4-5) with respect to q,, we have after a brief calculation 
Gio/dg,,(0) 4, (1, 2)),=i(04'»(1—0) /Ax),- 4’p(0 —2) — 4p’ (1—0) -04',(0—2) /dx,° 
+ifdw, 4y/(1—4) (O2)* (4) /2q,.(0) )o 4,'(4—2) 
==i(dw, dw, 4’ »(1—3)D, (34 5 0) 4’,.(4—2). (4:7) 


D,, is the photon (vector) vertex operator and it is given to the lowest order in the cou- 


pling constant by 
D, (34 ; 0) ~90(3—0) /dx,"-0(4—0) —8(3—0) -80(4—0) /dx,". (4-8) 
Similar formulae can be obtained for the two-body Green function 
i (8/dqu(0)) <9(1)4(2) 0* (3) 9" (4) > = <ju(0)6(1)6(2)9* (3) 8* (4) > 
— <j,(0)> <(1)6(2)o*(3)8*(4) > (4-9) 
—> (Vac|T[ j.(0)8(1) 8 (2) 9* (3) 9* (4) J Vac) 
for Q, q>0. (4-97) 
For simplicity we shall write eq. (3+2) symbolically as 
(1 oF G2) RC 1 25034) — 4, (12 = 34), (4-10) 


then we get by differentiating the above equation with respect to the external field 9, 


* The operation Q, q—0 will simply be denoted by a subscript 0. 
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(1-402) )( ig 


By putting Q, g,—=0 and substituting (3,4) for (3,4), we have the equation for the 


A ,(123 34) +i PF 02) cca 34). 


Og e ) qu 


Kors a y)Hi 


Feynman amplitude 
(1-4 (12) )o Joy (12 5 0) =i(BA (12) /0q,(0))o 9501, 2), (4-11) 
where 


Joy (12 ; 0) = (Vac|T| jy (0) 9 (1) 9(2) ||). 


“ce 


As for the operation “in” we shall discuss in Appendix II. 
The explicit form of the integral operator (OF (12) /dq,(0)), is given by 


(i OF (12) /0q, (0) )p=i\do,---dw[ 4,’ (1—3)D, (34; 0) 4,’(4—5) - 4x’ (2—6) 
+ 4,'(1—5) -4,/(2—3)D, (34; 0) 4,/(4—6)] G(56; 78)-- 
+ \dw,---dw, 4,/(1—5) 4,’(2—6) G (56; 78; 0)-::, (4-12)* 
where 
Gpi56 977830) S38 (6 / eg 0) ) (G(S65 478); (4-13) 


and functions of arguments 7 and 8 should be brought to the place dotted in (4-18) as 
the operand. The formal solution of (4-11) is given with the aid of the two-body Green 
function in the form 


Isp (12; 0) =i) da,---dw, K(12; 36) D, (34; 0)4,’(4—5)G(56; 78)9,(78) 
+1/2:§du;:--dw, K(12; 34)G,,(34; 56; 0) g,(78). (4-14) 
Substituting (1, 2)° for (1, 2) in the above expression and utilizing 


(Vac|T|j.(0) (6(1)8(2))*]|s) = >} (Vae|T(8(1) 8 (2) Js’) ("|9,.(0) |), (425) 
pact states 


we find 
(s'.(0) |8) =ifdeng--devs Jr(3, 6) Dy (34; 0) Jp'(4—5) G(56 ; 78) 9,(78) 
+1/2+(dis-+-deo, Fn(34) Gy. (34; 56; 0) 9,(56). (4-16) 
In the lowest order approximation the above expression is reduced to 
(s' lj. (0) |s) ~ —if? (da, div, (Og (02) /dx,°+4,(0—1) —Fy (02) -04,(0—1)/dx,°) X 
xX D,(1—2)9,(12). (4-16’) 


In these expressions 7, is the reciprocal Feynman amplitude for the bound state s’. 


* The subscript 0 is omitted for brevity but it would not lead to any confusion. 
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Let s be the ground state corresponding to the Wick’s solution (3-20), then it is an 
eigenstate of the total charge q with the eigenvalue 2, so that we have 


( d°x (s’|j, (x) |s) = (s'|q|s) =206,5’). (4-17) 
The normalization constant c appearing in Wick’s solution can be determined subject to 
this normalization condition. 


If we put s’=s, we have from (4-17) 


<jo(0) > «= (sljo(0) |5) =2/V, (4-18) 


since the diagonal element of a Heisenberg operator does not depend on the space-time 
variables. V is the volume of quantization. 
Inserting (3-20) and (3-22) into (4-16’) we get 


<j,.(0) > = —2if* | de, dey, O2)_4,(0— 1) Dy(1=2) (12) 
ao5n 


—iP (to+%2)/2 


ip(zo—2a) 
4 de g(é \ d; = : = 3 
ie Oy ar eae 


=2if'e|de, dw, = 


0 
Xu 


- = K b) etk @o-*) ; por ee eee C. 9g ©) - 
Qn” B+ ie 2027)! p+ P?/4—CP*/4 


ei e122) 


GCP pe +P /4—ie 


x | (dq) 


freer s 1 —iP (zo+x2)/2 di y 1 pee: ) eip (20-22) 
=f eejindone A 1@)\ ) (8/24 D» Ceres ee PT 
ek (20-21) one as q(C) { d ) ei 1-22) 
| CO ferret P+ P?/4—CP?/4 “9 g@+CqPtet+P?/4—ié 


= frphen\dég &) Sdeg (©) Slo + Pi/4—C° Ph/4]™ 


ee Se ae Pai 
: a ee ep rer ee leeth Oe 
4-19 


The momentum integrations can easily be performed with reference to the Feynman method” 
and we find 
<fiOje=f we/2 fal, (4-20) 


where 
gS) 9) 
(=f +72) +70) 


? 


1 1 
r=( de 4] a dey'(1—y) (1-2) 
0 0 -1 -1 
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and 
z= (1—y) (L—x+ Cx) +&y. 
Combining (4-18) and (4-20), the normalization constant is found to be 
ai A tase 0 in Cd) 0 (4-21) 


This normalization corresponds to the Boson plane wave 


e?*/V 2pV . (4-22) 
The integral I can be evaluated by utilizing the following approximation : 
(17) +70) 2 1 —9) 0 (0); Aaya = Bz ga Clas 
and 
9g (5) >1—|F]. 
The result is 
I= (%°/32) (1—7") *, (4-23) 
and consequently 
c= (8 2/z°f) (172) (PV). (4-24) 
The normalization condition can exclude some solutions of the Bethe-Salpecter equation. 
OP ie 
In this case an exact solution of (3-13) is obtained, i.e., 
g(z)=1—-Z, A=2. 


However, this solution is not accessible physically since the normalization condition (4-21) 
requires 


u) y= 1? 
This case is also excluded since 
c= 05 


In the covariant formalism, it is sometimes convenient to employ the relativistic nor- 
malization 


V— (27)°/P,, 


and hence 


Gee 2) (27) ~? (1 — 7?) 9, (4-25) 


This normalization corresponds to the Boson plane wave 


et? / VS? (27)*. (4 ‘ 26) 
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§5. The disintegration of the bound state by a scalar photon 


The normalized Wick’s solution can be exploited to calculate the cross sections of various 
processes involving composite particles. We shall denote the composite particle corresponding 
to Wick’s solution as B. 


In this section we shall investigate the process 


“+4 B> M+ M, (Get) 


ce 2 


where 


oe 


to calculate the matrix element for the ‘“ photo ’’-disintegration of a B-particle, we need to 


and M are the scalar photon and charged scalar meson, respectively. In order 


know the Feynman amplitude 
J,(12 ; 0) = (Vac| T[9(1) 6(2) A (0) ]|5). (5-2) 
By differentiating (4-10) with respect to Q instead of q,, we have 
G,(123:0) == if | de,:--dw,K(12 ; 36) ['(34 ; 9) 47(4—5) X 
X G(56 ; 78)9,(78) -Dz(9 —0) 
Seed aed okies 34) Thy (Bien G72) EDA 0) (5-3) 
55 Q 

in an analogous manner to the derivation of (4-14). 1% is the vertex operator for the 


two-meson system defined by 


oad atte ltd iaglte (ad ead 3) DE(Se0) (5-4) 
pie ERAT | dole 


Now substituting 1°’, 2% and 0” for 1, 2 and 0 in eq. (5-3), we arrive at the desired 


transition matrix element for the process (5-1) 
Sat —if | diy-+-divy J, (36) I’ (34 ; 9) 4p(4—5) G(56 5 78) 9, (78) -95 (9) 
FY dred Gy 34) Fa B45 9657) 40078) Ie), (5-5) 
where 


9, (9) = (Vac|A(9) |one “ photon” state). 
The lowest order approximation yields 
5,.~if| Fogg 34s 23) Dp 2)9,12) ee) (5-6) 
where 


99(23) =Ja(2) Jn(3) +9(2) a3), (5-7) 


and 9, and g, are the reciprocal Feynman amplitudes for the individual free dressed mesons 
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in the final state, i.e., 
Ja(2) = (a|d* (2) |Vac) = (Vacl$(2) |a)*=ge (2), etc. (5-8) 


The Feynman diagram corresponding to (5-6) is given in the fig. 1. 
We shall calculate (5-6) with the relativistic normalization 
(4-25) and (4-26), then S;; is given by 


S= if| du,dw,dw, 


(ea -tp,r3tikexs + a aa b) 


Pignls 


i 
@(@a))* 
The Feynman diagram 
corresponding to the xy i = (dq) ela (x1 —z9) ips a a iA 9(£) 
2 


matrix element (0-6). g+ue—i€é 2 (27)? “24 PP 
er | 
ep (1-2) 
p+epP+ e+ —ié 
— iGaf'! 9/ 1 “ ee BLE) 

SS Pat ps—P—k) ° dé ° 9 9 

4vV 40 ‘ay 9 2 ier 21 -¢ re a 
(Py rel eB ae pcos E) 

+ (a5), (5-9) 


where 


p=P/2—pa=ps—P/2—k. 


4 


The integration with respect to € can be accomplished by making use of the approximation 
(3-15) and we arrive at the final expression 


Sr teat f E O wes — P—h\ x(t — se) oe 1 
z eee (Pat po ma) [(pt+P°/2)° +2] [p+e+P?/4] 
(dat BY £5210) 


oe eh _p_ 1 1 
(GG ayn eete A reptereae (5-11) 


= 3(patpo—P—k) (f |S\i), 


where p,, py», P and k are the four momenta of the final mesons, the B-particle and the 


incident ‘ ai 


photon 


The differential cross section can be obtained by utilizing the Moller formula.” It is 
given in the centre of mass system by 


do /d f= 47". p/RE*-|(f |S|i) |?, (5-12) 


where k and p are the absolute values of the momenta of the particles in the initial and 
final states, respectively, and 


E=2V 2+p=k+VM+R, 
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The threshold energy of the reaction (5-1) is given in the c.m. system by 
kenrécn =(1 — 77"). (13) 
Inserting (5-11) into (5-12), we obtain 


do /d2= (2fu/z)'x? (1 —77)*+ (p/KE’) -[E’ + (E°-— 44°) cos'0'/[E’— (E*— 4p") cos" J’. 


(5-14) 
Near the threshold energy, we have 
Rinresh =p ( 1 —7) ? Lanta = 2p; (E°—p*) /EBx (B= Fone) |b 
and consequently 
(do /d2) thresh — (Aft/ pez") é! —7’) ay (E— Evnresn) ff (5 15) 


Taking account of the Bose statistics, the total cross section 


becomes distorted wave 


Ott (8f1/pz) (1 —7) a A (B= Bancesn) 1 
(near threshold) (5-16) 


The disintegration of the B-particle by a real (vector) 
photon can be treated in a similar way in reference to the 
equations obtained in the previous section. It must be vector photon 


noticed, however, that one cannot use the plane wave 


(5-7) but instead should employ the distorted wave 


bound state 
Fig. 2. 


the scattering state solution of the B-S equation (3-2) —— 
as the reciprocal Feynman amplitude for the final state, 
: ; : : : The Feynman diagram for the 
since otherwise the gauge invariance of the S matrix cannot 

: ; ’ process 
be retained. The Feynman diagram corresponding to the cry yt: 
distorted reciprocal Feynman amplitude is given by fig. 2 nidassdinincdghes daaaepncaiee 


instead of fig. NG of the S matrix. 


§6. Other related problems 


The ‘ photo ”’-disintegration of the B-particle investigated in the previous section is 
one of the most important and typical processes involving the B-particle. While the dis- 
integration of the B-partide by a vector photon or by a static Coulomb field is more 
complicated, since we cannot approximate the final state wave function by a plane wave but 
we should refer to the distorted wave for the reason of gauge invariance. The scattering 
state solution of the B-S eq. (3-5) is not available as yet. 

Nevertheless, we can calculate the elastic scattering of the B-particle by a Coulomb 
field since only the information on the bound state solution is required in this case. 


The matrix element for the Rutherford scattering of a B-perticle is given in the Born 


approximation by 
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wes e| (dx) (5/1, (x) 8) 4,2" (2), 


where s and s’ are the initial and the final states of the B-particle. 


(6-1) 


The matrix element 


(s'|j,(x)|s) can be evaluated by using (4-16’), but the integration is considerably 
complicated and we shall make use of the expansion in the kinetic energy of the B-particle. 
The cross section for the Rutherford scattering of the B-particle is given by 


do /d2= (do /d2) (1+ ¢) zs 


where (do /d2) , is the classical Rutherford scattering cross section 


(do /d2) y= (2eQE/87P’sin® (0/2) )’, 


(6-2) 


(6-3) 


where E and P are the energy and momentum of the B-particle, and Q the source charge 


of the Coulomb field. 


The correction term c has the general properties 


lim c=lim c=0 
8>0 P>0 


and it is given at low energies by 


c= —35/96-P?/pB-sin’ (8/2) +-+, 


(6-4) 


(6-5) 


provided that the kinetic energy of the B-particle is much lower than the binding energy 


B. The correction ¢ represents the structure correction as seen from the appearance of the 


binding energy. 


The Feynman diagram for this process is given by fig. 3. | [.--..-22-... 


Finally it is worth mentioning that the gauge invariance of the 
S matrix is retained in this case. 

Next we shall study the self energy problem for a composite 
particle, and show that it can be treated in a completely analogous 
manner to that for an elementary particle. 


We consider a quantum-mechanical system with a Hamiltonian 
of the form 


H=H,+H’, (6-6) 


where H, is the Hamiltonian of the free particles and H’ the 
interaction of the particles. Let ¢ ke the eigenfunction of H,, i.e., 


Hib, = Ente > 


Coulomb 
field 


Fig. 3. 
The Feynman diagram 
for the Rutherford scat: 
tering of a B-particle. 


(6-7) 


then the transitions among the eigenstates of H, are governed by the S matrix 


Sta= 1bq— 2710 (E, —E,) Hy, +++, 


while the energy shifts of the eigenstates are calculated from 


4E,=H,.+ ere 


(6-8) 


(6-9) 
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As seen from these relations, the self energy of a state can be derived from the forward 
scattering amplitude. This result can immediately be translated into the present case. 


We consider the lowest order B-S eq. for bound states 
GA 12) +f'| dw.dw,4,(1—3) dp(2—4) Dy(3 —4) 94 (34) =0, (6-10) 


which will symbolically be denoted as 

(L—ch°(22) 9,012), =0. (6-11) 
If we supplement radiative corrections IF to F, the Feynman amplitude g, is also 
modified by 4g, as 

(1—F"—AA) (Gq+ Aga) =0, 
or approximately we may write 


(1—F) Agg=AF + Go. (6-12) 


If we take, for instance, the radiative corrections corresponding to the Feynman diagrams 


shown in fig. 4, can write 


Ach (12) «94(12) = ill dtd daa te ke os GE, as Ga Se Sn 
-Dy(5—6) Ja(56) 
H(i 222) 
ial Dede 3 G4, 5) no -6) Dr (GG) gn (56) 


Ears 2); (6-13) 
where S)* is the lowest order proper self energy 
i operator and [’ the vertex operator with the lowest 
( sessteeecnsnrenses ) order radiative correction. 
The formal solution of (6-12) can be 
obtained in terms of the approximate Green 
> I! function K° defined by 
Fig: 4. (1—F° G2) ).K"( 125 34S" (125 34) 
Radiative corrections to the lowest order 
B-S equation. (6-14) 


in the form 


Wg G12) = -f'| du,---dw®K" (12 ; 36) S1* (3 —4) 4p(4—5) Dy (5 —6) Ja (56) 


-f| dw,:+-dw,K° (12 ; 36) 1"(34 5 5)Dy(5—6)9a(46). (6-15) 
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From the above solution the S matrix induced by the radiative corrections is obtained for 


the scattering of a B-particle as 


MS ya= -f'| do,:+-daJ(36)[1* (3—4) 4;(4—5)9a(56) 
+1°(34 ; 5)Ga(46) |Dr(5—6). (6-16) 
Put 
AS q= — 27110 (P, — Pa) Roas 


then the self energy of a B-particle is found with reference to (6° 8) and (6-9) to be 
ae Rai Bo (Po = Pay =P oo) (6-17) 


provided that the relativistic normalization (4-25) is referred to. Especially in the rest 


system, we have the mass correction of a B-particle 
AM= R,2/M. (6-18) 


If we substitute the renormalized expressions of $}* and J’ in (6-16) for the unrenormalized 
ones, we get an expression of the self energy of a composite B-particle which does not 
involve ultra-violet divergences. Unfortunately the integration can hardly be carried out 
completely and moreover it does involve infra-red divergences due to the vanishing rest mass 
of the scalar photon. 

However, we may still take it for granted that the self energy problem for a composite 
particle can be treated in an analogous manner to the Feynman-Dyson method for an 
elementary particle. 

In conclusion the author would like to express his sincere thanks to Prof. G. C. Wick 
and Dr. R. E. Cutkosky for sending their manuscripts in advance of publication and to 
Prof. S. Hayakawa for his careful reading of the manuscript. 


Appendix I 


The reciprocal nature of the formalism 
In I, the reciprocal nature of the present formalism has been discussed in detail 
keeping a close correspondence to the Lippmann-Schwinger formalism. Because of the 
practical importance of the concept of reciprocity we shall investigate how the reciprocity 
is related to the charge conjugation and time reversal. 
(1) Charge conjugation and reciprocity 
The operation of charge conjugation 
P—+> pe 
is a unitary transformation and has the following properties. 
(a) The vacuum (either free or true) is invariant under the operation of charge conju- 
gation, i.e. 
os 
(b) The charge conjugation of an operator is defined by 


o- 
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(T°, QO =(F, Q°P) 
irrespectively of the representation employed. 
(c) The charge conjugation of a chronologically ordered product of operators is given by 
TAB 2 \=—T ABZ"). 
(d) In quantum electrodynamics, we have 
Ae =e 
b°=Ch, #°=C"¢,— 
where C is a Dirac matrix satisfying 
Cy mea ha (T : transposed) 
Cl==.C.. 
From the invariance of the whole field theory under charge conjugation we can derive 


the reciprocal equation of a given Green function. 


S7/(1—2) = (0|T[P (2) 9 (2) ]|9) 


=(0°|T/P(1) $(2)]|0% from (a) 
= (0|T[¢ (1) 9 (2) |*10) from (b) 
=C(0|T[¢ (1) (2) ]|0) (C%)” from (c), (d) 


25 O21 Gs 


where 0 represents the true vacuum. 
The above equation may be written in the form 


CHSC 2)G=5, (221) (A-1) 
with the understanding that the spinor indices as well as space-time variables are suppressed 
in the arguments “1” and Wi sae 

Similarly we have 
COKC12; 34) C=K(34--12), (A-2) 
where C= (C™) *X (Cove. C= C8 x Co. and 
K(12; 34) =— (0|T[P(1) (2) 9) (4) }|0). 


Put 
91-2) = (Go +mtidi*) 0-2), 


then we have 
ae a2) Sige) aires an SC) (A-3) 


By transforming the above equation by C, we have with the help of (A-1) 
C3262) d= (21): (A: 4) 


From the B-S eq. 
eee») 9 (2—6) +G(12 ; 56)) K(56 ; 34) =—0(12; 34), 


we have in a similar way to the derivation of (A-4) 
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C7G(12'34) C=G(34 7.12) (A-5) 
Then transforming the B-S eq. in the integral form 
Kitz. 34) 07 lle oe) 
+ | dery--do, $7 5) Sq! (2—6) G(56 ; 78) K(78 ; 34) 


by the matrix C, we have its reciprocal equation 
K(12 ; 34) =S, (12 ; 34) 
+ | doo,-do, K(12 ; 56) G(56; 78) Sy’ (7 —3) Sp’ (8 —4). (A-6) 


This equation has already been given in II without proof. 
(2) Time reversal and reciprocity 

For the discussion of the reciprocal Feynman amplitude, the time reversing operation 
is more convenient than the charge conjugation. The problem to derive the reciprocal 
Feynman amplitude from the Feynman amplitude is practically important as seen in the 
normalization of Wick’s solution. This problem can be solved with the aid of time reversal 
as we shall show in what follows. 

The time reversing operation 

Ps pe 

has the following properties. 


(a) The vacuum is invariant under the time reversing operation; 1.e., 
a 
(b) The time reversal of an operator is defined by 
( 2", Q0*) =(9, OPV). 
(c) The time reversal of a chronologically ordered product of operators is given by 
AB ss 2 eas Toa eo Ae), 


(d) In quantum electrodynamics, we have 


* 


F, bial (a 


we 


Ak, —t). (==) 2. 4) 
A, (x, —t), (p=4) 
d(x, —)=G*(x, DR, $*"(x, )=RG(x, —8), 
where R is a Dirac matrix satisfying 
R“‘aR=—a’", RBR=6". 
With reference to these relations, the reciprocal Feynman amplitude 
G|T[A*B*..-]]}o) 
can be expressed in terms of the ordinary Feynman amplitude 
(0|T[AB---]|s). 


For example, we have 


(s*| T[9 (2) 9(1)]|0) 
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5 11 S(2) (1) ]|0*) from (a) 


= (0|T[¢(2) $(1) ]*|s) from (b) 
= (0) Te pte) o*"(2) lo soe® from (c) 
=fTR(0|Ti1[P (x, —t,) 9 (2, —f) 115), from (d) 


where B=BXB®, R=R® XR”. 


. ta ont . . . 
Since T7!=T_,=T in the above case, we arrive at the final equation 


9—s(1, 2) =R"BYs (Hy 45 Xo Hh), (A:7) 
where g-s(1, 2) =(s*|T[P (2) 9(1)]I0), 
and gs(1, 2) =(0|T|¢(1) $(2) 5). 
The eq. (A-7) can be written in an alternative form 

G03, 2-38 42g se ts Bab)? (A-7') 


It must be noticed here that even if the phase of g is fixed the phase of g cannot 
be fixed uniquely by applying the above procedure due to the arbitrariness of the phase 
comprised in the definition of the time reversal. The phase is determined subject to the 
normalization condition. The above method can easily be extended to other cases. For 
the charged scalar theory, we have 

(s|T[g* (1) o* (2) ]|0) = (o|T{d(™,, —t,) b(%, 1) | ork (A-8) 
If s is the ground state corresponding to Wick’s solution, the above relation may be 
written as 
CAGE 2) =g,(—1, —2);, (A:9) 


which has already been utilized in the text. 
In the present formalism, the reciprocity plays a role similar to the hermiticity in the 
Schrodinger formalism of quantum mechanics. This fact can most easily be seen in the 


variation principles discussed in II. 


Appendix II 


The chronological operations “in” and “out” (Errata) 
The definition of the chronological operations “in”? and “out” given in II should be 


corrected as follows. 
(1) The operators with the chronological superscripts have the following properties : 


TAB"... CD---]=T[A" B"--]- TCD], 
T[AB--C®D™.--]=T[AB---]- TE" D"-]. 
(2) For the sole occurrence of the superscript in the matrix element, we have 
(o]A"| 8) = (0|4"|s) = (0145), 
(0|T[(AB)"]|5) = (|T[(AB) 19) = (0|T[AB]| 5) 
provided that s is a stable single particle state either elementary or composite, otherwise we 


put them equal to zero. 
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Similar relations hold for the reciprocal Feynman amplitudes. 
(3) If s is a scattering state satisfying the outgoing wave condition and formed by the 
incident particles 1, 2,---, we have 
(s|T[A*(1) B*™(2) +++] ]0) =9e(1, 2,°°), 
where ¢,"(1, 2,--:) is the symmetrized (for Bosons) or antisymmetrized (for Fermions) 
product of the reciprocal Feynman amplitudes of the individual incident particles in the 
respective states a, b,--+, i.é., 
g.'(1, 2;-++) = 3X (4|A* (1) |0) G|B* (2) |0)+---- . 


sym, 
autisym. 


This relation can be regarded as the initial condition for the scattering state s. 


(4) The operation in and out are transformed into one another by the time reversing 
operation. 

These properties are enough to fully make use of the chronological operations. As 
an example, we shall discuss the elimination of the chronological superscripts from an ex- 
pression 

CT A Bees |e) 
For this purpose, we first separate the arguments with superscripts utilizing the equations 


for Green functions, e.¢., 
(O/T [p (1) "9p (2)°"9 (4) (3) J |0) 
= (0|T[P (1) (3) ]]0) (0 T[p (2) "9 (4) ]0) —az2 
a | der,---deo,(0| TPC)" 9 (5)] |0) (O|T[¢(2)°" P (6) ]|0) G(S6 ; 78) K(78; 34). 
Then the problem is reduced to the elimination of a single superscript and can be solved 
with reference to the formula 
(0\T[A"B---Z]|0)= 3} (0|A|s) (s|T[B---Z]|0) 
single particle states 
From the above definition, especially from (3), we have generally 
(0| TLA™ (1). BI 2) ee} 9.91, 2,---). 
This is the Feynman amplitude corresponding to the incident wave of the scattering state s. 
The asymptotic form of a Feynman amplitude, e.g., 


Ja(123) = (0|T|P (1) $ (2) 9 (3) JI 4) 
is given by 
gis" (123) = (0|T[P()™"9 (2) (3)"] | a) 
+ (CO|T|(P(1) 9 (2) ) 2" (3)™) | a) + evel. 
+ (0|TL(P (1) (2) $(3))"] | a). 
The first term stands for such an asymptotic form that all three nucleons are separated 
from each other, the second term for a deuteron and a nucleon, and the third term remains 


only when a represents a nucleus consisting of three nucleons. 


It is worth noticing that the first term satisfies the equation of motion of the free 
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dressed nucleon with respect to each argument and that the first factor in the second line 
satisfies the equation of motion of a free deuteron with respect to the variables 1 and 2, 
and that of a nucleon with respect to 3, and so on. 

This is one of the necessary conditions that an asymptotic form should satisfy,* and 


we can define the S matrix by 
ga" =>iSoa8> ° 
The property of the asymptotic form mentioned above is guaranteed thanks to the defini- 


tion (2) which has not correctly been given in II, and due to this error some of the 


results in II should be corrected. 


The ex. 1 in § 4 of II should be read as 
(oT [P (1) (2) ][0) =VOl PM)" | 9 (5|9(2)|0) 
='5(0|9(1)|9 (| 9@2)10), 
where ‘S} denotes summation over single whalbon states but not over all possible states. 


Similarly the ex. 2 should be read as 
S gud s 3)G(2) =9'Z | den drsden,Se! (14) © (45 5 6) Ae! (6—3) 9405) 12)» 
where g,(13 3) = (O|T[P(1) 63) 115), 7.05) = (1P(5)|5)- Hence we obtain 
gu(1 5 3) = deoudrsder,Sy! (24) O(45 5 6) 9.08) “de! (6—3), 


provided that s is a single nucleon state, but the condition is not 
gs(2) #0. 

Other formulae should similarly be interpreted, i.e., summations over all possible states 
¥" resulting from the use of the definition (1) should be replaced by summations over 
all single particle states ii 

Fortunately the UREREGE in the ex. 2 of §5 remains correct since we have already 
used the definition (2) implicitly through the eq. (5-17b). For the sake of completeness, 
we shall supplement a proof of the inequality 

TS Zero, 
which enables us to interpret Z. as the bare particle probability of a nucleon. 


Let s be a single nucleon state, then 
(s| P(x) 9) |5) = (| P* 10) O19 19) + UG FOI & 
=Z,| Ja (x) ere ee ”, 


G(x) | 5) 


Integrating over the whole space, we have 


1=[aaG\ gr $(x)|s) =Z. | d°x| gu (2) 


+ S3fa'x|Gl9@|9P 
r£0 


*) The author is indebted to Prof. S. Tomonaga on this point. 
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>Z,| ds Joi (x) P=Zp. 


Furthermore, from the equation 


|g (x) ieee < Joi (x) Ke 


follows the positiveness of Z, 
Zao Ns 
We have similarly 
LS 4Sur 
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out = in 
(0|T[(: Aq Bay 2) Qe (: Cg Daw: :)] 0) 
= 2 OINLA Bey] 14) (a|Q(0) |b) (6|N[C Dy ---] |0) 


steady suue a, b 
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The existence of appreciable phase shifts is well 
known! for orbital angular momenta L>1 at high 
energy in nucleon-nucleon scattering. Since there is 
little doubt regarding the presence of non-central 
forces, the coupling between *5;- and °D,-, *P2- and 
3F- waves etc. must be taken into account if the 
non-central force is a tensor force and if we take over 
the effects of large L states. Indeed, it is estimated 
that the effect of the coupling?) between “P,- and 
3F>- waves might affect seriously the angular distri- 
bution of p-p scattering at 90 Mev. The differen- 
tial cross section which takes into account these coup- 
ling effects, has not been given, however, in an explicit 
form except for the effect of the coupling formyl 
state, i.e. 5S\- and ‘Dj- waves.”) 

In this paper a formula of the differential cross 
section has been worked out, taking into account 
the coupling due to tensor force in the total angular 
momentum J < 3 states, and is given in Table I. 
There are no difficulties to derive it in principle but 
the work involved to reduce the general expression 
to a form, convenient for numerical calculation, is 
very large at times. The differential cross section is 


written as 
o (0) =(1/k*) 5) en cos” 6, 


where & is the wave number associated. with the rela- 
tive motion. c, is the sum of the product of f# (77) 
in the left column and g#(07”) in the right column 
of the Table I. ft(ys”) is a function of the mix- 
ture parameter 77” of the L=J+1 state with the 
L=J—1 state and gt (6,7) has the form sin? 37” 
or 2: sin 6,™ sin 071 ”/ cos (672 —d71"/). Ox" is 


the phase shift for the wave of orbital angular 
momentum L and total angular momentim /. 
In order to write the formula in a more compact 


form, the following notations are used: 
919 =exp(—¢)=e(—C), yo! =exp(—&)=e(—&), 
9s =exp(—7)=e(—7), 
cosh (€—£)==Ch(¢—&), sinh(¢—£)=Sh(¢—£), 
sin?é 77=(L,), 
2-sindr% sind z1@/cos(O72 —O p12! )=CLy+"L’ sr), 
and so on. 


This formula of the diferential cross section 
agrees with the result of Rohrlich and Eisenstein 
in the limit e(—&)=e(—7)=0, but their result 
has some errors in the coefficients cp and cj. In this 
calculation the differential cross sections of the spin 
components m=-1 and m=O are separately ob- 
tained at the same time. These are very useful 
in calculating the polarization effects both in the 


n-p and p-p scattering. 
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Table I 


S1 means the summation of the 
7 


cn= Daf? .g*. 


product of fé and gé in each i-th row. 
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co=Dofo* * go* 
—_——————————_ ——é-€- -oOJ-CEACT_CCOenNmNnmNNNV’-—"—’-ermn»hnhn_ E———EE————== 
fio 8% 

1/3 (5Po) 
1—[1+e(—¢) (1/18) 2/2 Ch? (C) (GAYD) 
1—[1—e(c) (1/78) ]?/2 Ch? (Cc) (°D)) 
—e(—&) [p/ 2e(E)+V 32/12 Ch (&) (?P)+ Po) 
—e(&) [4 2e(—£) —V 3 ]2/12 Ch (&) (A3Py-+#Fe) 

3/4 (*P;) 

25/12 (D2) 
—[(1/8) + Sh(c)]2/2 Ch? (c) (5S; +*Dy) 
—4e(—¢) [1—V 2e(¢)]?/25 Ch (€) (8S; +8D2) 
—4e(c) [1 +1/ 2e(—c)]2/25 Ch (£) (2D, +"D») 
[(11/2) Ch(y—€) —7Ch(q +6) —2V 2 Sh(y) + BY 3/4) e(—2) 
+ (5/16) e(—¢—y) — (1/8) e(€ —9) + (7 2/8) e(—) — BY 6/4)]/ 
12 Ch(c) Ch(y) (35; +°Ds) 
[(11/2)Ch(y+¢) —7Ch(¢—y) +2v 2 Sh(n) — (3 3/4) e(—¢) 
+ (5/16) e(y—¢) — 1/8) e(¢ +9) + (7¥ 2/8) e(q) + GY 6/4) ]/ 
12Ch(=)Ch(x) (8S, +°G3) 
—e(—&) [WV 3e(€) —V2]?/8 Ch(é) CEs be) 
—e(€) [V 3e(—£) +2 ]7/8 Ch(é) CPEs) 
—7/16 (Pi +*Fs) 
[(11/2) Ch (e+) —7Ch(¢—9) +2 2 Sh(y) + GY 3/4) e(C) __ 
+ (5/16)e(¢—7) — (1/8) e(—¢—7) — (7 2/8) e(—7) + GY 6/4)]/ 
12Ch(¢) Ch(y) (8D, +*Ds) 
[(11/2)Ch(¢—7) —7Ch (E+) —2Y 2 Sh(m) — BV 3/4) e(6) 
+ (5/16) e(€+y) — (1/8) e(y—¢) — (7¥ 2/8) e(m) — BY 6/4) ]/ 
12Ch(¢) Ch(y) (8D, +°G3) 
[{(3/2) e(€) —V 6 +e(—&)}*+ {e(€) +16 + (3/2) e(—&) }*] /12° Ch? (€) (3P») 
[{(3/2)e(—§) +6 +e(€) }24+ fe(—&) —V6 + (3/2) e(€) $2] /12 Ch? (€) (°Fo) 
[1+2V 6 Sh(&) ]*/48Ch?(&) (3P)+"Fo) 
e(—&) [/W14—-V21e() ]2/96 Ch(Eé) (3Po+5Fs) 
e(&) [W14+ 1 21e(—&) ]2/96 Ch(é) (8Fo+°F3) 
e(n) [V/15e(—7) —2v’ 5 ]*/96 Ch(y) (8D2+"°Ds) 
e(—7) [1 15e(y) +25 ]2/96 Ch(x) (3D: +°G3) 
[(19/4) e(24) +1 3 e(y) — (15/2) — (1513/8) e(— 7) 
+ (297/64) e(—2y)]/12 Ch?(») (Ds) 
[ (19/4) e(—27) —-V3 e(—7) — (15/2) + (157 3/8) e() 
+ (297/64) e(2y)]/12 Ch? (7) (G3) 
49/192 (3Fs) 
— (23/192) [1+4/ 3 Sh(m) ]2/12 Ch? (y) (Ds+*G3) 


a=SSfit-git 
2 


— ea 


ati 


e(—o) feCe) vy 2)*/6 Chie) 
e(¢) [e(—¢) —V 27/6 Ch(e) 
—e(—7) [2+ 3e(y)]2/4 Ch(x) 
—e(n) [2-3 e(—7) ]2/4 Ch(y) 
[6Ch(¢+&) —16Ch(¢—&) +22 Sh(Eé) 4 2e(¢+&) 
+ (1/2) e(¢—§) —SV2e(—&) —3Y 6e(—¢) —3)/ 3] /12 Ch(¢)Ch(é) 
[6Ch(¢—£) —16Ch(¢+&) —2 2 Sh(E) +2e(¢ —8) 
+ (1/2)e(E +8) —SY 2e(&) +3 6e(—¢) +33] /12 Ch(c)Ch(é) 


C@Po+%Si) 
(*P)+5D,) 
(°Po+5Ds) 
(Po +*Gs) 


(25, +5P2) 


G51 +°F2) 


Letters to the Editor 331 


if gry 
(1) [1-—V 2e(¢) 2/4 Ch(¢€) (2S,+3P,) 
e(¢)[1+Vv 2 e(—c) ]°2/4 Ch(e) (GD, +5P;) 
—fe(—F) I ep 1)7/8 Che) (3S, +°Fs) 
— fe) (17 eC—6) 7/8 CAE) (3D, +5Fs) 
—e(n) [23 —3e(—7)]}?/8 Ch(x) (SP, +8Ds) 
—e(—7) [2 3 +3e(y) ]2/8 Ch(m) (P;+*°Gs) 
[6Ch(¢—&) -16Ch(¢+&) —2 2 Sh(€) +2e(E—¢) 
+ (1/2)e(—c—&) +5 2e(—€&) —3v 6 e(¢) +3 3] /12Ch(¢) Ch(E) (8D, +P) 
[6Ch(¢+€) —16Ch(¢—&) +27 2 Sh(E) +2e(—E—C) 
+ (1/2) e(E—C) +5 2e (€) +3 6 e(C) —3y 3] /12 Ch(¢)Ch(E) D+F») 
—e(€) [V/15—Vv/ We(—&) ]?/12 Ch(é) (AP, +°Ds) 
—e(—&) [VW15+V/1e(€) ]2/12 Ch(é) (D2 +5Fo) 
175/24 (8D: +°Fs) 


[ (83/2) Ch(a—&) + 6Sh (E+) —41/ 6 Sh(n) —6V’ 3 Sh(E) — (1/8) e(E—7) 
+ (27/4)e(—€- 9) + (7 6/4) e(—7) + GY 3/2) e(—§) 
+ (1292/4) 1/12 Ch(E) Ch(m) (§P2+*Ds) 
[ (83/2) Ch(y+&) +6Sh(E—7) +4 6 Sh(y) +6 3 Sh(E) — (1/8) e(E +4) 


+ (27/4) e(n—&) + (76/4) e(n) — GY 3/2) e(—) 
— (1292/4) ]/12Ch() Ch (m) (8P2+5G3) 
11 e(y) [v/21e(—y) —2V’7 J°/192 Ch(m) (3D3+3F3) 
11 e(—7) [y/21e(y) +27 ]?/192 Ch(x) (3F3+3G3) 
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On the Jauch Field 


Susumu Kamefuchi and Sho Tanaka 


Institute of Theoretical Physics, Nagoya 
University, Nagoya 


March 4, 1955 


In his recent paper, Jauch”) has suggested a new 
possibility of spinor field quantization, and given the 
following anticommutators for spinor field quantity 


{9(x), O*(X)}=3(e—-2’), 
{(x), O(x/)}=0(x—x’), 0 <p. (1)* 


In this letter, the field which satis%es the above rela- 
tions, will be called “ Jauch field”? and the suffix J 
be attached together with the corresponding p-value. 
For special values of parameter p=O or 1, Jauch 
field reduces to Dirac or Majorana field, respectively. 
Jauch has further derived the following conclusions : 
i) Jauch fields, corresponding to different p-values, are 
not equivalent, since they can never be combined 
with each other through canonical transformations ; 
ii) this field is necessarily neutral; iii) and it has 
C, D type transformation properties for space reflec- 
tion and A, B type for time reversal.2) 

It is the purpose of this note to make clear the 
physical meaning of the Jauch field. We shall first 
show that the relation (1) can be derived in the 


usual way from a Lazrangian and that the above 
results i), ii) and iii) are not necessarily correct. 
As is well known, complex spinor fields ¢y(x; 

p) and ¢;*(x; 9) can be decomposed into two 
hermitian fields 4; and ¢o: 

gsr (X3 p) =a1(p) di tic(e) do, 

Pr* (X53 0) =a (0) di — ier () do 5 

cee red (= 12) (2) 


or in matrix .notation 


Y7(= 50) =CO(x), 
where 
Pr(x; p $1 (%) 
Vr (x5 r= : ’ (x) o(x)=( ft 
o* (X50), $2 (x) 
c1(p) ico(p) 
c=( ji (2)/ 
(pe) —ics(p) 


On the other hand, without loss of generality we 
can assume, as the Lagrangian to describe the be- 
havior of g(x; p), ¢r*(x; p), the following form 


_ file) 0 
Lo=—1/2-0¢) Af Jowy, (E)) 
0 frp) 
where A=74(7,,0, +4) and fi(o) and f2(p) are real. 


It is easily seen that if we choose the functions 
ci(o)’s and f;(p)’s in such a way as 


c7/fit o2?/fo=1, 1"/fi — ¢2"/fo= , (4) 
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then ¥7(x; 0) defined by (2) satisfies the required 


aan 
re.ations 


Ss (a sik 
LP Hes Oy Va @’5 or=( Vows’). 
ie Gy? 
Thus, rewriting (3) in terms of Y;(x; 0), we get 
the following Lagrangian for Jauch field ; 


eed ers 


aa =p) 


- =p A 
V(x o( \a Vz (x; 0). 
I 
(5) 
Conversely, starting with this Lagrangian we can 
quantize the field ¥';(x; p) by Schwinger’s method” 
for instance, and obtain again the required resu!ts 
Rie. 


can not be canonical variables £’s and z’s, but the 


In this case components of ¥ (x; 0) itself 


relation between them is given by 


I, —il; 5) 4) 
oe ig re 
ily in eae Ts" 
and I, (or Iy) is 2X2 (or 4X4) unit matrix. 
Thus, we can say that (5) is the one and only 
one possible Lagrangian for the Jauch field (x; 0). 
It is to be noticed that the Lagrangian (5) or (3) 
is essentially equivalent to the usual Dirac field La- 
grangian, what is easily seen if ¢;(x)’s in (3) are 
renormalized by the factor V fi (o)’s, respectively, 
and further that Jauch’s argument leading to D) is 
not correct, because any component of Y7(x; o) is 
not a canonical variable as seen from (6). There- 
fore, we are led to conclude that as the free field 
is concerned, the Jauch field V7 (x; p) (O< 9 <1) 
is merely a different representation of Dirac field. 
(The case p=1 requires a separate treatment because 


of the singular nature of (5).) 
This fact becomes more evident if we consider 


the energy momentum of the free Jauch field. From 
the canonical tensor 
Sy tesa,” |) 
a pe Ak he 
747 pOy — A0yv) Vz (x 5 0), (7) 


we get the following energy and momentum expres- 
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sions : 


H= 2Eic(Ne—1), PAA OE (8) 


where 
Nz=1/(1—0") {a,* (ks p)a,(ks 0) +6,* (ks) b, (hse) 
—p(a,*(k; 0)b,(k; 0) +6,*(k; p)a,(ks ))} 


and a’s and 6’s are Fourier coefficients in the expan- 
sion of Y;(x; p). These operators a’s and 6's, 
however, do not satisfy the usual Jordan-Wigner 
commutation relations, and so the Jauch field as such 
can not represent the property of field quanta. The 
particle interpretation of this field is only possible 
if we go over to the operators a,.(k; p=0)’s and 
b,.(k;p=0)’s from the above a,(k; )’s and 5, 
(k;)’s by a linear transformation. The former is 
nothing but the Dirac field operator. 

Contrary to Jauch’s result iii), we can also show 
that %,(x; 0) has four possible transformation types 
corresponding to 4, B, C and D of Dirac field 
under the space reflection and the time reversal, res- 
pectively. Furthermore, interactions of this field are 
easily introduced. For instance, when interacting with 
the neutral fields, via S, V, T, A and P couplings 
the source of this field is shown to have the follow- 


ing forms respectively : 


~ 0 
Je F(x 0)( 
1 


1 
Viste Vr(x; 0) 


‘2(1— 9") = 
fora Oss ly 
and (9) 
0 il 
eae Wrelace ia < 
Wig Vy (x; 0) ( i 5 rae 0) 
for a=Vai. 


In this way, we can introduce the electromagnetic 


interaction by adding to Ly the term 
0) 

“7%. Ur (x 5 0) A, (*). (10) 
The total Lagrangian Lo+Ling is gauge invariant 
if, corresponding to the gauge transformation A, (*)— 


A,(x)+1/e 0,x(), we transform Y;(x; 0) into 
V7/(x; p)=G(x 0) Vr(~3 0), where 


ie 


- 0 
Lint = V7 (x; o( 
Vv i1-0,” 1 


cos 7+ sin = sin x 
76 Vi=p X> Wiese 


Gypsy oo; ; 
SS in COS eae 
V1i-¢@ Ce) OZ 1—¢ 
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As a matter of course, the anticommutator (1)/ is 
invariant under this transformation. 

In general, the fundamental nature of any field 
is always reflected in its interaction with other fields. 
We cen easily show that a Jauch field in interaction 
can be reduced to a Dirac field with generalized 
interactions, their coupling constants being -depen- 
dent. Thus, we are led to the conclusion that the 
problem of Jauch field should be considered from 
the view-point of the structure of interactions? of 
Dirac field. Further details will be discussed in our 
forthcoming paper. 

We should like to express our gratitude to Prof. 
S. Sakata for helpful discussions. We are also inde- 
bted to Pref. J. M. Jauch and Dr. Y. Takahashi 


for their very profitable correspondence. 


*) Throughout this note we use the Majorana re- 
presentation for y-matrix. 
* and~mean Hermite conjugate and transposed, 
respectively. 

1) J. M. Jauch, Helv. Phys. Acta 27 (1954), 89. 

2) As to definitions of transformation types, see 
C. N. Yang and J. Tiomno, Phys. Rev. 79 
(1950), 495; E. R. Caianiello, Nuovo Cimento 
8 (1951), 749. 

3) J. Schwinger, Phys. Rev. 82 (1951), 914; 91 
(1953), 713. 

4) S. Sakata, H. Umezawa and S. Kamefuchi, 
Phys. Rev. 84 (1951), 154; Prog. Theor. Phys. 
7 (1952), 377. 


A Remark on the Interaction of 
the Second Kind 


Tetz Yoshimura 


Department of Physics, Tokyo University of 
Education, Tokyo 


March 7, 1955 


As suggested by Heisenberg", it is generally 
believed that the multiple productions of element- 
ary particles would occur in high energy region, 
if there were interaction of the second kind, which is 
characterized by y>0”). The perturbation theory and 


other treatments of the interactions between element- 
ary particles which we know nowadays give such 
result that the matrix elements for large momentum 
transfer are so large that the multiple production may 
often occur in high energy collisions, when applied to 
the interactions belonging to the second kind, so long 
as the field reactions are disregarded. The perturba- 
tion theory gives, however, diverging results which 
are believed to be unrenormalizable, when the field 
reactions are taken into account. The methods by 
Hu” and Umezawa and Kamefuchi?), in which the 
field reactions are partly taken into account and 
which are able to give convergent results, are not com- 
patille with the existence of the energy-momentum 
operator as shown by Lehmann’). 

As has been shown by the author®), the elimina- 
tion of divergences except for the mass type cannot 
be consistent apart from the perturbation theory ; 
then the usual classification of the interactions into 
the renormalizable and the unrenormalizable classes 
are meaningless apart from the perturbation theory. 
The perturbation theory gives results which are in 
disagreement with the experimental data even in the 
so-called renormalizable Ps(ps) meson thecry, while 
the perturbation theory of the quantum electrodyna- 
mics gives results which are in excellent agreement 
with the experimental data in spite of the fact that 
the latter might not be completely consistent even 
after renormalization®. We wish to investigate the 
properties of the so-called unrenormalizable interac- 
tions of the second kind qualitatively in connection 
with possibility of the multiple productions without 
referring to the perturbation theory. 

The propagators should be written in the follow- 
ing forms, as far as the canonical formalism is assumed, 


Ap’(k) = ste Ne 2 _ oC K*) 
HO= Braet \MO) prema 

for zero spin field, (1) 
6 Py pa at ea 3 
re) A 92 +m? — ie 


— face) os (6) Cirp— a) + oo") 
Dah Kiue 
for one half spin field, (2). 


Mp! (q) erg ee Sy 
gto —i 


a face) o5(K°) (Ouy fi K"quqy) AN 04(K") buy 
ge t+K?—ié 
for vector or pseudovector meson field, (3) 


: 
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if a solution existed. Now, we define the total self- 
energy parts as follows: 


Tk) = ast (+ 18)? (da) gO 


Beeeiocis, aul 


(p=) =a: 1Grp+m) 


3. 1 (K") Cipp—K) + 02(K? 
{due eae. LAA MS) 
TE Gap Ee a Cee 9 73(K*) + alk") 
GQ) =as ig ey? (dees See» (6) 


To(q) =as"'¢°|d(«2) 


Jk os(K?) + (2¢72 + 674g") (a(x?) + 04(n?)) 
Gp api ue - ¢ 


7) 


Comparing the equations (1), (2) and (3) with the 
formulae of the theory of the Green functions of 
the quantized fields, we obtain relations between the 
total and the proper self-energy parts as follows : 


ap (E+ 22)? 


I= ap tH) (8) 
S*(p)= Set Baa Gr sym) 
Ti*(q) Se a a (B+¢e), (10) 
reg acn— tet Te) 


Jace) (Re + 46? —i€) 


1 
REECE L60+ TH (9)) TenETe | 
(11) 


where jo, mo and Co are unrenormalized masses. 
Therefore, 1*, S* and T;*’s must have the follow- 
ing asymptotic behaviours at the limit —p?—00, if 


a;’s were all finite, 


II*(p) =O(p"), (12) 
>*(p) =O(p), (13) 
Ti*(p) =O("), (14) 
T2* (p) =O(p"). (15) 


Now, I*, S\* and T:*’s can also be defined in 
Schwir ge ’s theory of Green functions”). For example, 
for the case of the interaction between the vector 


meson and the nucleon field, we have 
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D0) = Gey |dkrnSe/(0-M ry (8), 


(16) 
Suv Ti*(q) + ae T3*(q) 


__180° 
(2z)4 


(dps, [rySr/(p—412) 


Ty (p—q/2, pt+q/2) Si’ (p+4/2)], (17) 


where go is the unrenormalized coupling constant and 
Then 7’, must 


have the following asymptotic behaviour 


I, the unrenormalized vertex patt. 


Ts py =O pe) ) 
(€>0) for —p?, —p”?—>00. (18) 
(Now, it should be noted that this requirement is 
just the condition for the finiteness of the meson 
mass renormalization.) Similarly, we have 
T'(p, p’) =O(p? +p?) W?£) (E50) 
for —p’,—p”—0c0 (19) 
for the Ps(pv) meson theory, and 
T'(p1, pos Ps, Pit Ps—ps) =O( (pr +2 tps") **) 
(E>0) for —py2>0o = (20) 


for the Fermi interaction. It should be noted, however, 

that this is not a sufficient condition, because 

the convergence of many-fold integral is not always 

guaranteed by the asymptotic behaviours of integrand; 

for example, the integral 

fae dk’ : seems 
[(p—k— emt] [E + mt] [P+ ve] 


to be convergent at first sight but actually divergent. 


The above requirements are so serious that we 
hardly expect the existence of such solutions. If 
such solutions existed, matrix element for sufficiently 
large momentum transfer at a collision might tend 
to zero more rapidly than in the cases of the interac- 
tions of the first kind. Therefore, the number of 
particles produced in a collisicn might not increase 
for sufficiently high energy region. This is a charac- 
teristic feature of the present quantum field theory 
based on the canonical formalism and cannot be 
altered by the introduction of nonlinear interactions. 

If such a solution that the matrix elements for 
large momentum transfer are not so small as conclud- 
ed above is necessitated for explanation of the experi- 
mental data on the multiple productions associated 
with collision of high energy cosmic ray particles, it 
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is more hopeless to explain those phenomena in terms 
of the interactions of the second kind than in terms 
of the interactions of the first kind, so long as we 
retain the canonical formalism. 

In the present status of our knowledge about the 
high energy phenomena, it cannot be concluded de- 
finitely whether the above consequences of the canoni- 
cal formalism are in agreement with the experimental 
data or not, and it shall be judged by future experi- 
ments and will give a criterion for the validity of 


the canonical formalism. 
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Note on the Bound State Problem 


Takao Okabayashi 
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We must introduce vectors which represent bound 
states, in order to construct the physically meaningful 
bases of Hilbert space in Heisenberg representation. 
The simple time-independent perturbation method or 
the method of Méller’s wave matrix!), however, can- 
not give these vectors explicitly. 

In this note, we propose a new method which 
enables us to construct formally the vectors referring 
to bound states, starting from the non-interacting 
system, and to determine binding energies. We can 
see easily by this method, an important property of 
the binding energies. 

We denote the eigenstate of the total Hamiltonian 
H by ¥;, and its corresponding eigenvalue by E,. 


Similarly, @,, is the eigenstate of the free 
Hamiltonian H®, corresponding to the eigenvalue 
Em: In elementary quantum mechanics, E,,’s have 


In field 


theoretical problems, the situation is similar, but E, 


. ? 
the same continuous spectrum as &) Ss. 


contained in the continuous spectrum is different 
from the corresponding €,, by the self-energy. Ee 
which belongs to the discrete spectrum has no cor- 
respording €,, and this situation prevents us from 
finding the method similar to Mdller’s wave matrix. 
The system of @,,’s however, should be a complete 
set of the same Hilbert space as the one constructed 
by the system of ¥,’s which includes bound states, 
so far as we assume that H® is observable as well 
as H. So, we can define the operator projecting 
an arbitrary vector into one of @,,’s. We denote 
this operator as Vn, 


Van T2=Cnm Dm, 


where cy, is the normalization constant. Here, n is 
not necessarily equal to m, and may belong to the 
discrete spectrum. 

Starting from the separation of Y,, 


Y—Vm Yn+U—V in) Pn, 


we can prove easily, 


(1—Vin) HY, =H (1—Vim) Pn. 
Now, H°Y,,=(H—H‘*) ¥,,=(E,,—H") ¥,,, where Ht 


is the interaction energy. Substituting this relation 
into the above equation, and subtracting &,,,(1—V,) 
x V,, from both sides, we get, in non-degenerate 
cases, 


F=Cam(1+1/(H°—€Em) ~“(1—P 3) 
x (Ht or (E.G) ) 29, 


In degenerate cases, we must use such a special tech- 
nique as to introduce temporarily the interactions 
which remove the degeneracies. In the following, we 
may assume that there is no degeneracy. In this 
equation the operator 1/(H®—€,,)-(1—Vm) may be 
replaced by }8/(H"—€,,,) , where 8 means the principal 
value, since @-system has only continuous spectrum. 


Pr=Cam el oh B/ (H°—Em) . (Ht = (x—én) ) ) Ore 
(1) 


If ¥, belongs to the continuous spectrum, we 


can select out the corresponding @,,, so we may put 
n=m: 


Ly, = Chaar el ae B/ (p— En) M (Ht = (En—€En) ) ) ae ,,. 
(2) 


Letters to 


This relation is just the result?) obtained by the sim- 
ple time-independent perturbation method, when we 
take into account the self-energy E,,—€,. 

One of our results is the fact that we can take 
n-#m, so, even Y,, which belongs to the discrete 
spectrum can be constructed by 9,,, if its energy 
E,, is known. 

The energy E,, may be determined by the ortho- 
gonality condition. YY, belonging to the discrete 
spectrum must be orthogonal to all ¥;,’s belonging 
to the continuous spectrum, that is 


(;,(1+ (Ht — (Eo—2)) -B/(H—é2) 17 14+ B/ 
(H°—€m) - (H*— (Em—€m)) 17! Om) =0, 
for all [ and m. 
If we define an operator P,, by 
Pm=14+ 88/ (H°—&m) > (H*—(Em—€m)), 


the state vectors which belong to the continuous spec- 
trum can always be written as 


TP Dene 


The above relation becomes 


(P72, [1— (Eo— Ex) B/(H°— Ez) Prt] Ym) =0. 


Here, both ¥, and ¥,, belong to the continuous 
spectrum. Further, we get 


—(Eo—E1)=(2 2, Em) {PF 2, Bi EP —E2) -Pal™ 
[1— (Ex—Ex) B/ (H—€2) Pat) Pnh- 


If [4m, the numerator of the right hand side is equal 
to zero. We cannot get any energy value Ey of the 
bound state. (The one and the only one solution 
E, =E, belongs to the continuous spectrum. We 
assume here that the denominator is not equal to 
zero.) We must put m=l, to determine the energy 
of the bound state. 


=(E,—E;) ={%1, B/ (HP —é2) Bit 
f1—(,—E;) P/ EP —é7)>Pi*7) v4. (3) 


If @, is the state that bare particles constituting the 
bound system are at rest, —(E,—E;) is just the 
binding energy of the state. At this point, we may 
point out that our method teflects the situation that 
the binding energy is the self-energy of the system 
in the bound state, as easily seen by comparing eq. 
(1) with eq. (2). 

It is very difficult to solve this equation with 
respect to —(E,—E£;). —(Ey—Ez) may be consi- 
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dered to be small, if it is the binding energy, and it 
might be allowed to expand the right hand side of 
eq. (3). This procedure, however, is not sufficient. 
For example, if we take only the zeroth and first 
order terms, we get only one solution. But, if we 
proceed to the next approximation, we shall get two 
roots. Further, if these roots are real, one of them 
may be larger than the one obtained by the lower 
approximation. According to this situation, we can- 
not get correct values, even if we consider two body 
problems. Further, when we consider three body 
problems, there may be two kinds of bound states, 
that is, states in which one of them is not bound, 
and those in which three bodies are bound together. 
Now, if we stay at the lowest approximation, we 
can get only one kind of bound states. 

Thus we have no appropriate way to solve eq. 
(3) with respect to —(E,—E;,). We can, however, 
see a very important feature about its behaviour near 
g=0 as a function of g. Tentatively, let us assume 
that we can expand —(E,—E;,) into the power 
series of g, and that its lowest order is 9”. 
Then, we must take care of the following two 
points. The lowest order term of the expression, 1— 
(Ey — Ez) 8/(H°—€7)-Pit, is the first term, when 
n= 0, but it is the second term, when n < 0. Second- 
ly, the zeroth order term of ¥;’s cannot remain on 
account of the operator (1—V;). By comparing 
both sides of eq. (3), we see that there is no consis- 
tent value of n. We cannot help to conclude that 
the expansion of —(Ey—Ez) about the point g=0 1s 
incorrect, and that the point g=O is a singular point. 

The next problem is: by which state ; the 
ground state can be constructed ? For the purpose, 
we must find out ®, which makes the denominator 
of eq. (3) minimum, that is, which satisfies the fol- 
lowing condition, 


0/de,(¥'2, P/(H°—é2) “Pitt (1— (Eo—Ez) 
-8/ (H°—&7) -P,t1)1¥7) =0. 


This equation is very complicated, but we are sure 
that we may start from the state that bare particles 
constituting the bound system are at rest. This can be 
verified, for the simplest case in quantum mechanics 
where one particle interacts with the fixed potential. 

The completeness condition imposes unitarity to 
the transformation introduced here. 

The author is very much indebted to Prof. N. 
Fukuda, and Messrs. K. Sawada, S. Tani, M. Konuma, 
and Y. Tomozawa, for their valuable discussions on 


his results. 
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ERRATA 


Velocity-Dependent Potential and Gauge Invariance of the First Kind 


C. H. Chang 
Prog. Theor. Phys. 12 (1954), 696 (L) 


1) The third line 

Delete “ation of.” 
2) The seventh line 

“ Schrédinger”’ instead of “ Shrédinger.” 
3) Paragraph four 

The correct for the equation should be 


V?A+i(PA)2*+i(2m/b*) @J-pA+V) =0. 
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Electromagnetic Properties of Deuteron* 
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The meson corrections to the magnetic dipole and electric quadrupole moments of a deuteron are cal- 
culated in the pseudoscalar meson theory with pseydovector coupling. These moments are expressed in the 
form (%, Ux), where % is the Tamm-Dancoff amplitude for the deuteron, and U is the modified interaction 
operator between nucleons and an externa] electromagnetic field. U and normalization of % are calculated to 
the fourth order in coupling constant. Renormalizations of nucleon mass and coupling constant are performed 
non-relativistically. Numerical values of % are taken from the paper of Brueckner and Watson.) For the 
magnetic moment, only the expression is given. For the electric quadrupole moment, the correction to the 
value of Brueckner and Watson 2.8310~°7 cm® is found to be 0.285%10-°7 cm?. The previous calculations 
of Villars » and Deser® are criticized briefly. 


§ 1. Introduction and summary 


Since the appearance of the paper by Taketani, Machida, and Onuma”, it has become 
possible to treat the problem of deuteron quantitatively by the meson theory. The more 
detailed investigations of this problem have been made by Lévy” and by Brueckner and 
Watson.” However, if one desires completeness, he has to calculate the magnetic dipole 
and electric quadrupole moments of a deuteron at least to the same approximation as that 
adopted in deriving the nuclear potential. We therefore calculate the meson corrections to 
these moments. 

Today, we have two methods for the meson theory of nuclear forces, i.e., the canonical 
transformation method and the Tamm-Dancoff method. While the deuteron wave function 
appearing in the former method is normalized to unity, the Tamm-Dancoff amplitude for 
the deuteron is not. The deuteron moments can be expressed in terms of either the wave 
function or the T-D amplitude. Among the wave functions and T-D amplitudes which 
have been given until now, the most satisfactory one is T-D amplitude obtained by Brue- 
ckner and Watson.” We therefore use the T-D amplitude and calculate the corrections to 
the results of Brueckner and Watson. Denoting the T-D amplitude by Y, we can write the 


deuteron moments in the form 
Gs UY), (1 - 1) 
where U is the operator which represents the interaction between the deuteron and an ex- 


ternal electromagnetic field including the meson effects. 2 is normalized by 


* Preliminary report of this paper has been published in this journal.” 
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OM poral (1-2) 


where P is an operator which represents the effects of the dissociation of physical nucleon 
into bare one and virtual mesons. P and U are expanded up to the fourth order in the 
coupling constant. By comparing the form of P with the equation to determine 7, it is 
found that all divergences appearing in this equation and main divergences contained in P 
can be incorporated into a divergent factor multiplying the coupling constant, and therefore 
can be removed by the renormalization of coupling constant.* Also main divergences of U 
are found to be removed by this renormalization. Then there remain only linearly diver- 
gent integrals in P and U. We cut off these integrals at 6, “4 being the meson mass. 

For the magnetic moment, we shall give only its expression, not giving numerical value, 
because the available 7 is not sufficiently accurate for small internucleon distances. For the 


electric quadrupole moment, the result of Brueckner and Watson for pseudovector coupling is 


or 
aah 


Qj 83K 10 ati 
We find that the correction to this amounts to 
HO 20285 & 10-” cn. 


If we drop the fourth order terms from P and U, we have a nearly equal value for JQ, 
ie., 0.26 10° cm’, while P and U themselves are changed considerably. These results 
make the agreement with experiment worse, but we think that the corrected values of the 
quadrupole moment still agree with the empirical value within the approximations adopted 
in the present theory of nuclear forces. However, if one wishes to modify phenomenolo- 
gically the nuclear potential for T-D amplitudes which is first obtained by meson theory, 
he should keep in mind that the meson correction contributes about ten percent to the 
electric quadrupole moment of the deuteron. 


If we introduce 
gmt stair # 
(1-1) becomes 


(pr Per UP ty); 


in which ~ is now normalized by 


(¢, ¢) =1. 


By expanding P'” in powers of coupling constant, it is shown that y is the wave function 
appearing in the canonical transformation method. It is also shown that the second order 
term vanishes in the expansion of P-'?UP-?, Hence, in the canonical transformation 
method, the meson corrections to the deuteron moments do not appear to the second order 
approximation. We emphasize that it is meaningless to calculate the meson corrections to 
those deuteron moments which have been obtained by the purely phenomenological theory, 


because the meson corrections differ according as we use the wave function yg or the T-D 


* ‘ a i 
In reference 1) we did not perform the renormalization of coupling constant. 
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amplitude Z. 
The meson corrections to the deuteron moments have already been calculated by 
Villars? and Deser.” Their works will be criticized in §6. 


§ 2. General procedure 


We start from the Schrodinger equation for the system of two nucleons and meson 
field in an external electromagnetic field, 


(¢ —K—H,—H’—H,) ¥ =0 (2-1) 
with 
H’=H—0E, 


where K, H,, H, and H, denote the total kinetic energy operator of the nucleons, Hamil- 
tonian of the free meson field, interaction Hamiltonian between the nucleons and the meson 
field, and interaction Hamiltonian between the nucleons and the external field, respectively. 
OE is the sum of the self-energies of the nucleons. We have omitted the interaction 
Hamiltonian between the meson field and the external field, since this gives no contributions 
to the deuteron moments, as has been pointed out by Miyazawa.” Now we transform 
(2-1) into the coupled equations for the zero-meson component and the component ortho- 
gonal to the former of ¥. Eliminating the latter component under the boundary condition 
that approaches to zero meson state as H’—>0, we find that the solution of (2-1) can be 
written in the form 


w =[1—(¢—H,—K—H,)"(1—») HJ "Xou, (2:2) 


where w, represents the meson vacuum, 7 is the amplitude describing the state of the 
nucleons, and v is the projection operator to the meson vacuum. obeys the equation 


(¢—-H,—K)1=(H[1— («Hy KH) 11-9) A") 


where the symbol (4) denotes the expectation value of 4 in the meson vacuum. Expanding 
the right-hand side of this equation up to the first order in H,, we have 


(€—K)%= {(H'b(e)) + (5*(€) H.b(e) )} x (2-3) 
with 
b(e) =[1—(e —H,—-K) 7(1—») HJ". (2-4) 
For the case where H,=0, (2-3) reduces to 
(€>—K)%=VXo (2-5) 
with 
Vee CER beh) (2-6) 


According to (2-2), X% is found to be normalized by 
(Xo PX) =1 (2-7) 
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with 

P= (b*(€,)b(€) )- (2-8) 
In order to calculate the deuteron moments, it is necessary to express the energy shift 
€,=€—€, due to the external field in terms of %. €, is of the same order of magnitude 
as H,. We therefore expand both sides of (2-3) up to the first order in €,. We then 
have 


(€.-—K)X= (V—€,P+U)X 
with 
U=(b* (€,) H.b(€,))- (2-9) 
It follows from this and (2-5) that 
€1 (Xo, PX) = (Xo, UX). 


In this equation the difference between % and 7%, can be neglected to our approximation. 
We therefore get 


€:= (Xo, UX.) / (Xo, PXo)- (2-10) 


% is the T-D amplitude for the zero-meson configuration in the absence of external field, 
and (2:5) is the T-D equation for Z,. If we know the solution of (2-5) for the deuteron 
ground state, we can compute from (2-10) the energy shift €, due to the external field, 
from which we can easily obtain the magnetic moment or the electric quadrupole moment 
according to whether we take a homogeneous magnetic or an inhomogeneous electric field as 
the external one. As was mentioned in § 1, we take as the solution of (2-5) the one 
of Brueckner and Watson. 

It should be noted that 7, is the probability amplitude for finding the bare nucleons, 


and is not the wave function in the usual sense. However, if we introduce 


PoP Ny (2-11) 


this may be interpreted as the wave function in the usual sense, because the normalization 
condition for this is 


(Lo Yo) =1. (2-12) 
In terms of ¢, (2-10) is rewritten as 
Ci (Po; PE UR Ze.) ho. Po). (2-13) 


If we expand the right hand side of this equation in powers of the coupling constant, and 
eliminate €, by the use of the equation for ¢, we have the same expression as that obtained 
by the canonical transformation method. Now, it follows from (2-11) that 


ya 75) = (Yo; Poa). 


The left-hand side is the probability for finding the nucleons to be bare, and hence its value 
must be between zero and unity. Hence, comparing the right-hand side with (2-12), we 
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see that all eigenvalues of P must be larger than unity. This condition is indeed satisfied, 
as is shown as follows: Owing to the factor 1—v appearing in (2-4), we have 


(beh) y= 1. 
It follows from this and (2-8) that 


P=1+( (6*(€)) —1) (6(€)) —1)). 


The last term of this equation is obviously positive definite, and this is the desired result. 


§ 3. Approximations and renormalization 


In order to calculate P and U appearing in (2-10), we have to make some approxi- 
mations. First, we expand P and U up to the fourth order in the coupling constant. 
Next we expand the second order terms up to the first order in (€,—K)H,', and neglect 
€,—K in the fourth order terms. The reason for this is that the expectation value of 
(€,—K)H,"' can be considered to be of the second order in the coupling constant in the 
ground state of the deuteron. If one discards the kinetic energy operator K, b(€,) commutes 
with H, for the electrostatic field, and hence (2-13) reduces to €,=(%, H.Q). This 
means that the charge distribution of the nucleons is not affected by the interaction with 
mesons, if K is neglected. Therefore, if one is interested in the meson effects to the charge 
distribution, he must not neglect K. This is the reason for our taking the above approxi- 
mations. 

We assume that the interaction Hamiltonian H is linear and homogeneous in the 


meson field variables. Then, to the fourth order in the coupling constant, we have from 


(2-8) and (2-4) 
P=1+ (Ha,.°H) + (Ha, °H(1 —») a)~'Ha.~"H) 
+ (Ha,~'H(1—v) a, "Ha,"H) 
+ (Ha,"H(1—v) 4, 'Ha,"H) —2( HOE a"), (321) 
where 
ad)=€,—K—R). 
OE® is the second order self-energy, and is given by 
6E® = — (HH, H,) — (HH, 'H,), (3-2) 


where H, denotes the interaction Hamiltonian between the i-th nucleon and the meson field. 
Now we divide the right-hand side of (3-1) into divergent and divergence-free parts. First, 


we divide the second order term into the divergence-free part . 
P,= (Hay “Hy) + (Ha. “) G2) 
and the divergent part 
Py! = (H,a.°H,) + (Hay "F). (6-4) 
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Similarly, we divide the sum of the fourth order terms into the divergence-free part P, 
and the divergent part P,’, where P, denotes the sum of the terms which correspond to 


the processes in which two mesons are exchanged by the nucleons, and P,’ denotes the sum 
of the remaining terms. We thus have 

Pal Pee Pep, (3-5) 
In the following, we shall show that most of the divergences in P,/ and P,/ are removed 
by the renormalization of the coupling constant. 

For this purpose, we consider the equation (2-5) for %j, and in that equation we 
expand V up to the sixth order in the coupling constant. In the same way as in P, we 
divide the second order term of V into V, and V,', and the fourth order term into V, 
and V,/. Here we write only the expressions for V, and V,’: 


Vy= (yay 'Fp) + (Aya), 
V,! = (Ha, "H,) + (Ha. H,) —0E. 
Thus, we have 
(€p>—K) X= (V2+V +V,+V,'4+ sixth order terms) X,. (346) 


Now, by the same reason as was mentioned in the beginning of this section, we expand 
V, and V,' up to the second order in (€,—K)H,~', and V, and V,/ up to the first order 
in it*. Then it can be proved by a straightforward but lengthy calculation that 


VJ=— (1/2) {(¢=K), [Py (HHH) (KD), G-7) 


V/J=- 72) {(€)—K); (P,’— 2APs) } +2aV7, 
(3-8) 


+the sixth order terms not containing €,, 


where the curly brackets indicate the anti-commutators, and 2 is a diverging constant. The 
sixth order terms written in (3-8) are really the terms which are of the fourth order in 
the coupling constant, and of the first order in KH,~'. We now define 


w=1-+ (1/2) [P,’+ P,’— (1/4) P,”—2¢P, 


2 
— 2H)" H;) (eo—K) I, (3-9) 
and introduce 


1 SWt i (3-10) 


* Corresponding to this approximation, we must take for SE® in V./ 
GEM = 3-H Ho Hi) — (Hiya Ki 


+(H;:Ki;H)"H,)- (H; Hy HK? 
+2(H;KiHo“%H; Ky — (H;Ki°Ho*Hi)} 


instead of (3-2), where K; is the kinetic energy of the 7-th nucleon. 
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Then, on account of (3-7) and (3-8), (3-6) is, to our approximation, rewritten as 
(€9>—K) 7%, =| (1+2/—P,')V,+V,+the sixth order terms |Z,’ (3-11) 
On the other hand, (2-10) is transformed by (3-10) into 


Si (es oye s Bs (3: 12) 
where 
ay Un. Pl=y Py”. (3-13) 


Then it follows from (3-5) and (3-9) that, to our approximation, 
Piast (1420 Py) Prt P+ SHH, H,) (6—K). (3-14) 
As for U’, similar calculations give 
U’'=H,+06H,+ (1+24—P,’) 
x {(Hya)” (H+ OH,) a. "H,) 
+ ( Hiay”' (H+ 6H,) 4,~'H,)} 
+the fourth order terms. (15) 


The expressions for the fourth order terms will be given later. 0H, represents the radiative 
corrections to H,, and is written as 0H,=0H,,+0H,,, where 0H,; refers to the th nucleon. 

Now, we can drop 0H,, if we adopt the observed value for the nucleon charge, and 
take into H, the interaction through the anomalous magnetic moment phenomenological- 
ly. Then the main divergences are included in the common factor 1+2A—P,! of the second 
order terms in (3-11), (3-14) and (3-15). But it is obvious that this factor can be 
replaced by unity by the renormalization of the coupling constant. 

Before giving final expressions, we write P, as the sum of two terms P,) and Pp, 
where P,, is of the zeroth order, and P,,» 1s of the first order in (€,—K)H,"', and write 


the last term in (3-14) as Pye Then we have after the renormalization 


P!=14+Py+PirtPont Py (3-16) 

The members of the tight-hand side are given explicitly by 
P,, =(H,H,“*H,) + (H.Ay°H,), (3-17) 
Pye=2(H,(€>—K) Hy“ ») + (2H, (€o>—K) Hy *H,), (3-18) 
Phe=>\(HHy"H,) (6-1), (3-19) 


P, =the sum of the terms corresponding to the processes involving two 


exchanged mesons in 
{(HH,°H (1—v) H,'HH,'H) 
4+ (HH,"H(1—v) Hy) °HH, "H) 
+ (HH,"H(1—v) Hy 'HH,~H)}. (3-20) 


348 J. Sato and K. Itabashi 


As for U’, we divide the second order term in (3-15) into two terms Usp and U,, which 
correspond to P,, and P,,, respectively. The fourth order terms in (x13) consist of three 
parts U,, U,', and Usp. U, and U,’ are of the fourth order in coupling constant. The 
former is sum of the terms corresponding to the processes in which two mesons are 
exchanged by the nucleons, and the latter is sum of the terms Salis to the 
processes involving one exchanged meson. U, is of the second order in the coupling con- 
stant and of the first order in (€,—K)H,', and corresponds to Pp. We thus have 


U! =H, + Uy + Use + Uset U,+ UY, (3-21) 
where the members of the right-hand side are written explicitly as follows : 
Uy =(H,H,H,7H,) + (HHH,"H,), (3-22) 
Usp= EL, { (€.—K); H,} Nig Bele Be i (H, { (e;—K) ,H.} Ei, J4a)5 (3 -23) 
Usn= {(€.—K), SARA, CH (3-24) 
=] 


U, =the sum of the terms corresponding to the processes involving two 


exchanged mesons in 
{(HH.H,°H (1—v) H,'HH,"'H) 
+ (HH,"H (1 —v) H.H,°HH,"'H) 
+ (HH,7H(1—v) H,HH.H,"H)}, (3-25) 
Uf SH FG) ee A rer te Pee (3-26) 
Mere, H,; denotes that part of H, which refers to the th nucleon, and curly brackets in 


(3-23) and (3-24) indicate the anti-commutators. L,; in (3-26) is defined as follows: 
We first write H; in the form 


Ay=>) (Aina + H,fat ), 
7 


where a, and aj‘ are respectively the destruction and the creation operators for meson in 
the state k, k specifying the momentum and the charge of the meson. H,, is an operator 
acting on the i-th nucleon. With these notations L; is given by 


L,=S)o," An We bas H;} Hi aa {His H,.H;HF} 1 
k 


where «, is the energy of the meson in the state k. 


After the renormalization, (3-11) reduces to 


(€9>—K) Xo’ = Va+ViAV,) %/. (3-27) 


It means neglect of the sixth order term V7, to take the solution of Brueckner and Watson 
for Z%y’. But Brueckner and Watson have shown also that the important part of V, can 
indeed be neglected to a fairly good approximation. 

Even after the above renormalization, divergences still remain in the terms P,j., Uy, 


2R> 
and U,’. These divergences are dealt with by the cut off procedure. However, since the 
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order of divergences has been much suppressed by the renormalization, the results are not 
So sensitive to the cut off momentum. In fact, the order of the remaining divergences is 
linear for the pseudovector coupling. 


§ 4. Remarks for the calculations 


As was mentioned in § 1, we adopt the pseudoscalar meson theory with pseudovector 
coupling. Then the interaction Hamiltonian is given by 


H=H,+H, (4-1) 


with 


=(/)>) ToT; Oa(Fs), (4-2) 


gi 


5 


He=(f/ 2) > i Taspalle (Ts) > (4-3) 


aa 
where O;, Ts; and ¢,; are the well-known matrices, and r; is the position vector of the 
ith nucleon. ¢, and //, are the well-known meson field variables. Main contributions to 
our results are given by H,. However, H, cannot be neglected in our approximation, 
because H, gives the contributions of the order of P,z to P’, and the ones of the order 
ort, to U’. 

In calculating the contributions of H,, we take the non-relativistic expressions for K 


AVinel Jabs Soy 
K=—(2M)“313°/ar2, (4-4) 
i=1 


H,=S}{ (¢/2)6(r.) + (ie/4M) (HX r,) -8/8r, 
— (t1y+ f'n) (¢/4M) 6, Hy, (4-5) 


where H is the strength of the constant magnetic field, and ¢ is the electrostatic potential. 
p, and #, denote the magnetic moments of proton and neutron in the nuclear magneton 
unit. The adoption of the above expression of H, means to assume that both of proton 
and neutron have the same charge e/2 and the same magnetic moment (/4,)-+ /4n) J2. ain 
fact, terms with factor +t, must be added to the right-hand side of (4:5). However, 
these terms can be omitted for our purpose, since they do not contribute to the deuteron 


moments, as has been shown by Miyazawa.’ 
In order to calculate the contributions of H,, we must take the relativistic expressions 


for K and H,, instead of (4-4) and (4-5). We therefore take 
K— s [M(prs—1) —ipyOs-/9r.), (4-6) 
H, =>} [(e/2) 8 (r.) + (¢/4) Pus XD). (4-7) 


To this case, the general method explained in § 3 cannot be applied, since the expansions 
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in powers of (€,—K) H,~! are not valid in this case on account of the odd operator (,; 
in H,. Therefore we shall explain in what follows the method to calculate the contributions 


of H,. The contribution of H, to U’ is given by 
de ME Peal a Brit ») + (H,a, Ha) 'Ho).- (4-8) 


Here a, has the same form as in § 3, ie., a4)=€)—K—H,. Since we are now interested 

in the deuteron state, we can neglect €, to a good approximation. Then, observing (4-6), 
we can rewrite d, as 

ee, / 

A= 4) +p 


with the abbreviations 


a, =—H,+ 2M(A,- +45"), 
Ge at SiS -0/Or iy 


where 
Agra (l cb pal [2- 
After this we expand a,’ in (4-8) as 
dg aay! t= ap) 'ag! tel Fag! el tl tel ae — +++ = ; (4-9) 
and rewrite a,/~' in (4-9) as 
dy edd) (Ty ht A A A Ay oh 
+A, -A,* (—H,+2M) My a* +427 (—Hy+4M) A. (4-10) 


On the other hand, in a)’, i0;-0/dr; is of the order of the nucleon momentum p, and (),; is 


written as 
Pr=Aer yg HAG Oyeds*- (4-11) 
Observing (4-10) and (4-11), and taking account of the relation 


é 


ae eka |e =0Q, 


we easily find that the expansion (4-9) is essentially the expansion in powers of p/M. 
We insert the expansion (4-9) into (4-8), and finally replace the factors /;*/,,4;~ and 
As pyudi* by —i(9,-0/dr,) /2M, after bringing the former factor to the right end, and the 
latter to the left end, of the terms containing them. We find that it is sufficient for our 
approximation to take only the leading terms of (4-8), which are found to be of the 
order of Uj, in (3-21). 


Besides (4-8), H, contributes further to U’ the term 
(Ha, Ha, H,), 


which is, however, found to be of the order higher than is necessary to our approximation, 
We find also that the contributions of A, to P’ vanish in our approximation, 
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P’ and U’ contain the second order differential operator K through the recoil terms 
Py, Poiey Upp, and Usp. This makes the numerical calculations rather complicated. To 
avoid this complication, we proceed as follows: We first replace the equation (3-27) for 
%.' by the equation with the potential of Brueckner and Watson 
(€9>—K) Xo =Vawdo's 


where V7, no longer contains the differential operator. On the other hand, what we 
need are not P’ and U’ themselves, but their expectation values in the state 7,’.. There- 
fore the factor €,—K can be replaced by Vy, after being brought to either end of the 
term containing it. Even after this replacement, the first order differential operators still 
remain in U’ on account of the non-commutativity of K and H. However, we find that 
these operators can be eliminated ultimately by the use of the coupled equations for S-state 
and D-state components of 7,’. 

Finally we must mention that we have used a further approximation to arrive at the 
results which will be given in the next section. In calculating P, and Uj, there appear 


the integrals 
Beinn) = ak dl (c,ev,)-* exp [ier-tir)] 
x [(ergen) 2+ (ose) 
Facer =|dk dU (co,to,)? exp [i(kr + Ir’)] 


X[20,°+ 20° — (a, +O) aa 
where 
= (E+E 


We have approximated (w,-+@,)~ in the integrands by (4w,0,)~1. The error introduced 
by doing this is obviously smaller than 25 percent for the first integral, and than 6.25 
percent for the second. After this approximation, the integrations are easily performed, 


and we obtain 
F,(r, r’) =5 (27)°K, (ur) Ky (47") 
F,(r, r’) =47*[ (pr) 7+ (p7') Herwirtr 
— (27 )?Ky (pr) Ko(p7')- 


§ 5. Results 


Before giving the expressions of P’ and U’, we introduce the following abbreviations : 


r=r,—lo r=(ri, x= pr, 
ky (x) =(2/™) K(x), (®) = (2/7) XK); 
S= (6,+9,) {2s S.=3r (o,r) (or) —1, 
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{A, B} = AB+ BA, 


ke 4 
a= (3/2) | dle K*/eng. 
0 


As was mentioned in § 4, the factor €,—K is, after being brought to either end of the 
term containing it, replaced by the potential of Brueckner and Watson Vew.s which we 


write as 


View.= Fel Joe + SioJe (x) ] 


for the triplet even states. In the following, we shall give only the expressions for the 
triplet even states, only in which we are interested. 
With the above notations, P’ is given by 


P'=1+A, (x) + Six, (x), (531) 
where 

A, (x) = (f?/47) {ho (x) — ky (x) 

—[ (isan ye Pea ey oti ae Je~ ae 

+ (f?/47)° {6ky (x) + 19k, (x) ky (x) + (43/2) by? (x) 

— (3x71 +2x7 4+ 8x4 4x4*)e™}, (5-2) 
A, (x) = (f?/47) {ky (x) +2k (x) 

= (i-bxe es Joel aee eras) 

— (f 7/47)" { (7/2) ko (x) ky (x) +:7h,? (x) 

+ (2x7? + 5x34 4x74) ev P (5-3) 


In (5-2) and (5-3), the terms with the factor J, or J,, but not containing the factor a, 


have arisen from P,,, and those containing the factor a from Py. These ‘recoil terms’ 


are found to give considerable contributions to P’, and this is the case also with U’. 


If we take a constant magnetic field as the external one, we have 
U! = (ie/4M) (HXr) -3/ar 
+ (ie/8M) {CH Xr) -d/dr, [B.(x) +5,.B, (x) }} 
— (e/2M) { (HS) —r~* (rH) (rS)} C(x) 
— (ie/8M) {(0,X H) (o,r) + (6, XH) (4,r)} {8/ar, D(x} 
— (p+ Yn) (e/2M) {(SH)[1+E,(x)] 
+[3r°(rS) (rH) — (SH) JE,(x)}, (5 4) 


where 
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B, (x) =A, (x) + (4/2M) (f?/42) xe, (5-5) 
B, (x) =A, (x) + (u/2M) (f?,/47) (x71 + 3x? + 3x7) e™, (5-6) 
C (x) = (f°/47)° (9/4) [ky (x) + 2k; (x) P 

Sh 4) O72) Gare) eee (a) (5-7) 
D (x) = (3/2) (#/2M) (f°/42) (xP +x) e*, (5-8) 


E. (x) = (f°/47) {ky (x) — ky (x) 

—[(1 2x") e*— (2/3) a] Jo(x) —2C1 +x") ef. (x) } 

+ (f 7/47)” {3p (x) +7 ho (x) Ry (x) + (19/2) ky? (x) 

— (x 2x77 + 4x7 4 2x74) ec ™ — (8/9) axe}, (5-9) 
E, (x) = (f°/47) {hy (x) + 2k, (x) 

= (leex )e].(x) —| (2=~. )e*— (2/3) a) Ja)} 

+ (f?/4)? {(3/2) ko (x) + (5/2) Ro (%) bi (x) — hy (x) 

— (xT 2x? 4 x8 — x4) oo 

— (8/9) a(x 14+3x7°+3x)e*}. (5-10) 


The last term in (5-4) is the contribution of the interaction between the nucleons and the 
external field through the magnetic moments. The terms with the factor (//2M) (f °/ 47) 
in (5-5), (5-6) and (5-8), as well as the terms with the factor J, or J, in (5-7), 
(5-9) and (5-10), are the recoil terms, i.e., contributions of U,,. The terms with the 
factor (f°/47)°a in (5-9) and (5-10) are the contributions of eee 

As for the electrostatic field, we take the one with the potential 


é(r;) =—a[3 (r4,—R,)°— (r,—R)’), Gan) 
where 
R= (rf r,)/2, 


since we are interested in the electric quadrupole moment. If we take this field as the 


external one, we have 


U! = — (ea'/4) (37,’—1°) [1+ F(x) +5SiF, (x) J, (5-12) 
where 
F(x) = Aaa) + (uM) (f2/42) 18, (5-13) 
F, (x) =4,(x) + (u/M) (f?/42) (143K P+ 3x Ye. (5-14) 
Now, the T-D amplitude 7,’ for the deuteron can be written in the form 
Lol = (470) 2 3 (x) + 8-1? (x) S10 |X,” (5-15) 


Then we have, according to (5-1), 
N= (X)', P/X0') 
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=|\"a+4) (2+) +24,( V8 uv—w")} ar. (5-16) 
0 
When the external field is the constant magnetic field, it follows from (5-4) and (5-15) 
that 

(%o UX!) = — (e/2M) (SAD) tripretl NCH + Hn) = App’; (See) 
where 


Apo! ={"{(3/4) A+B) w'+ (3/2)B(72 oy —¥") 
0 
+ (2/3) C (Ww —w" —27""uw) 
+27'?D (3uw+ xuw! —xu'w)\ dx 
+ (pty pin) | {uo (EA) + V2 un (E,—44,) 


—w (3/2+4,+E,/2—E,—2A,) } dx. (5-18) 


If one wishes to eliminate the derivatives u’ and »’ from this expression, he may use the 


relation 


zo Dx (uw! —u'w) dx 
0 


=— (3/ V8) (f*/42) | te 


X[¥%2 Ji —w*) — (J, 4-3 (4/M) x) uw de. 
This is a consequence of the relation 


(d/dx) (un! —u'w) 


=— V8 (M/p)J,(w— 9") + (6x7 4+2(M/p) J, rw 


which follows from the coupled equations for uv and w and the relation 
xD (x) = — (3/4) (u/M) (f 2/47) (d/dx) (x"'e-*). 


When the external field is the electrostatic field with the potential (5-11), it follows from 
(5-12) and (5-15) that 


(Yi By #4) ye (ea/2) (30.0 — 1 ) trtpretQ’, (5 i 19) 


where 
Q’= (107°) “\4 (1+F.) (V2 uww—n*/2) 


+ F,(2u — V8 uw+3n)} x2dx. (5-20) 
Then, observing (3-10), (5-16), (5-17) and (5-19), we find that the magnetic moment 
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of a deuteron in units of e/2M is given by 
Po=bpt Un+ dpy'/N, (5 v 21) 
and that the electric quadrupole moment is given by 
0-07. (5-22) 
It should be noted that “4,—y,—y,, cannot be expressed simply in terms of the D-state 
probability, but depends strongly on the S-state function uw also. 
For the evaluation of the magnetic moment, it is necessary to know the functions u 
and w which are sufficiently accurate for small values of x. Since such functions are, however, 
not available today, we do not try the numerical calculation of the magnetic moment. 


We therefore calculate only the electric quadrupole moment numerically. For this purpose, 
neglecting the D-state function w in (5-16) and (5-20), we approximate N and Q’ by 


N= ja st cheb 
0 


Q’= Qy| det (5,2) | Balai 
Eee 
Q,= (1072) aK Sain ee) adx/ | (oe ayy ge 
Fee iecillows from (5-22). that 
O=QeNa {= Q4| “Aut + (52) [False ; (5-23) 


We take for u the approximate expression given by Brueckner and Watson, i.e., 
u=exp [— (r—1) /rp] —exp [—8 (r—%) /rp|, for r>1 
=, for t<irgs 
Values of the coupling constant, Q, and 7 are taken as 
f° /47=0.086, O,= 2.836105 cm, 7=0.3 X 10—" om, 


which are given by Brueckner and Watson for the pseudovector coupling case. The cut 


off nomentum is taken as knqz=6p- Then we have 
Q—Q,=0.285 X £0: cm’, No ede= 1.097. 


In this value of Q—Q,, contribution of the first term between the curly brackets in (5-23) 
predominates over the one of the second term. Therefore this result is still sensitive to 
the behavior of u for small values of x, since the integrand of the first term does not 
contain the factor x° in contrast to the second term. In view of this point, the deuteron 
problem will be treated more adequately with the wave function introduced by (2-11) than 


with the T-D amplitude. 


356 I. Sato and K. Itabashi 


In concluding this section, we give the results for the second order approximation. In 


this case, we drop the recoil terms as well as the fourth order terms. Then we have 
A,=B,=E,=F.= (f?/47) [ko(x) —k (x) J, 
A,=B,=E,=F,= (f 7/47) [ko(x) +2, (x) J, 
C=D=0, 


and 


Q—Q,=0.26 X10” cm’, no udx=1.011. 


0 


§ 6. Discussions 


In the preceding sections, we have calculated P’ and U’ by expanding them in powers 
of the coupling constant. We shall here present a condition for the validity of such a 
power series expansion. As has been shown in § 2, all eigenvalues of P must be larger 
than unity, and therefore, of course, positive. On the other hand, the quantity w introduced 
in $3 is found to be Hermitian. It follows from these facts that P’=w~'Pw™' must be 
Hermitian and all its eigenvalues must be positive, provided that the power series expansion 


of this is not broken off at a term of finite order. Consequently, if we put 
P!=1+4,.(x) +See (x), 
we must have the inequality 
1+ A, (x) > 3|A,(x) | +4, (x). (6-1) 


However, with A, and A, given by (5-2) and (5-3), this inequality holds not for all 
values of the inter-nucleon separation r=xy~', but only for the values larger than a critical 
distance r,. This is a consequence of our fourth order approximation. Therefore we can 
conclude that the fourth order approximation is not valid for r<y, We find that, with 
the values of the parameters adopted in § 5, the value of r, amounts to 0.66u7'. This 
value is not so different from that of the critical distance for the region in which the 
potential of Brueckner and Watson is a good approximation. 

Next, we shall show the relation between our method and the canonical transformation 
method, confining ourselves to the second order approximation. In order to compare with the 
Villars’ method’ later, we adopt the interaction representation. Then the basic equation is 
given by 


idP (t) /dt=[(H(t) +H.(t) |¥ (6). (6-2) 
We apply a canonical transformation to this equation by putting 
Y(t) =U,(t) P(t), (6-3) 


where the unitary operator U,(t) is to be chosen so as to make the transformed Hamil- 


tonian diagonal with respect to the meson number. It is easily found that, to the second 
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or‘er in the coupling constant, U,(t) is determined as 
UO) =1—G/2) | et, FAG er 


~ (1/8) I (t,t) € (t, eH (0) H(t!) de'de!”. (6-4) 
We then have for M(t) representing the zero-meson state the equation 


id (8) [d= ((=i/4)|"e(s, #) HC) ,H@) Md +H.) 


=~ 0/8) |e eG #”) 
TP) aE) PH) dedi") Ot). (6-5) 
In this equation, we put 
P(t) = exp [1(K—€) lg, 
H, (¢).=exp. GK)... exp (—iK#), 
H(t) =exp [i(H,+ K) t|H exp [—i(H) +) ¢], 


and neglect K in the second order terms. Then we have 


(¢—K)g=(V+H,+H,)¢, (6-6) 

where 
V@ = — (HAH), (6-7) 
PLO = (HH A, SHY. — (1/2) 4A. CHEF. (6-8) 


From (6-6) we see that, if we denote the solution of (6-6) with H,=0 by 9, the 
energy shift induced by H, is given by 

Ci (Po; (H,+H.) Po) » (6 9) 
However, we find that H,°?=0. Therefore, to the second order in the coupling constant 
and to the zeroth order in the nucleon recoil, the canonical transformation method yields 


the vanishing radiative corrections to the deuteron moments. (6-9) is nothing else but 


the relation which is obtained from (2-13) by expanding P UP supe tortne second 
On the other hand, (2-13) is equivalent to (2-10) which 


order in the coupling constant. 
Therefore, the canonical transformation method is an 


has been adopted in our calculation. 


approximation to our method. 
To see the relation between our method and the one of Villars,” let us return to the 


interaction representation. Then (6-9) is rewritten as 
C= At) 5 Ua Dig (8) P,(t)), (6-10) 
where @,(t) is the solution of (6- 5) with H,(t)=0. If we use the first Born epproxi- 


mation to solve (6-5), we obtain 
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P,(t) =U, (¢) DP, 
with 


U,(t) =1— (1/8) \| « CV ye(CAr AGA te dear, 


ve 


where @, represents a free two-nucleon state. (6-10) then becomes 
€,=(%, Uz" (4) U," (t) H(t) U; (4) U, (4) Po) (6-11) 


from which Villars calculated the deuteron moments. Therefore Villars’ calculation is based 
on an approximation to the canonical transformation method. However, it is the opinion 
of the present authors that Villars’ work is unsatisfactory in the following three points : 
First, the Born approximation is inadequate for calculating the deuteron wave function. 
Second, Villars has defined the meson corrections by the second order part of (6-11), but 
this definition is unacceptable, because the second order part of (6-11) contains not only 
the terms which represent the effects of the meson cloud around the nucleons, but also the 
terms which represent the effects of the distortion of the wave function due to the second order 
nuclear potential. Third, Villars has taken a bound two-nucleon wave function as %). 
Finally, to compare with the rcsults of Deser,") let us apply our method to the case 


of the pseudoscalar coupling. In this case the interaction Hamiltonian is given by 
2 3 
— 7 - 
H=g9>} DVoiTaibe (r;). 
t=] a=] 


The energy shift induced by the external field is still given by 
C= (Xos UX) / (Xo PY); (6-12) 


where U and P are given, to the second order in the coupling constant, by 
U=H,+ (H(H,+ K)"H.(H)+ K)"H), (6-13) 
P=1+(H(H,+K) 7H). (6-14) 


Here, we have disregarded the quantity €,. It should be noted that, on account of the 
odd operator ,; in H, the nucleon recoil K cannot be neglected, even if we need only the 
leading terms. We must adopt the relativistic expressions (4-6) and (4-7) for K and H, 
and carry out the calculation in the same way as in the calculation of the contributions of 


H, in the pseudovector coupling case. Then, in the case where the external field is an 
electrostatic one, we obtain 


U=H,+ (2M) ~°(9°/42) (1, +72) (2/7) 
x HI (9,-4/dr,) (9,-0/dr5) Ky (pr) J. (6-15) 


This is found to be nothing else but what is obtained from the corresponding result in the 


pseudovector coupling theory only by replacing f? by ( v/2M)*g°. This result agrees with 
the equivalence theorem, as has been expected. On the other hand, if K is neglected in 
(6-13), one gets, instead of (6-15), 
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U=H,+ (2M) ~*(9°/47) (4, +7») (2/7) 
X[(6,-9/0r,) (6,-0/dr,) H.Ky (pr) J. (6-16) 


Deser® has calculated the radiative correction to the electric quadrupole moment from €,= 
(X%), UX.) with U given by (6-16). The extraordinarily large value of Q—Q, obtained 
by him is due to the use of (6-16) instead of (6-15) and to the fact that he has 
taken no account of the denominator (Z,, P%,) in (6-12). 

The authors wish to express their cordial thanks to Professor K. Nakabayasi for his 
kind interest shown to this work. 
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The relation between the self-energy of a sourse-particle and the phase shifts of field quanta scat- 
tered by the source was discussed by Sawada. The analogous considerations are extended to the case 
of two source-nucleons, interacting with the scalar pair mesons. In this case the scattering problem can 
be exactly solved in the adiabatic limit. We can evaluate the sum of the phase shifts from the S- 
matrix and show the self-energy of the two-nucleon system thus obtained to be equal to the sum of 
twice the single nucleon self-energy and the nuclear potential, the latter being just identical with that 


deduced by Wentzel. 


§1. Introduction 


When a field interacts with a source-particle, a simple relation exists between the phase 
shifts of the scattering and the energy of normal modes (the whole system being considered 
as enclosed by a perfectly reflecting wall) subtracted by that of the interaction-free system, 
ie. the self-energy of the source-particle. Sawada’? showed for some examples that the 
relation between the self-energy JE of a source and the phase shifts of the scattered wave 
is given by the following formula, 


4E= — (1/27) [ak (k/E) SOCK), = (+R), Q) 


where 0, is the phase shift of the eigenstate labelled by / and ys is the rest mass of the 
scattered particle. A formal discussion was given by Okubo” on the basis of the S-matrix 
formalism. Schwinger"? also discussed similar problems for an electron in the external electro- 
magnetic field. 

In order to ascertain the above relation and to find its application, we shall now 
consider the scattering problem of a meson by two nucleons in the scalar pair theory with 
scalar coupling. We shall show that there exists also the same relation as that given by 
eq. (1) between the phase shifts of the multiple scattering of a meson by two nucleons 
and the self-energy of the two-nucleon system. The scattering problem in this case can be 
exactly solved if the nucleon recoil is neglected. Of course, it is very difficult to obtain 
the phase shifts 0,’s themselves, because there are two scattering centers. But the sum of 
the phase shifts, S} 0,, can be evaluated by making use of the relation between the S- 
matrix and the phase shifts. We show that te self-energy of the two-nucleon system is 
equal to the potential energy of two nucleons, which is identical with that already obtained 
by Wentzel”, plus twice the self-energy of a single nucleon. Lastly we touch the multiple 
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scattering corrections to the nuclear potential for the general s-wave interaction. 


§2. Derivation of phase shifts and nuclear potential 


At first, we derive the S-matrix for the scattering of a meson by two fixed nucleons 


in the neutral scalar pair theory with scalar coupling. The Hamiltonian of our system is 
H=(1/2)\L@(«))*+ (grad g(*) P+ (g(x) )* dx + (g/2) (p(%1))°+ (8/2) (P (a2) )* (2) 


where we adopted, for simplicity, a point source model. x, and x, are coordinates of two 


nucleons. The commutation relation and the field equation are, respectively, (b=c=1) 
in (x), o(x!)]=8(x—2"), 
@— dp+ wo-+ g0(x—x,) 9(x,) +g0(x—X2) P(x.) =0. 
If we write 
PLE Me) Ieee ee ELE PE eee; 
the field equation becomes 


(A+B) (x) =90 (x—%,) O,(%,) +90 (%— Xp) Gx (XQ). (3) 


From this the solution of the scattering problem for an incident wave e** can be easily 


obtained as follows : 


2),(%) a ee (g/47) Px,(%,) ee ie on os (9/47) Px, ( Xp) fee < igo (4) 
where 


Gn (%;) =di/ 4, 


THe 


aFeoe1 
Cie IL e 


1—ty, Up Whee 


= 5 
Ups eileora d ( ) 
219 


| d, = 


tTeo2 =. 
Sy tb ies te IS 


U;= — (9/47) Ce hap BEA ne 5 |, for 135]. 


u,;; diverges for a point source model. In order to remove this difficulty we adopt the cut- 


off procedure, introducing a finite radius a for the source. Then we have 
Uyy = Ugg = — (9/47) (1/a+ik), 
1—uy=[1+ (9/47) (1/4) + (9/47) i. 


In the following we abbreviate (7/47) /{1+ (9/47) (1/4) ] as g! /4T. 
Defining the momentum representation of 9,(x) by 


(6) 


U(k, k’)= (1/(27)") | ge) eh dx 
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=3(k—k’) + (g"/(2m)*) (BR? Hie) fe (d,/4) +e (de/ A}, (7) 
the S-matrix’? is obtained as 

(k|S|k’) =O(k—k’) + (k|T|k’), 

(ke| T|k’) = — (ig’/87°) (1/k) B (RK) {e°"™ (d,/4) +e (de/ 4). (8) 
We take (x,+.,)/2 as the origin of the coordinate system and the z-axis parallel to x,;—%). 
Noting that 

O(k—k’) =(1/R) 0(k—k') 0(n—n’), n=k/k, 

we have the following equations : 

(k|S|k’) = (1/k) 0(k—R’) (n|S(k) |’), 

(n|S(k) |n’) =0(n—n’) + (n|T(k) |r’), 

(m|T (&) |m) = — (ig’k/82°) fe" (d,/4) +" (d,/4)} 

= — (ig’k/42°) (1/4) {(1+ig’k/47) cos|kR(u—u’) /2] 


— (9'/47) (e*”“/R) cos |kR(u+u’)/2]}, (9) 
where u= cos 0, u’= cos &’, R=|x,—x,| and 
A= (1+ ig’k/47)°—| (9//47) e*”/RP. (10) 


As is easily verified, the S-matrix given by eq. (9) satisfies the unitarity condition : 
(d2" (n|S(k)|n’’) (n’|S(k) |n”’)*=d(n—n’), d2=sin 4 dt dy. 


In order to obtain the phase shift 0,(k) of the eigenstate labelled by /, we use the 
following relation in the diagonalized representation of the S-matrix : 


(Z| S(k) |’) =0,, » exp [2i0,(k) |, 


or 


210,(k) =log (1|S(k) |!). (11) 
As suggested by Sawada and Okubo, the energy shift JE of our total system from 


the interaction-free state will be given by 
Eat /27)|\ dl (k/E,) 300, (k). 
0 7 


Though it is difficult to obtain each 0,(k), it is sufficient for our purpose to get the sum 
of them. We have from eqs. (9) and (11), 


2iS}0,(b) =Spur (log (4) ]= |a2(m log (k) a (12) 


Thus 30, is expressed by the trace of (1/21) logS, so it can be calculated independently of 
the representation of the S-matrix. Since S(k) =1 for y'=0, the above expression can be 
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evaluated as follows : 
Spur[log5(&) |=" dy" (d/dy’) {Spurllog8(&)}- (13) 
The integrand on the right hand side becomes (from eq. (9)) 
(d/dg’) {Spurllog 5(&) }} = (d/dy') {Spur[>}(—1)""'/n) T*®} 
=Spur [ (dT /dg’)>}(—1)” T"]=Spur [(dT/dy)A+T)“] (4) 


=Spur | (dS/dy’) S|, 
where S is the Hermitian conjugate of S. Substituting the explicit expression of S given 


by eq. (9) into eq. (14), and after some calculations (see Appendix), we get 


Spur [ (dS/dy')5]= — (d/dg') [log (4/4*)], (15) 
where 4 is defined by eq. (10). From eqs. (1), (12), (13) and (15) we obtain finally, 


after integrating over 9’, 


AE = (1/473) |“ dkck/é,) log(4/4*). (16) 


( 
v 


We shall now consider the physical meaning of JE. This self-energy can be divided 


into two parts 
AE=U(R) +24E,, (17) 
vhere U(R>«) =0, 24E,>4E for Ro and 


i il g’/4n \) | 
1—19/k/40 R 


U(R) = (1/471) | “dk(k/E,)log ae me (18) 
oi i( 1+ig’/k/4n ) R 
4E,= (1/471) [a (k/E,) log| (1 —ig’k/47) /(A+ ig’k/47) |. (19) 


U(R) coincides just with the nuclear potential deduced by Wentzel and Klein® except for 
the term igk/47 in the logarithm, inclusion of which is necessary for the unitarity of the 
On the other hand it will be proved that JE, is equal to the self-energy of a 


The solution for the scattering of a meson by a nucleon, which is fixed 


S matrix. 
single nucleon. 
at the origin of the coordinate system, is given by 


Gy, (*) = eke _(9!/47) (1 + ig’k/47) oe Oy tee |x|. (20) 
Thus we have only the s-wave scattering. Then, in the same way as above, we have 
+ ay: ees) 
sa | TELAT 20(k) =logS=log [2s | (21) 
1 -ig’k/4z, 1+ ig’k/47 
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The eq. (19) is therefore the relation between the phase shifts and the self-energy of a 
nucleon, which is the same as that given by Sawada. 

Before concluding this section, we state briefly the multiple scattering corrections to 
the adiabatic nuclear potential for the general s-wave interaction. Brueckner” calculated the 
multiple scattering corrections for the meson-deuteron scatrering, neglecting the nuclen recoil 
and assuming that the range of the meson-nucleon interaction is smaller than the distance 
of two nucleons. His solution coincides just with ours given by eqs. (4), (5) and (6), 
if we replace — (9/47) /[(1+9/47%a) + igk/47]| by 1/f, where 1/f= (1/k)sinde® and 0 is 
the phase shift of the scattering of a meson by a nucleon. Therefore the adiabatic potential 


in this case is also given by (see Appendix) 


vin onanfawveonf sateen) ax 


where 


fUSki sine? : (23) 


§ 3. Conclusion 


We have discussed that the relation given by Sawada still exists between the adiabatic 
nuclear potential and the phase shifts of the multiple scattering of a meson by two fixed 
nucleons. Our method can be applied also to the scalar pair theory with derivative coupling 
(p-wave interaction) and gives the same potential as that derived by Pauli and Hu.” 

Here we note that in the neutral scalar theory the meson-nucleon scattering phase 
shifts vanishes in the adiabatic limit. As was stated by Sawada, however, we must in this 
case insert in eq. (1) the phase shifts 0,’s of the nucleon-nucleon scattering in the limit 
m—>co (m is the rest mass of the nucleon). 

In conclusion, we wish to express our cordial thanks to Professors K. Nakabayasi and 


I. Sato and also to Dr. K. Sawada for their valuable discussions and encouragements. 


Appendix 
We shall prove eq. (15) in § 2, namely, 
Spur [ (dS/dg’) S]=Spur [ (dT /dg') (1+ T)]=— (d/dg’) [log(4/4*)].  (A+1) 
We use the following notations 
f= (y'/4n) (1 +ig/k/4n)”, Bae*/R, (A-2) 
Then eqs. (9) and (10) in § 2 can be written as follows: 
(n|S|n’) =0(n—n’)+(n|T\n’), 
(n|T |r’) = (ik/74)| f cos {kR(u—u!) /2} +8 cos {kR(u+u')/2}],  (A-3) 


u=cos 0, 
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and 
d=f'— Pr (A-4) 
From the unitarity of the S matrix for the scattering of a meson by a nucleon we get 
Bi ad Fa Up (A:5) 


Further T satisfies the following equation (the unitarity condition) 


Tet Tose} (A-6) 
We note from our definition 
1 
Spur(5]=|d2 (n|S\n) =2a{ Ease (A-7) 
=i 
From eq. (A-3) we have 
dT /dg’= 4(d4-'/dq’!) T+T,, (A-8) 
where 
T= (ik/774) (df/dg’) cos {kR(u—u’) /2}. (A-9) 


Hence, from eqs. (A-6), (A-:8) and (A-9), we obtain 
Spur [ (dT /dg") (1+ T) ]= — 4(d4-1/dg’) Spur| T ]+ Spur [T,]+Spur [T, To 


10) 

Using eq. (A-5) and the relation 2i(sin kR)/R=—/[*, we get 
Spur [T]=—2+ (2/4*) (ff*—B6*), (A-11) 
Spur [T,]= (1/4) (df/dg") (f*—f)- (A-12) 


Noting the relation df/dg’=df*/dg’ (from eq. (A+5)), we have 
— A(d4-1/dg’) Spur [T]+Spur [T,] 
=[4*"' (da*/dg’) — 4" (dd/dg’) | CAnTS) 
+ (24d*)~ (df /dg! + df/dg’) (f*—f)Lf—F*)?— (B—P*)?]+r0al part. 
In the same way, we have 

Sound! I=(24a%) SA ahi of? (do CfA =p F=f")? ae ae aes 

From eqs. (A-10), (A-13) and (A-14) we get finally 
Spurl (dT /dg’) (14+ T )]=[4*71 (dd*/dg’) — 477 (dd/dg') |, (A139) 


in which we used the fact that the left hand side is purely imaginary. Thus we completed 
the proof of eq. (A-1). 
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In the transmutation processes of the unstable particles, some universal interactions seem to be 
recognized. In this note we examine the competition caused by these interactions between the decay 
and the nuclear capture of the unstable particles, when they stop in dense material. The competition 
is also investigated by the use of the assumed interactions in the case where the unstable particle is 
known to decay into m-mesons, though we have got little information on the nature of its interactions. 
It is found that negatively charged r—meson, when brought into K-orbit of the heavy nucleus, is very 
likely to be absorbed by the nucleus before decaying. 

It is also noted that there is a certain correlation among the numerical values of the coupling 


constants of the weak interactions above introduced. 


§1. Introduction 


Recently we have proposed a hypothesis of the existence of a universal weak Boson- 
Fermion interaction,» which seems to appear peculiarly among the complex phenomena as- 
sociated with the unstable particles. There we have seen that a special type of interaction 
between bosons and fermions is conspicuous among the various interactions by which the 
unstable particles are transmuted. This interaction was able to explain consistently many 
decay processes of the unstable particles which have been found experimentally, while another 
characteristic problem, the nuclear capture of the unstable particles, has been left to be 
studied. 

In this note we shall first study the capture process of the unstable particles which 
is caused by the above interaction. This process would be interesting even from the quite 
phenomenological view point. Because if a heavy meson decays into 7—meson, then it 
interacts with the z—meson field and s0, due to just the same interaction, the negatively 
charged heavy meson can be absorbed by the nucleus via 7—meson field when it is trapped 
in the Coulomb field of the nucleus. The process like this is expected of all unstable 
particles which decay into light mesons such as 7—mesons that interact strongly with nucleon. 
Accordingly, the competition will be expected between decay and capture, when such a 
negatively charged particle comes into the Coulomb field of the nucleus. 


From this view point, we shall study, assuming some interactions, the capture process 


S. 


* This is the supplement to the preceding work’) and its preliminary report has been given by 
Ogawa, B. Sakita and Y. Taguchi, Prog. Theor. Phys. 12 (1954), 691. 
** Transferred to Institute for Physics, Hiroshima University, Hiroshima. 
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of the unstable particles which are known to decay into z-mesons. It should be noted, 
however, that such an estimation is correct only when the same interaction is effective in 
the capture process as well as in the decay, that is, when any other interaction does not 
play an essential role in the capture process. In this sense, the above estimation gives the 
lowest value of the capture probability provided that an accidental interference among the 
existing interactions does not lead to the vanishing interaction as a whole. In connection 
with the capture process, there remains another problem to be referred to. That is the 
method of treating the strong interaction between nucleon and z—meson which inevitably 
enters into the above capture process. As is well known, we have not any reliable method 
to deal with such a strong interaction. Especially, the perturbation method gives a wrong 
result in the dynamical details of the 7—meson reaction. However, if we allow the cou- 
pling constant to have values within somewhat wider range (G°~0.3—30) case by case, 
then the perturbation method gives the total transition probability not far from the ex- 
perimental results. Our analysis will be developed along this line. Further one point must 
be noted. The capture process is inevitably correlated with the nuclear model. In this 
note, however, in order not to lose the perspective in the complexity of the problem, we 
disregard the structure of the nucleus and treat the capture-problem as an elementary 
process among the particles. 

Secondly, we shall take account of the weak Fermi interaction which seems to present 
itself universally among the various transmutations of the unstable particles. If the 
universality of the Fermi interaction is realized, it will be expected to cause the competition 
between both processes—capture and decay—of the negatively charged Fermion when it is 
trapped by the nuclear Coulomb field. By studying this problem, we might also be able 
to test the universality of the weak Fermi interaction. 

In the third place, we shall call our attention to the numerical values of the coupling 
constants which are associated with the weak interactions introduced above. In the original 
form these coupling constants are widely different from each other with respect to both 
their dimensions and numerical values. However, if we introduce a new constant 1 having 
dimension of length besides 6 and c, we can put these coupling constants into the same 
dimension by multiplying them by appropriate powers of three constants b, c and 7. Taking 
%=107" cm, we shall find that the values of the coupling constants can be brought into 
an almost unique order of magnitude. Now, our analysis throughout this note stands on 
a phenomenological stage and the coincidence of the numerical values of the various coupl- 
ing constants should also be comprehended on the same stage. However, the above 
mentioned fact about the coupling constants might possibly indicate that the various weak 
interactions appearing in the decay process of the unstable particles all come out from the 
same basis, and might reflect some regularity of the structure of the interaction within the 


short distance 1). 


§2. Weak Boson-Fermion interaction 


The weak Boson-Fermion interaction (denoted by W. B-F I.) is expressed as 
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Pats Vu Y, Oude+e.c., (1) 


if . . . . . . 
where 7,’ is 1 or 7, to make the interaction Lorentz invariant. The coupling constant g 
takes a value, 


g=10-”—10-* erg"? cm?”. 

The decay process due to this interaction has been already studied in the preceding paper” 

and here we shall discuss only the capture process. When a heavy unstable particle with 

negative charge is brought into k-orbit of the nuclear Coulomb field, it can be absorbed 

by the nucleus in two ways ((a) and (f) indicated in Fig. 1), according as it is (spin 
0) Boson or (spin 1/2) Fermion. 

The diagram (@) corresponds to the direct capture 


process, and it is essential that the initial nucleon is bound Mf " 
in the nucleus. With the use of the simple wave function Bey 

for the initial nucleon we have calculated the capture A 
probability (see Appendix) and, taking the mass of the P Bs 
unstable particle ~900m., we find the capture life time / 


is about 10~° sec. in a heavy nucleus. This rather long (ii) G 9 f es 
life time is due to the extremely small overlapping of the Se (B) 
zz 


initial state wave function with that of the final state of 


le Se 
the nucleon. On the other hand, the decay life time of (Ma) a 
the unstable Boson (~900m,) due to W. B-F I. has vee) 
been found to be ~10~° sec.” Accordingly, we may a 


conclude that the direct capture process caused by W. B-F I. can never compete with the 
decay process even in a heavy nucleus. 

The diagram (/?) is the capture process of an unstable Fermion mediated by the field 
of a Boson—such as 7—meson, which strongly interacts with the nucleon. The calculated 
results are shown in Appendix. In connection with this diagram, it would be interesting 
to note the p—-meson capture which is familiar to us experimentally. Taking pseudoscalar 
coupling between 7—meson and nucleon, we obtain for the capture probability 1/t, of the 
pemeson in K-—orbit, 

1/T-=0.3-G*+ (Zog,)*/sec”, 

(1/t, (exp) ~ 46+ (Zorr)*)» 
where G and Zur are the strong B-F I. coupling constant and the effective nuclear charge 
respectively. Although our result has some unclearness because of the appearance of the 
coupling constant G, the obtained probability seems to be too small to fit experiment in 
so far as G?<30.» Accordingly, the -meson capture might need another mechanism and 
one possibility is to introduce another Boson field which has strong interaction with nucleon 
of “scalar” type and which also decays into s-meson and neutrino due to W. B-F I. 


In this case the above probability should be multiplied by the factor, 
(2M+m,/m,)°> (m,°+m, [1 +m,/M])?/(m?+m"[1 +m,/M |)? 
~3.5 X 10°: (m,2-+m,,° [1 +m, /M])*/ (m+ m*[1-+-m,/M))’*, 
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where, M, m,, m, and m are the masses of nucleon, #-meson, 7—meson and the introduced 
Boson, respectively (see Appendix). And so if m is not far from m,, G (scalar) ~1 is 
sufficient to explain the experimental result. Another possibility may be to take into ac- 


count the Fermi interaction which will be discussed later. 


§ 3. Other interactions 


In the cosmic ray experiments there are possibly some Bosons which decay into 7— 
mesons. If these particles with negative charge come into nuclear Coulomb field, they can 
also be absorbed by the nucleus. Since identification of these particles is not so clear, we 
shall investigate competition between capture and decay, putting some possible assumption 
on the type of interaction. In this paragraph, we shall take the simplest one among the 
vast possibilities of the interaction form. Experimentally we know the particle (%) which 
decays probably into two bodies and the particle (7) which definitely decays into three 7— 
mesons. We shall study these two cases seperately. 

(i) Case of two-body decay (a—>b+-one ™meson) If both a and 6 have zero spin, 


the simplest interaction which is effective in the decay process may be 
H'= (a) 6(6) 6(7) +e... (2) 
Generally, the interaction contains terms of the following form ; 


Our. 8 (4) Ayy..8 (5) 6 (2) +e.c.*. 
In decay process, however, taking into account that the particle a is at rest in the initial 
tate, we can reduce this term into such a form as 


(mq)* (my)' (Ey)" (a) 6(5) 6 (2), 
where, k, | and n are integers and m,, m, and E, are the masses of a—particle, b-particle 
and the energy of the emitted b-particle, respectively. This reduction is also valid when 
the nuclear capture is treated, while the value of E, should be replaced by its value in 
the capture process. The calculated results are all presented in Appendix. 


Now, a or 6 and/or both can be spin one particle. Then the simplest interaction may 
possibly be as, 


H’=9 U, (4) 3.$(6) 4 (2) +e.0., (2)' 
H’=9,9(4) U,(6) -4 (7) +e.,, (2)”" 
or H'=g U, (a) V, (6) -6(z) +e... (2) 14 


The generalization of the above interaction will be the linear combination of such terms 
which are obtained from the above interactions when g is replaced by 

g' =9 (m)* (my)! (E,)", 
as before. Comparing (2)’, (2) and (2)’” with (2), we see that each transition 
probability given by (2)’, (2)’” and (2)’” is reduced to that given by (2), when g is 
replaced by g(e (a) -P(6)), (e(b)-P(a)) and g, respectively. Here e and P are the polari- 


A special type of such interaction was presented in reference (GB). 
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zation of spin one particle and the momentum of the particle indicated. Accordingly, the 
interaction (2) alone may be sufficient for our practical calculation. 

(ii) Case of three-body decay We shall take account of only t—meson which decays 
into three 7-mesons. The simplest interaction in this case would be 

H’=94(t) d(7) (7) 4(@) tec. (3) 

Capture processes caused by this interaction are indicated in 
Fig. 2. The diagram (a) gives smaller capture probability 
than that of (b), because of the small recoil energy to 
nucleon which reduces characteristically the 7—meson nucleon 
interaction of pseudoscalar type, and we shall take the diagram 
(b) only. The calculated result is also presented in Ap- 
pendix. Now, we should note that if we take the derivative 
coupling instead of (3), the capture probability becomes 
divergent. However, if we use a cutting off factor not so 


singular, the derived result would not be so far from that 
obtained by the use of (3). 


§ 4. Fermi interaction 


Among the various Fermi particles, there exists possibly 


(b) 
Fig. 2 


Dis 9:(Pa O; 4) (p O( 03) C.c.. (4) 


By this interaction, a Fermi particle with negative charge is able either to decay into lighter 


a characteristic interaction—the weak Fermi interaction—such 


as 


fermions or to be captured by nucleon when it stops in dense material. For example, as 
regards A~ and x’, which are possibly spinor particles, we may expect the following decay 
scheme ; 
A-->N+e+v, N+po+y, Pte +e etc, 
xp ++, e ++ etc, 
and the capture process as 
A-+P>5N+N, +N, 
x +P >p-+P, N+», Pre, 
when we take account of no slection rule” except the consetvation of nucleon. On x- 
particle a work has already appeared,” where only the case of scalar interaction is presented. 


We shall give a general expression in Appendix. 
Now we should mention some remarks on the se-mesic reaction. Taking the ordering 


in the interaction of the #-meson decay as follows 
9s (Geo Py) (J10,9,), 

we obtain, as the decay probability (1/7) (see Appendix), 
1/7 =2.8 X 10*-7'/sec. 
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where Ky= (92+ 492+ 69°+49¢ +95) =7 X (10-” erg. cm*)*, In order to fit the ex- 
periment, we must take 77=16." It should be noted that this conclusion is independent 
of the ordering above selected because Ky is invariant under the change of the ordering. 


Turning to the s-meson capture, we take the interaction as 

| Is(PrOrPr) (0; Pu)> 
where O, is S#T+p-P in correspondence with B-decay and p is an arbitrary real number. 
The obtained capture probability is (see Appendix), 


1/t,=0.59 X 107+747+ (Leer) *+ R: (1 +0.088 K, + 0.99 K;) /sec., 


where 


K,=2(293+91—P9Is) *Js/Ko> 

K,= (9° —p'9s)/Ko 
with K, introduced above (J,.=9,=0). R is the reduction factor due to the nuclear effect 
and, for instance, if we take Fermi gas model for nucleus we get R~1/4 because of the 
Pauli principle effective on the emitted neutron in the capture process.” Assuming p~1, 
we obtain 7°~4 in order to make the above obtained probability fit the experiment. As 
g, and gs determined by §—decay experiment are not so arbitrary,” we cannot freely increase 
the 7—value. 

Thus we find some difference of the numerical value of 7° between decay and capture. 
One way to diminish this difference is to reduce the value R with the reason which is not 
well known to us. Otherwise, we might think that the coupling constant and_ probably 
coupling type also come out different case by case. 


§5. Numerical results 


We shall begin this paragraph with some remarks on the coupling constants which 
appeared in the preceding paragraphs. We have met four coupling constants ”’s correspond- 
ing to the four interaction (1)—(4), and these coupling constants have dimensions different 
from each other. Now, we know two physical constants appearing in the theory of elementary 
particles, that is, c and # and if we assume a new constant y, which has the dimension 
of length, we can bring the above coupling constants into the same dimension with the use 
of the appropriate powers of c, 6 and r. Taking ry=10~'* cm, we obtain, in the dimen- 
sionless form, for W. B-F I. coupling constant y(1)=10-"—10~** erg’? cm‘, 

go (1/6) 2, sO. 3010s 1.098. 
and for the Fermi coupling constant 7(4) =10~" erg cm’, 
9° (1/bc)?-75*=10™, 
On the other hand if we assume for gy of the interaction (3), 
OC sha) 1 Or 
then we get the life time of t->37 decay equal to 3.5107" sec. Although this life 


time is somewhat shorter than that experimentally found, the coincidence is rather striking 
if it is taken into account that the form of the interaction (3) is arbitrary. Putting, in 
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a similar way, g of the interaction (2) as 
G° (be) r= 10-*, 

we obtain a life time of 10~"—10~° sec. for the decay of the particle with mass value 
~1000 m,. Here we shall add a remark in the case where the derivative coupling appears 
instead of (2) and (3). In this case, if the Compton wave lengths of the associated 
particles are not far from 7, the above regularity of the coupling constants is also maintained. 
The numerical value ~10~* above mentioned is to be compared with G’/hc (strong Boson- 
Fermion coupling constant) ~1 and e’/bc (fine structure constant) ~1/137. Thus in a 
phenomenological way we might probably have obtained the criterion of weakness in the so- 
called weak interactions,* although their coup!ing constants appear with vast varieties in the 
numerical value and in the dimension. 

Now, we shall present the numerical results on the decay and capture processes of the 
unstable particles. Capture probability is calculated in the case when the particle is trapped 
in K-orbit of nuclear Coulomb field. According to Fermi-Teller,” the life time with which 
pemeson is slowed down into K-orbit from the state with valence electron velocity is 
~107™ sec. in the dense material. As this life time is nearly proportional to the mass 
value of the particle, we can safely assume that even the particle of mass value 2000 me 
comes into K-orbit when it stops in emulsion with the track length of, at least, 1000 
microns because the proper life time of such a particle seems to be longer than 107” sec. 
And further in the resultant expression of the capture process, we replace nuclear charge 
Z by Zere which is given by A. Wheeler” as follows ; 


R co 


Zan =47-1 (p/m) (Z| (1g)?ar/ A | Gray, 


where js and m are mass of p-meson and the unstable particle, and R is nuclear radius. 
For heavy particle (~1000m,.) and the heavy nuclei (Ag. Br), we can put R-oo ap 
proximately. The results presented in the following tables are all estimated in this case. 
In Table I we list the competition ratio e 
p= (capture probability) / (decay probability ) 

in the case where unstable particles decay into 7—mesons and are also absorbed by the 
mediation of a-—meson field. We can see that all particles except c—meson are able to 
decay faster than the absorption even in heavy nuclei. This situation is mainly due to the 
fact that 7—meson field interacts with nucleon in pseudoscalar type coupling. If 7—meson 
in our estimation is replaced by another field which strongly interacts with nucleon in 
“scalar” type coupling, then in Table I would be multiplied by a factor of about 


* We do not intend to disregard the possibility that the weak interactions taken in this paragraph are 
caused by the intermediation of other hidden elementary interactions.®) In result, however, the decay processes 
considered in this note have such interactions as (1) — (4), independently of the varieties of the hidden mecha: 
nism. Accordingly, from our phenomenological view point, we are rather tempted to think that the regularity 
of the coupling constants of the resultant weak interactions might reflect the characteristics of such hidden 
mediations. The problem is remained on the elementarity cf the interactions to be searched for from another 


view point. 
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(2 M/m)°, where M and m are masses of nucleon and unstable particle respectively. 


Table 1 


| - Recoil energy 
Particle | Mass (m,)| Decay scheme | Capture scheme p*(G°*Z/A) | Interaction | to neutron 
E (Mev) 
A- 2380 A-—>N+n- | A-+P9N+N 1.2x 10-3 (1) 75/=1s 137 
A- 4 55 . 2.2x 10-2 (1) 75/=1 a 
K 1400 Kata EV xk-+P>N+y 1.7 10-2 (1) 154 
kK 1200 ” ” 2A 10s (1) 120 
x 1400 | y->2-+29 | y-+P0N+7° 1.2x 10-2 (2) 148 
x 1200 ” ” 1.3 10-2 (2) 114 
T 970 t32 t-+P>N+7° 1.3 10°-G? (G3) 99 
Capture probability 
B 207 po +P>N+y 0.3+G"* (Zerr)4 (1) 6 


The large value of ~ in z—-meson case is caused mainly by the relatively small probability 
of decay, as Q-value in c—meson decay is extremely small compared with t—meson mass. 
Thus we can reasonably expect that in the case of c—meson capture process occurs more 
rapidly than decay in heavy nuclei. 

In Table II we have given some probabilities of decay and capture process caused by 
It should be noted there that the ordering 
in the interaction of decay a—b+c-+d is taken as (ab) (cd), while the ordering in that 


of capture a+b—c+d is (cb) (da) corresponding to the ordinary $—decay. 


the Fermi interaction when it exists universally. 


; Mass | Decay scheme | Decay probability bCatanies scheme Capture Lecbabiie 
Particle (me) a>b+c+d (7° /sec) X at+cob+d (7 /sec) X (Z/A) 

k 1400 | e>utyty | (3.3+2.9K) x 105] +P>N+y| 1.2109 {(1+K1) +0.51K>+0.86K3} 

kK ” ” ” Kk-+P>A°+y) 0.8x 109 {(14+K,) +0.38K2+0.93K3} 

k 1200 ‘ (1.2+1.5K) X 10°} e-+P>N+y | 0.92X10® {(14+K1) +0.46K: +0.89K5} 

é ! ; ; k-+P>A°+y| 0.74% 109 {(14+K,) +0.32K>+0.95K3} 

Ac 2380 A-N+e+y| (3.1+2.9K) x 107|4-+P>N+N] 2.8x 109 {(1+K,) +0.14K»+0.95K3} 

“ 207 | a-Seryyy 2.8 10! u-+P->N+y| 5-9*10eg's Lerr)4e{(1+Ki) +0.1Ke 
+0.9Ks} 


Ko= gi? + 4go? + 6gs" + 4g47 + g57= 2+ (10-48 erg cm’)?, 


K = (gi? —2g5" + 2¢4?— 95?) /Ko, 


Ki = (2g1g2—6g025+ 6g324— 2485) /Ko, 


Ko= (2g2" + 4gs" + 294? —2g183— 4go84—2g525 + 2g1g2 — 6gogs + 6gse4— 242s) /Ko, 


K3= (g1?—2gs? + 2g4?— gs? + 2¢1 99 + 6g093 + 6g984+ 2e4gs) [Ko. 


As is seen from Table II, the capture probability in heavy nuclei is larger by a factor of 
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about 5 than that of decay, when 7” in both cases are set equal. In the preceding para- 
graph we have met some difficulty in explaining s-mesic reactions consistently using an 
identical value of 7° in all cases, and in order to fit the experiment we have to reduce 7? 
in the case of capture by a factor ~4 compared with the case of decay. If this is also 
valid in Table II, then we may expect nearly equal probabilities in both cases—capture 
and decay. 


§6. Concluding remarks 


In this note we have studied the decay and capture process of the various unstable 
particles, standing on quite a phenomenological stage. In the case of capture, only the 
same interaction as that in decay is taken into account while in reality capture process may 
possibly be casused by another interaction. In this sense the obtained capture probability 
in this note is the smallest one as far as an accidental interference does not happen to 
lead vanishing interaction. 

A few remarks might be necessary on Table I. Since we have not any definite solu- 
tion for the treatment of the strong interaction between 7—meson and nucleon, we may 
expect the numerical value of the coupling constant G to have some wider range. From 
the study of 7—meson reaction, it seems to be necessary that 

G’~0.3 —30 .” 
If there remains anything to be said in spite of this unclearness, it is that only in the 
case of z—-meson the capture probability overwhelms the decay one. And although one 
m—meson is emitted in the c—meson capture, it is not always observed in emulsion because 
the strong interaction of 7—meson with nucleon may lead to its absorption in nucleus. 

Turning to the Fermi interaction we have found some difficulties in explaining both 
caprure and decay of y-meson with the universal Fermi interaction. It remains quite open 
to question whether this difficulty can be reduced by the modification of the nuclear model, 


or not. 
Now, we have found a regularity among the numerical values of the various weak 


coupling constants, from which we are tempted to expect that the various weak inreractions 
appearing in the reaction of unstable particles all come out from the same ground. If 
this is the case, it will be necessary to investigate the above regularity in more conctete 
correlation, which is completely neglected in this note. In his work Finkelstein’ proposed 
an attempt to gain such an interaction as (1) from the interaction (4) with the use of strong 
Fermi interaction,’ while in his case the problem remained on the practical construction 
of 7—meson as a composite particle. Anyhow, if this course is right, we can tentatively 
summarize the coupling constants realized in nature as follows : 

G in the strong Boson-Fermion (or Fermi) interaction,* 

e in the elecrtomagnetic interaction and 


g in the weak interaction. 


* Concerning this point, it seems worthwhile to note that lepton group (e, #, v) has no such interaction 


in contrast with nucleon (hyperon) group. 


376 S. Ogawa 


In conclusion I wish to express my sincere thanks to Prof. S. Sakata for his kind 
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Appendix 
We shall present the probabilities of various transitions caused by the interactions 
(1)— (4). In the following, the interactions, transition schemes and prababilities (1/7) 


are indicated seperately, where ¢ and # represent Fermi (spin 1/2) and Bose (spin 0) field 


respectively. 


A) Decay processes 
(1) Interaction : 
H! = Gas Tu Pru beHe-c » 
where 7,/=7;, or 1. 
decay scheme: a—b+c. 
probability : 
i 


2 » M, —EM,)*—M, )*/? { 2__ yy? jie 
mira eng» Ma | LOM) ME PPL MEI)? IME LO 
T 4 M, M, 
where €=1 and —1 correspond to the cases 7,/=7,; and =1, respectively. 


(2) Interaction : 
H’=96,.0,6.+¢.¢. 
decay scheme: a—-b+c. 
probability : 
il 1 


80 Ma + Me)? Me} [(M—M,)?— Mz}. (+2) 


(3) Interaction : 
F'= 96. bn bn Px +C.C. . 
decay scheme: 7-37. 
prob ability : 
1 
1/t=79"m,| (m,—3m,,) (m, +g) /me | Vx(1—x) (x+ B) /(A—x) -dx 


0 


where 
A= (m,—m,)*/ (m;—3mi,) (met m,) 
B=m,--ta/ (t;—3tq) (y-+m,). (A-3) 
(4) Interaction : 
H’=] ($04) (Poopu) +e.c. 
decay scheme: a—b+c+d. 
probability : 
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Len Seite 
3( 20)? 


K,\(,+1,K), m.=m,=0 (A-4) 
where 

Ky=9p +490 + 69s +49¢ 495°» 

K=(9/—29,'+297—95)/Ky; 

F, = (1/64) (1—S*) (1-88? + S*) + (3/8) 5 log (1/8) , 

I, = (1/16) 5(1—S”) (1+ 10S°+5*) — (3/4)5S*(1 +58?) log (1/5) 
and 5S =(m,/m,). 


B) Capture processes 

We have assumed both proton and unstable particle with negative charge are at rest 
in initial state. The fact that unstable particle is trapped in K-—orbit is taken into account 
by introducing the density of its initial wave function in the final result. 

First, we shall estimate the capture probability of direct process indicated by Fig. la 
with the use of W. B-F I. In this case, the fact that proton is bound in nucleus in the 
initial state is essential. We take this initial wave function to be of exponential type such 
as (k*/7)'-e-"", where k is (M-d4E)'” and M and JE are mass and binding energy of 
initial proton, respectively. 

(la) Interaction : 
H!=9 (Py7s' Tu Pe)uGat Cc. 5 7s'=7s oF 1 

capture scheme: @ +P—N. 

probability : 

Lp 2) - a9" (Lan) * (m,)*-(M- dE/m,{2M+m,])”- (M+ m,/2M+m,) -|Ml? 

(B-1a@) 
where I is the expectation value of 7,7, of 7, in the transition process. 

Secondly, when the caprure is mediated by meson field (see Fig. 1f), we have 
put the interaction of 7—meson with nucleon as 

H!=Gh,75! boda tec, 1s =Fs or 1, (B-0) 
in order to include the case where the mediation is born by another (spin 0) meson having 
strong scalar interaction with nucleon. 

(1f) Interaction : 
H!=9 (ais Fur) Oubatees Ts =7s oF 1. 
capture scheme: a +P(M)) —b+ N(M,) - 


probability : 
1/t=a"-G-9? (Zor) ‘P, (ma/E)*| (E—EM,)*—m,"| 
x (m,+Em,)°| (E—E&m,)?— My |/ (Rk +-m,.")” (B-1) 
where 
E=M,+m ; 


pe=[(E+ M,)?—m,"]|(E—M,)’—m,"/4E 
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R= [M (m,°—m,°) +mq (M,’— M,;’) \/E 
and a@ is the fine structure constant. €&=1 and =—1 correspond to 7;/=7, and =1, 
respectively. The recoil energy Q of final nucleon is 
Q= (M,+m,—M,—my,) (M, + ma—M,+m,) /2 (M,+m,), 
which is valid in all the following cases. 
(2) Interaction : 
H’ = ba9y Om TCC: « 
capture scheme: a7 +P(M,)—>b+N(M,) . 
probability : 
1 /2=161°-a*G?-g?+ (Zan)*- e+ (tma/E)*[(E—€M,)?—mg2]/ (E+ mg)? (B-2) 

where notation is the same as above. 
(3) In this case only pseudoscalar interaction of 7—-meson with nucleon is taken into 
account. (see Fig. 2) 


Interaction : 


H'=96.OnOnOnTe.c » 
capture scheme: t +P—7~+P(M). 
probability : 
1/t=32a°G"-9°+ (Lore) +m, (E,+M) p.-m,|F|?- {M(M+m,) (E,—M)}- 


where 
F=| (M/A) dx log| (A+-x” M(E,—M)) /(A—xVM(E,—™))], (B-3) 


E,=(M?2+p2)"", 
pe = (m.? —m,,*) ([m, + 2M }’—m,,*) /4(M+m,)* 
and A=[M(E,+ M)x—2(2M?—m,°)x+2M?]'", 
(4) Interaction : 
H!=2, 9; (F104) (PooiPa) +e.c. . 
capture scheme: a~+P—>N-+6. 
probability : 
i/e= (1/4 (27)?) al. Ky. (Lowe) ** pe (m,/E)* (E*+ M,?—m,°) (E* +m, — M,”) : ||? 


(B-4) 
where E and p, are the same as those in (B-1f) and |H|? is given as 


|)’ (1+) (1+ Mym,/ ME + p2> “me + p2) + Kop2/ VM +pe Vimeo + pe 
+K, (M,/ VM; + Pe” ar m,/ Vimy + pe’) 
and 
K, = 9, “+ 49,” i 69° an 49° a“ hp 
K,= (29192-69293 + 69594— 2949s) [Ko , 
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K,= (299 +493 +299 — 29193-4929 4—293I5+ 29; Jo— 69993 +69394—2949s) /Ko> 


K; 


= (9° — 290 + 294? —IJ5' +29192+ 69oJs+ 69394 t+ 2949s) /Ko- 
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A change of variables in the lagrangian is investigated: It is then proved that a limited kind 
of such transformatiors in the lagrangian leads to the extended point transformations in the hamiltonian 
and this modification of the lagrangian is, therefore, equivalent to the correspording unitary trans- 
formation of the hamiltonian. It is obvicusly more convenient to use the former method to get the 
transformed hamiltonian. As illustrative examples, we deal with Case-Dyson-Feldy transformation and 
the elimination of longitudinal photons in quantum electrodynamics. 


§1. Introduction 


A change of variables in the lagrangian was used by Dodo and Utiyama to show the 
equivalence of scalar (pseudoscalar) and vector (pseudovector) couplings of meson and 
nucleon fields. It is also shown that the hamiltonian derived from the modified lacrangian 
can be obtained from the original hamiltonian by the unitary transformation. They did 
not, however, argue about this problem in connection with the extended point transformation. 
So, we aim to make clear the relation between a change of variables in the lagrangian and 
a unitary transformation in the hamiltonian, starting from the classical transformation theory 
of particle dynamics. In § 2, we shall indicate that a limited kind of variable-changes in 
the lagrangian actually corresponds to the extended point transformations. In § 3, Case-Dyson- | 


. 


Foldy transformation and the elimination of longitudinal photons in quantum electrodynamics 
are treated as illustrative examples. 


§2. Extended point transformation 


We shall begin our discussion by considering the system of n particles within the 
scope of classical dynamics. Let (9,qo*+qny PyPo"""Pn) be a set of 2n variables, and let (Q, 
Qu++Qus PyPs:-P,,) be 2n other variables which are defined in terms of them by 2n equa- 


tions. If the equations connecting the two sets of variables are such that the differential 
form 


21 PdQa—>i pidge (= dW) 


is, hen expressed in terms of (4,949°+-¢ny PiPo°*p,) and their differentials, the perfect differ- 
ential of a function W(q,qy:+-qn, p; Po'**Pn), then the change from the set of variables 
(91°°"Gns Pi'*Pn) to the other set (Q1°°-Qn, P,+++P,) is a canonical transformation. Further, | 
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if n variables (Q,---Q,) are functions of (9,::G7). only, the canonical transformation from 
the variables (q,---qn, Pi:**Pn) to the variables (Q,-+-Q,, Py-+P,) is called an extended point 
transformation.” And the equations which connect (q:°*qn) with (Q,---Q,) are in this 
case said to define a point transformation. We know that extended point transformations 


form a subgroup of the general group of canonical transformations and are characterized by 


23 PdQs= >i Pid P= 33 Ps fes idan)» (i=1-+-n). (ET) 


From these equations, we have 


2 fis (Gn) Q= 4; , (j=1--n), 
so (q,°*-g,) are functions of (Q,---Q,) only, and 
fis=99,/9QG, Gy fH len). (ea) 


It, therefore, follows that transformations of this kind are obtained by assigning n arbitrary 
relations connecting the variables (q,:--q,) with the variables (Q,:--Q,) and then determining 
(P,:::P,) from the equations 


P.=Sipr-8q/8Q, (i=1~n). (2-3) 
We shall hereafter write an extended point transformation as 


qi=fi(Q-*Qn), P=} py-f,/2Q, (i=1---n). (2-4) 


If we consider that the transformation (2-4) is derived from the perfect differential dW (p, Q) 
through the relations 


—OW/0p;=4, —IW/0Q=Pi, (2:5) 
then we find 


We, Q= — DI pefi(QQ)- (2-6) 


We shall now indicate that a change of variables q;=f;(Q:-*'Qn) in the lagrangian is 
equivalent to an extended point transformation in the hamiltonian. That is, the above- 


stated change of variables in the lagrangian uniquely fixes 
$= Of:/IQ;- Qi (237) 


where Q=dQ/dt. Hence, it follows from 
L(Q:*°n» 41°°'9n) et (Or Ons Qi°** Qu)» 


that 


P,=01'/8Q,= >) (BL /84,) (24,/8Qs) => P+ 9q,/OQ: 
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We shall next consider the foregoing problem in terms of quantum theory. In case 
of particle dynamics (| pi, qj]= —id,,), it was investigated by Jordan.” Its outline is as 


follows: We introduce the function S(p, Q) by means of 
Wp QD =D PAtS(ps Q: (2:8) 
We now put the unitary operator of the transformation as 


U=Exp [15 (P, Q) ]. (2-9) 


Here S as well as the Exp function is assumed to be a well-ordered function of (POys 
namely, it is assumed that P always stands on the left of Q. From (2-6), we have 


S(p, Q) =2 pis (Q +V(Q), 
9:(Q) =Q;—f,(Qi>"Q),)s 


where 7(Q) is added on purpose and chosen so that the transformation (2-9) may be 


unitary.* Further, we assume that Exp function is defined in terms of 


Exp [i5(PQ) = Sh one So Sy PD Pa) QI aD GY" 


¥ 
ry=0  r_=0 20 riley! l! 


It is then easily seen that the following relations hold : 


g=U'QU=Q;+ ee To Macally 2a Rel dial Cagle) 
=~ 3: (9ps/9P:) IQ) =Q;—9S(p, Q)/ pis 


P= U"'P,U=P, +>} p;(99;/9Q:) +9V/0Q; 
J 


(2-10) 


=P,+0S(p, Q)/9Q; : 


Therefore, we have again 


G= —OW(p, Q) /Ap;, P,= —d0W(p, Q) /AQ:. 
We have thus seen that the transformation function U of quantum theory is obtained from 
W of the classical theory in terms of (2-9). 
Our last step is to extend the foregoing consideration to quantum theory of fields, 
namely the coupled system of boson and fermion fields. In the following, it is helpful to 


consider a cubic lattice with the lattice constant r, instead of the continuous coordinate 


* See reference 2. If V is given by 


V=—-ilogV4, dA=det (Of ;/0Q3), 
then we have 


P= (1/2) 2(p5 Of 5/0Q4 + OF 3/0Qi +p). 


Thus the hermitian property of P is assured and we can prove that U is unitary, provided that we assume 
the convergence of the series (2-9) and the existence of U-, 
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space. We think that ¢, stands for the value of the quantity € at the lattice point s. It 
is obvious that we can easily generalize the foregoing statement for boson fields. But for 
fermion fields, circumstances are quite different. We write* 


fa Ns} 3 ees H,} == 10,5, 


[qr Ps] = [Q,» P,|=10,.s, 


and consider the transformation (€,:--€,5 91°°-ns 91°°°Gm Pt Pm) > (2 Fny Hy, Q 
°°, Py+++Pm), which is defined in terms of ** 


=D) fr (Qi Qn) Fas G-=Q,- (2-11) 
Then we have 


S(H, 2) =>14.9,(£), 


g,( 5) aps, Gree ss G02 —14(0;---0.). 
U=Exp [iS(H, £)] 
GE, -— H)SI EY (LIE) 


= >> €p ' 1 
Pesaro pt oO 
© GH >= «) ee oo GHs> 192.82) Bs co Hn Ins =s) BD ( 2) 
= 5 5 8 efa Dil 
; 23, r,! 2 ro! 2 r,! 


with the aid of the formula (2-10).*** Here, €, is the signature, +1, of the permuta- 
tion (between the second expression and the third expression of (2-12)) of the fermion 
factors. Following an idea of Wick’s S-product,” we define by : XYZ:-: such a product 


so as to carry all H-factors to the left of all &-factors, writing for instance :**** 
: HE :=—238H:=HE, 
oT oer = 6 os | rrr at . 
SHB y HyBy +, Hylgi=(—) Hy HEy By I= Zhe 


. . y . . . 
We can, therefore, show that the relations corresponding to (2-5)! are satisfied in this 


* {4B}=AB+BA, [AB]=AB—BA. 
** Transformations of this kind in case of fermion fields are quite general within the restriction of 
the extended point transformation, because H,. cannot be included in the transformation of &, into &,.. 
*** The summation over 7,(ro---etc.) breaks off after r;=2 (r2=, ---etC.) because of H,2=0(Ho?=0, 


potetc.) : 
***& The product : XYZ--.: here defined satisfies “ distributive law ” ; 


2X YAU-«-V r=: X-- YBU--V +: X- YCU--V s, 


where A=B+C. Factors (£, H) within this product symbol can be permuted as if they were anticom 


mutative. 


384 S. Nakai 


case, too. The operator U has, however, a form of infinite series and, in general, will be 


never convergent and so never unitary as it is. We have at present no means to work 


this point. So, we shall restrict our consideration to the following simple case when the 
unitarity of the operator U given by (2-12) is assured. For the convenience of the later 
section, we use ¢,, ¢,* and ¢,, JI, in describing the fermion and the boson field, re- 
spectively.* 

ary | . os / 

s =¢,', H,=1%,"", P,=H, ? 

= h 7 0,=4,=%e 

Sr= Yr os ps=Us> 


fe=exp (iOf(6,)) Oy — Gre=Orn(1—exp iOf($,)). (2-13) 


Here the operator O is an arbitrary function of 7, and tg, and GO=1, Of=0) 7,000 
t; are the ordinary spin and isotopic spin matrices. Sufhices r and s now distinguish 


different space points, and charge and spinor suffices are omitted. We then have 
U=Exp SI ¥,!* (exp (iOF(G.)) —1) 4 


——? seis SO (iOf,.)* h/\rg ’ (iO ee f r 
(D4,"iOf, 9) ie Af he (sig Pl) 9. 


© 
— aes 


r= r,! rr 0 Te! rj r,! 


(2-14a) 
2 *h 
=14 SY," Ofte! + (Sy*Of g++ (SMAMOYN AE 


exp i(S,Of dr). (2-146) 
With regard to the equality between (2-14a) and (2-14b), the proof will be given in 
the appendix. 


§3. Applications 


Our conclusion in the previous section is that the following two schemes** are equi- 


valent : 
1) L(¢) Variable change” L'(¢") Quantization” H'(¢’) 
2) Li }) -execientea® A(¢’) Ext. point trans.” H'(¢") 


It is, of course, more convenient to use the former method than the latter in order to get 
the transformed hamiltonian. So, we shall deal with Case*’-Dyson?’-Folay® transformation 
and the elimination of longitudinal photons as illustrative examples. 

i) Case-Dyson-Foldy transformation 


The total lagrangian of the coupled system of nucleon, meson and electromagnetic 
field is given by*** 


* @ is the vector in charge space and has the components ¢; go, oy. 
** These ars first suggested by Utiyama and Dodo.” 
EK 


We define k as a unit vector in the direction of the 3-axis ‘n charge space 
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Lita= L 3 ‘Ee + D,, 


b==(/F.F... (F,,,=04,/Ax,—94,/Ax,), 
L,,= — (1/2) {(0,6)° +6" + cA4,k(0,6X 0) —(e/2) 4, (PX ky)’, 
—L= (7,9, +h) P+ iF hy tp —iedy,-(A+t3)/2-Ayp. (3-1) 


We carry out the variable transformation : 
CesT wy, g=—'T, o=9', AAS, 
T=exp i7,(74/d)f(¢), g=V¥8, g=P*r- G22) 


f(d) is here a real function of é and is chosen in agreement with our purpose. And 
this change of variables is equivalent to the unitary transformation : 


U=exp i(\ $7088 f 00 $42), 
$=U"Y'U, $=U"$'U, $=U'9'U, 


=U" WU=I' + v7 ) pep'fl + ae i" sin’ f+ "ts eee Tee X$) by sin Df, 


(f' =9f/9$) . (3-3) 
That is to say, we have 
L(g) = LW) =P Buf + sl TY AEG ETP 
+ P'7,T 0, TY! — ief’7,T + (A +13) /2-TPA,. (3-4) 
With the aid of the relations, 


ae == 0) ii it(P X99) sin cos f +7 pala! poet ne is iT OuP)» 
de ii & if 1S Lis f é et e (9x u) 


Fe ee ee (7 sin f cos f isin’ ft.) (k-bXT), 
B Zz d b 


we have, again, (3-4) from W=dl' (¢"', 0’) / ag! . The transformed hamiltonian” is derived 
from (3:4) as*? 


=| (+H Hit Hi)dx, 


H,=The hamiltonian of the electromagnetic field, 
Hyo=P* p70: + 7 + 1/2) UP + (8:9)? + Kp"), 
H,=cA,k (6X06) t+ePk(o x D) — ied 74-145) /2-AP + (€/2) APO Xk)’, 


#) XY=(1/2)-(XY+YX). te=7N1727s7s- Ay= (Ai, 19). 66 =— Tse. For the Greek subscripts, it is 
assumed to run from 1 to 4, and for the Latin from 1 to 3. Since no confusion occurs, the prime symbols 
have been dropped from the notation in (3-5) for short. 
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Ay =f, (exp 2ify,(79/0) —1) P+ iF b* 77509 exp [2if7,(7o/9) | 
=v {(o,9.0 —7;f1)t—e0,A4; (7X ? -k) } f fl 


4.67, {(08b—T)D) (OX) eo A(PX (2 X$9)) B} yet 


$Y" ((0.b—TD X$-(@X2) —c0. AP (XT-K)} Y (2* a es 


* pe hla eng 2, ( sin’ feos’ f__f” 
+ LE iperegt+Lwenexogr (Sol L) 


a 2 
rr 


+1 Wrap ge xs —prp- pre xpyg) Feet 


+e (exoy¢ 


f) 


(3-5) 


In order to get the well-known results given by Dyson and Foldy, we have only to take 
f(¢) =— (F/2«,)¢ (Dyson) and f(¢) = —(1/2)tan.~'(F6/k) (Foldy), respectively. Case 


transformation also belongs to this type of canonical transformation and is treated in the 


same way with a choice of f(¢) = — (Gd/«), where G is the coupling constant of pseudovector 


coupling. It was fully discussed by Dodo and Utiyama. 
ii) The elimination of longitudinal photons 
For the lagrangian 


L=— (1/4) Fy Fu {7.(0/0x, —ieA,) + Ko} ¢, 
we perform the variable transformation 
g=Ty’, g=¢'T, A,=A,’, T=exp (—ieA). 
Here, 


r 
A= Ali +Ay =0, A,’ = — grad, A, 


Then we have 
L=— (1/4) Fy Fyy— {7.[9/0x, —ie(A, +3A/dx,) +} f 
By using the auxiliary function K(x—x’) defined in terms of 


4K(x—x’) = —0O'(x—x’), 


we have 


> 


ty! =8L/3A,(x) = —i(84,/Ox,—9A,/9x,) — fo) OK (x—x!) /Ox, dx! 


m,!=0L/00(x)=0,  P=indefinite=€ , 


(3-6) 


(3-7) 
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Py! = 01/04" (x) =if!*,  p=ep*y, 
where L =| Id"x. These are, of course, equal to 
ise WU, eat O peste A Oh 
es ero, 0 ara 1, 
The transformed hamiltonian is given by*? 


=| He's H=(F,,f.,h,), H=ESE'+E, El=prady. 


H=— (E72 (x) + H2(x)) +- +_| p(x) K(x—#) (x!) d°x! 
Z 
+(x) (7:8 /9x: + Key) f(x) — ied (x) 7:4, (x) (x) 


+ng-4( 22 =O \ WG) K(x—x)d°¢) div EOL (3-8) 


The last two terms vanish because of subsidiary conditions 
a, =0, (df /dD=0), 
div EY =0, (OF /dA=0). 


In conclusion, the author should like to express his cordial thanks to Professors K. 


Husimi and R. Utiyama for their helpful discussions. 


Appendix 


Proof of the equality between (2+14a) and (2-14b) 
We shall use the mathematical induction. Consider the term (f)* with given N. 
It is then clear that (2-14a) is equal to (2-14b) in case of N=0 and 1. In case of 


N=2, we have: 


(2-14a) =(—1/2) -¢: DP" Ofrhe DiPs* Of Ps 2+: Dit fe Pr D> 
(2-14b) = (—1/2) - (,*Ofd,)* 


These are obviously equal to each other. 
Next we assume that the above equality holds in case of N=n—1. So we have 


pele arr cra ROLY ison 
Cqustiogyiy” Ot: Ch) 9,) cae oo 


(2:14a) =>} 


ry r, ! r1 Yo ! T, 


(A-1) 


*) For short, we write ¢, ¢, A etc. instead of the primed quantities $7, ’, A’ etc. 
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(2-24b) =i""'/(n—1)!- (SW, *OF,f,)" (A-2) 


Summations over 7,, %):+:r, ate limited to the case where r,-+ 27, -+>-+-kr,=n—1. Suppose 


that both of them are multiplied by (i/n)-Si¢,*Of¢, from the right. We obtain the 


following results from (A-1): 
i) Coefficients of the terms (¢,*)”1*'(¢,)72--- (¢,*)”* are given by 


(1/n) + {(1+97,) + 2r+ ++ +h} + (1/7, +1) =1/r+ 1. 
ii) Next, coefficients of the terms (¢,*)7(g),*) 72+ (Qt) 1 (Gy*) OP (Gy *)* 


(ja) GQ 2a + CRT) (gal) PE erg a at) 2 er 
Hence, the equality holds for N=n and, therefore, for all N of (f)”. 
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Effects of higher order corrections to the second plus fourth order adiabatic nuclear potentials are 
discussed in the symmetrical pseudoscalar meson theory with pseudovector coupling, in order to make 
clear the region of its applicability. For that purpose we have calculated the sixth order adiabatic 
potentials, where only such terms have been taken into account that mesons emitted by a nucleon 
are absorbed by another nucleon. 

Although the nuclear potential in the triplet even state changes its sign according as intermediate 
states with only two nucleons are included or not, the second plus fourth order adiabatic potentials 


are not altered seriously by the inclusion of the sixth order effects in the ‘ 


‘outside region” (r & 0.6 
~0.7/y4 where yp is the inverse Compton wave length for z-meson). 

Effects of the binding of the two nucleons in the intermediate states are also estimated, which 
turned out to be unimportant in the “ outside region.” Accordingly, the second plus fourth order 


adiabatic potentials have a sufficiently large region of applicability for low energy phenomena. 


§1. Introduction 


1)—8)*% 


Recently, it has been shown by several authors thar the second plus fourth order 


adiabatic potentials in the symmetrical pseudoscalar meson theory with appropriate inside 


” energy nuclear force phenomena (under about 100 


cut-off are able to explain all “ low 
Mev). 
It has also been shown that the difference between the pseudoscalar and. pseudovector 


) and radiative 


coupling,” non-adiabatic corrections,” multiple scattering of virtual meson,” 
corrections for scattering of virtual mesons by nucleon® are not large in the “ outside ” 
region (fr > 0.6~0.7). 

There remains, however, a question, whether the second plus fourth order nuclear 
potentials obtained by the weak coupling perturbation expansion in the outside region are 
asymptotically correct or not. This question is especially important since the fourth order 


contributions are larger than the second order ones. 


+ Now at Department of Physics, Rikkyo University, Tokyo. 
* Part of contents of this paper (§2) has appeared in the preprint for the International Conference 


of Theoretical Physics held at Kyoto, September 1953. 
** Differences between the results obtained by TMO” and that obtained by BW) have been dis- 


cussed by BW”, Henley and Ruderman", Feldman”, Klein’), and especially by Fukuda, Sawada and 


Taketani. 
We shall not enter into this problem here. 
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To investigate this question, we have calculated the sixth order adiabatic potentials in 
Part I. Our primary interest is not to investigate the detailed forms of the sixth order 
potential functions, but to know the critical distance where the magnitude of the absolute 
value of the sixth order potential exceeds that of the second plus fourth order potential. 
The difference between the methods employed by TMO” and BW” does not seem important 
for this purpose. 

Inferring from the behavior of the fourth order potential, we may consider that the 
non-adiabatic correction will not be large enough to alter our conclusions in this paper. 
If the sixth order potentials will turn out to be smaller than the fourth order in the 
“outside” region, we may be able to conclude that the expansion in coupling constant is 
useful for the low energy nuclear force phenomena as an asymptotic one. If it were not 
the case, the expansion would be quite meaningless even in the outside region.* 
In part II, we shall estimate the effects of binding in the intermediate state. 


I. The sixth order adiabatic potentials 
§2. The sixth order adiabatic potentials, I 
According to the perturbation theory, we get the following forms for the potentials. 
(For the sake of comparison, we shall show the fourth order potential functions together) 


Va Pd Os He Be __ aa uh >) Re Hy > fe Oy 
(E,n=E,) (Eta E,) (EE) 2 (EE=E;) (E,,—E,)* 


/ / / / 
eke A, - A, heim 


rm 


u 
—1y - 
Z (E,, ~—w Ei oe — Ey) 


Ely tits thes Pon hls Clee 


pr 


(E! he oe ee be ee) 


(1) 


Vos" 


Seal. siteburblay Ely Sgt sieetiy ASSET 
2 (a oe dby) (E,,—E,) (E,,—E,) (E,,—E,)* 
ee 72707: 
2~ (hoon EZ.) (EB) Beek, ar B, } 
a! >" pe Ae ae Al OEE 3) se Np eel eB 
2 (En—E,) (En—E,.)°(Em—Ep) (Em—En) 
=e —— HH, phe ae eet ered 
2 (E,.—E,)* (E,, —~E,) (E..—E,) (E,,—E,,) 
DES Ff Th jee. . Sige artis ite 


2°" (En—E;) “(En —E,) (En —E,) (E.—E.) 


* : , 
In the case of pseudovector coupling, we may expect, in general, the existence of a critical distance, 


outside of which the expansion is convergent and inside of which it is divergent, since the interaction 
Hamiltonian includes a constant of the dimension of length. 
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sy Had Hrn! Hye! Hy! Hy Fl! 
Pe EE Eee E,) 
Bd lg ga Ht rh! 
2 E) Eee) (EH) (Ey —E,)° 


/ if / if t 
am | Any’ Fy, 8 ig ok ee ght jg ey 


1 
2 (Beh CEE (ES Ey) (BE) 
hae Pps i te lle Din Fl 


pte as) 
VPage, Abb (Fe E:) 


ver ees) FE ie, > pe kiel a * Is Ged fe 
2 4 Co (E,—E,)° (E,,—E,)°* 
fis ligne deyerip SH Fle FT Ph! 


4 (E,,—E,)* (E,,—E,) (E,,—E,)° 


‘) / / / / if 
+ 1 shes Flin a iPS i: . Ve Vie ee 
2 (E,—E;,)? (E,—E.) (Em=En) 
fd / H /H. / / ; / 
icles Hag ym! | Hone! , mn! Ham (2) 


2  (Em—E}) (FE) (E,,—E,)* 


While the first terms of V“ and V include only intermediate states with at least 
one meson, all other terms include intermediate states without meson, too, which are 
associated with “dissociation probability”. The potentials obtained by TMO” are the sum 
of all these terms, those obtained by BW” consist of only the first term. 

In this section we are concerned only with the first term. 

In this case there are 80 perturbation processes, 32 of which include only intermediate 
states with at most two mesons, and 48 of which contain intermediate states with three 
mesons. Contributions from each process are almost of the same order in magnitude. 

Since some contributions from these processes turn out to be equal to each other by 
elementary rearrangements, only a few momentum integrations need to be carried out 
independently. (Several formulae in the calculation of V are given in Appendix.) 
Among these eighty perturbation processes, only two have been included in the corrections 
due to multiple scattering of virtual mesons calculated by BW”. 

The results obtained are as follows : 

V,,© = p(g2/4m) [Uy (x) + (F452) Uo (x) + S12 (x) + (Tit2) Un) 

+ (4,72) (5,92) Ud (x) + (772) SU ap (x) ], (3) 
where 

U, (x) 3[ {81/x +215 /4x° — 327 /4x° — 169 /2x'} + (11/2) BON(x) FF Go), 

UI) (x) == Up (x) 12/x°—48/x° —100/x' —232/3x° + 28/x° + 160/3x"} -e~*” 
4+ 8F,” (x) Fa" (3) —8F."@), 
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U, (x) ~ {—24/x'— 3 /8x° 4+ 567 /8x' + 189/427} «e+ (11/4) F(x) + Clea wats) 
US (x) =U (x) = {—25/6x" —50/3x' — 43 1/18x'— 31/6x°+ 188/9x° + 169/9x'} +e * 
+ (4/3) F,™ (x) — (1/6) Fo™ (x) — (11/6) Fx (x), 
F,™ (x) = (4/2) (1/8 +1/2') (Ko) + K(x) -Ki@e% 
F(x) = (4/22) (1 /x$2/22-+2/28) (Ko(x) + Kala) 22% 
F,™ (x) = (4/2°) (1/%° —22/x' — 22/2”) (Ki (x) Ki (x) )e™, 
F, (x) = (4/™) 1/2 42/4 +2/) (K(x) Ki (x) e™. 
The corresponding potential functions are drawn in Figs. 1~4, together with the 
second plus fourth order potentials. 
For the triplet even and the singlet even states V, ‘) is much smaller than Vo? +V 


n 


region, x=4r = 0.6. In the triplet odd state both V® and V™ are 


‘ ” 


in the “ outside 


small and have different sign from each other, so that their sums are very small. There- 


> 


fore, despite of the fact that V” is small in the “‘ outside” region, we cannot neglect it 
if x is not larger than 0.8. 

As a result of the cancellation of the main terms the potentials in this state may be 
so sensitive to any correction, that we cannot say more than that it is rather small compared 
with the even states potentials. Triplet P phase shifts in very low energy proton-proton 
scattering (1~4 Mev) are, however, determined almost exclusively by the tail of second 
order nuclear potential outside of the force range, and can be fitted by the pseudoscalar 


10) 


meson potential.” The singlet odd potential changes in the “outside region” x > 0.6, 


from a rather strongly repulsive one into a somewhat weakly attractive one. 
After all, the sixth order potentials are small compared with the second plus fourth 


order one in the “ outside region ” (i.e. x = 0.6~0.7). Especially the qualitative properties 


~~ 


of potentials are not altered by taking into account the sixth order potentials. 


§3. The sixth order adiabatic potentia!s, I 


In this section we shall investigate the contributions from all terms except the first 


one of eq. (2), that is, the terms concerning the “ dissociation probability”. The resulting 
potential is given by 


V® =p(9?/47)*[U, (x) me (Oeil (8) +S,5Up” (x) + (t,T.) 6 rey 
st (7,7,) (9,0,) A Cy a (t,7,) SU” (x) |, (4) 


where 
U, (x) ~9 {—12/x'—7/x° + 15/26 + 10/27} e-™* — 18F, (x) + 18F, (x); 
U, (x) =U yp (x) 28 {— 1/x—4/8—4/x' + 1/x°+ 3/2? +2/x'} e* —4F, © (x), 
U,® (x) = (3/2) {24/x'+ 11/x — 39 /x6 — 26 /x'\ 3 
+ OFT (x) —9F GG) + 18F,@ (x), 
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Une (x) = Ui (x) ~ — (2/3) {1/2 +4/8 + 34/x'+74/0 72/26 +28 /x"} 
(8/3) Aha (x) + F(x)}, 
Fy (x) = (1/2") (1/x8 + 1/x'+ 1/2) (K(X) K(x) e™, 
Fy (x) = (1/2") (1/x' + 1/x') (K(x) K(x) e™, 
PF (x) = (1/2") (—4/2°+3/x) (Ki (x) K(2x)), 
F,® (x) = (1/7) [ (4/x+ 23 /x") K,(2x) + (12/2 + 23/2") K, (2x) ] {Ko(x) + (1/x) Ki (x) } 
F(a.) == (1, /r0?) 1 (2370) K, (2x) ++ (2/2 4-27] 2°) K, (2x) Kit). 
If eq. (4) is added to eq. (3), we obtain the following results : 


V = (9? /47)*U, (x) + (6,95) Un (x) + S,.U p(x) + (4,72) Us (x) 
+ (4,72) (6,55) Ure (x) + (TT2) Si2U ix (x) ], (5) 
U, (x) ~3 (45 /x' + 131/4x° — 147 /4x° — 49/22") e-™* + 150F, (x) —6F, (x), 
U(x) =U, (x) = 4(—5/¥ — 20/8 —44/x' 52/3 4+13/2+52/3x') -e™ 
+ 8F,(x) —F,(x) —8F,(x) —4F,(x), 
U, (x) ~3 (4/x' +43 /8x° + 33 /8x° + 11/42") e™ + 18F, (x) + 13F; (x) + F(x), 
Use (x) Up x) = (1/3) (— 29/2 —58 /x? — 839 /6x' — 327 /2x —244/3% +1/3x')e* 
+ (8/3 {) F,(x) +F,(x)} + (4/3) Fu) 
oe — (1/6) F,(x) — (11/6) F,(x), 
F, (x) = (1/7) (1/8 + 1/2") (K(x) Ko(x) 6, 
F,(x) = (1/72) (1/8 +25/x+ 25/2) (K(x) K(x) es 
F, (x) = (1/7°) (11/28 13/x' 13/2) (K(X) K(X) )e™, 
F,(x) = (4/2°) (1/2 +1/#) {Ki (@) (Ki) + Ka) e% 
F(x) = (4/22) (1/x+2/2+2/%) (Ko(x) + Kala) )’e% 
F,(x) = (4/7°) (1/2 +2/x'+2/%) (K(x) KGie > 
F, (x) = (1/22) [(4/x+ 23/2") Ky(2x) + (12/x° + 23/24) K, (2x) ] (Kola) + (1/x) K(x)}, 
F,(x) = (1/2?) (—4/%+3/%) (Ki) Ki (2%); 
F, (x) = (1/7) [ (23 /x"+ Ky(2x) + (2/x°+.27/x) K, (2x) |Ki(x)- 
This corresponds to TMO’s results in the case of fourth order potentials. To compare 


ea. (5) with V@+V™ and eq. (3), we have drawn the potential functions in Figs. 1~4. 
q. (5) q P g 


In the triplet even state eqs. (3) and (5) have different signs from each other, 


while in any other state the difference between eqs. (3) and (5) is small. In both cases 
the applicable region of V+V™ potential is x > (0.6 ~ 0.7) X1/p, although the sixth 


order “dissociation probability terms ” eq. (4), seem to show a slight tendency to make 


the magnitude of “critical distance’ larger. 
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Fig. 1. Triplet even states 
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Fig. 3. Triplet odd states 
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Fig. 4. Singlet odd states 
(9°/42=0.08) 


Il. Effects of Binding in Intermediate States 


§4. Fundamental equations 


Salpeter-Bethe equation for two interacting nucleons may be written as follows" : 
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(3, 4) =—i||\\ dedejdedtyKia(3, 5)K,,(4, 6)G(5, 6;7, 8)¢(7,8), (6) 


where G is the interaction kernel between two particles. Denoting the center of mass 
coordinate and the relative one by X,, and x,, respectively, 


XE 
X=» 


2 Xqq = Xz — X4y (7) 


G(5,6;7, 8) will be a function of the relative space time coordinates x,, and x,, and of 
the difference of the two center of mass coordinates, X,,—X.s, but not of X,, or X,, itself. 


In this case we may look for solutions of eq. (6), which have the spacial form, 
(3, 4) =exp(— 1K Xa ) 9 (%) (8) 


where K, is the four momentum vector of the motion of center of mass. If we separate 


it out in the center of mass system, then eq. (6) transforms itself into 
P(P, by) = =| dt.dt,.dqydk exp { — igo (tea— fag) $ : 


-[271F x(p, go) | 'G(p, b55 3 k, tis 3 K,) ¢(p—k, is (9) 
where 


o(p, ~)=| dx exp (ipx) $(x), 


Fx(p, qo) =| K,/2—H.,(p) + qo| [K,/2—H,(—p) —4qo] ? 
H(p) =ap+/m, 


G(p, tg 3 Ke, tog 3 Ky) =(,/3,(27) “|| exp {iK( X4,—X;5) — 1PX se 


= i(p a k) Xzgh d(X;, Zz: Xi) dXy,A%_3G (x56, X78 > Xyg— X75) (10) 


Salpeter’?” has shown that eq. (9) is expressible in terms of the three dimensional wave 
function ¢(p, 0) if the retardation is neglected. 

We shall show in the following that this is also the case in a slightly more general 
case, i.e. the case where only one degree of freedom, T3,—T;s, is retained out of three, 


tray tyg and Tsg—T'7s. which describe the retardation effects in the interaction kernel. 
56) 7s 5 7S 


If the interaction kernel G is given by the following equation : 
Gp, tons Bs ths 5 Ko) =8 (tn) (tes) L(p, es Ko) (11) 
then eq. (9) becomes 
¢(Ps ts) = —| dqy exp (— iqoty,) [271 x(P, al" dkI(p, k ; K,)¢(p—k, 0), 
(12) 
044 (Py to) =A% (p) A. (—P) 9 (P» tas) 
o-Ps ta) =At (Pp) (—P) (Ps tas)» ef 
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where 1,.(p) =[E,+H(p) |/E,, and it is to be understood that the mass m has a small 


negative imaginary part. Carrying out the integration over gq), we obtain 
[K,—2E,]¢.+(p, ¢) =exp {i(Ko/2—E,) |¢)} Ana | dkI(p, k ; K,)¢(p—k, 0), 
K,o_.(p, #) = —7-(t)exp (iE, ¢) [exp (Kot/2) —exp (—iKyt/2) |- 


AeA. | aarp, ke; K,) ¢(p—k, 0); 
(13) 
K,¢.-(p, t) =. (t)exp(—1E,t) [exp (iKot/2) —exp(—iK,t/2) |- 


MAS | dbp, 3K) ¢(p—k, 0), 


> 


[K,-+2E,,le_-(p, t) =—exp {i(K,/2+Ep) |} Ae | dkI(p, k ; K,)¢(p—k, 0), 


where 


Putting t=0 here, one obtains 


[K,—2E,]¢..(p, 0) = At A", | arp, I; K,)¢(p—k, 0), 


[K,+2E,]¢_-(p, 0) =— Att | dki(p, k K.)¢(p—k, 0), (14) 


g_.(p, 0) =9,_(p, 0)=0, (provided that K,*0). 
The four coupled equations (14) can now be written as one single operator equation, 
[K,—H,(p) —H,(—p) |¢(p, 0) 
= (45 (p) 4", (—p) — A (p) 2 (—p)} | dt (p, ks K)e(p—ho). (15) 


These eqs. (14) and (15) correspond to Salpeter’s’ eqs. (12) and (13) respectively. 
If we define ¥(p) by means of 


2 (p, 0)= {At (p) A. (—p) —A2(p) Ar (—p)} 2 (p), (16) 
then we obtain 
Y(Pp, t) os -| dq exp ( = igat) [271F x (p, qo) |"|K,—H, (p) Fit —p) \Z(p). (17) 


This equation corresponds to Salpeter’s eq. (15) and is the fundamental equation for 
taking into account the retardation effect as perturbation. 
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§5. Effects of binding in intermediate states 


In this section, we shall investigate the influence of the binding in intermediate states 
on the nuclear potential. Transforming the first of eq. (14) back into x-representation, 
we obtain 


[K,—2Ep]o.4 (x) =A4 2, (272) = APA DIES (18) 


-I(p—k, k 5 K,)exp {i(p—k) x} y(p—k, 0), 


where 


2..(x)=(2n) "| dp-exp(ipx) 9... (P, 0). 


Neglecting the p—k dependence of I(p—k, k; K,) and putting Ky=2M+W and 
K,—2E, ~ W—P’/M, eq. (18) turns approximately into 


[W—p*/M] 9,.(#) = MA’, | dh exp (ike) I(p—k, ks )9(2). (19) 


The Interaction potential is, therefore, given by ‘A’ (dk exp(ikx)I(0,k;W), which 
can be calculated, if the interaction kernel G is given. 

If we confine ourselves, for the time being, to the case of 
5 6 nuclear potential due to one meson exchange, G may be written as 


follows (Fig. 5) : 
G(5, 6; 7, 8) =I'(5) K(5, 6; 7, 8)1'(8)G(5, 8), (20) 


where /” is vertex, K(5,6;7,8) is the two nucleon propagation 
function in virtual state, and G(5, 8) =—(i/2)4,(5, 8) is the 
meson propagation function. 

The propagation function of virtual bound state may be written 


8 
* in the following way :* 


e=— bound nucleon 


‘ i FS exp {iK" (XP —Xy)} ey a 
Fig. 5. K(5, 637, 8)=V >» KM, - Pn (x56) Pn (Xs) » (21) 


where , is the wave function of the n-th energy level regarding relative coordinates, Kj 
and M, are the total energy-momentum four vector and the total rest mass of that state, 
respectively. K,’ means the energy which the two nucleons have after emission of virtual 
meson, and V is the large volume in which the system is enclosed. 


If we consider the case where t,=6,, t;,=ts, eq: (20) becomes 
G(5, 6; 7, 8) =i0 (typ) O (ty) 15) VD exp (1K (Xe — Xe} 


: (K,’ —M,) "0, (X55) Pn (Hrs) + (22) 


* Eden! and Fulton and Karplus!) have also used a similar propagation function of coupled particles. 
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Transforming the summation over n into integration as follows, 
VS exp {iKi (XP — XV) } Pn (155) Pn (Fr) 
n e 2 by x 
> (any-* | d'Reexp fiKy(XP—XPY} D2 Pala) BaP) (Ko Ma) 


and thea using the following equation, 


— ik! (tog + tye) /2} 
‘ dk! — exp {—to' (trot trs)/2h 
_ im | (k? + 2 —k,” —1€) (K,’ —M,,—k’) 
_ 271 Pees exp {—i( Ky’ —M,) (tsp tr) /2} paces! A 271 


2 / 2 2 
2 tse+t7a>+0 Wy — (K,’— M,) 20 


(= means static approximation), one obtains the next equation : 


V(r) = —27 (22) "AA", Bp, | dlexp(—iPI/2) - 


v 


Sh ent 1/2) pe —Y/2) P(5') Ba (8) Fr’), (23) 


F(r) = (27) a dk! exp (ik’r) /wjy, = (7/2)"” exp (— pr) /r, (235) 


where r= (Xy +4%;,)/2, l=xX3—%X;s, P is the sum of relative momenta at ¢, and ¢,, and 
"+ primes in J’ and F(|r’|) imply that we must make 5’ and 8’ equal to 5 and 8 


--vectively after operating Js on F(|r’|), if [’s contain differential operator. Since the 
second order potential is given by ; 4 

VO (r) = —271 (27) PAYA Boho (5’) Babel (8') F(x’), _— m2 
we obtain A x 

3 f- 4 
Vrj—J(r, P)V er), Bee eee seers 
Tc, Pyes| dl exp(—iP1/2)S} 9, (r+1/2) ¢*(r—1/2). ee 
n B A 
(24) rs ‘. 
‘5 a 6 

It should be noted that the correction factor ](r, P) is equals ~~ > uae 
to the phase space distribution function defined by Wigner,” which * 
has an intimate connection with the density matrix e(rt+l/2, c x 
r—I/2)=>)¢,(r+l/2)¢*(r—I/2). In the static limit the \, 
correction factor is ](r, 0). \ 

For the potentials of still higher order, we may obtain correc- folie t. 8 
tion factors by separating each interaction kernel into several parts Ata te 
(e.g. parts A, B, C of Fig. 6) and carrying out calculations ts > tr > ts 
similar to the one indicated above. The difference due to various ts >to > ty 
types of coupling reveals itself through the “ density matrix’, Fig. 6 


In the following, we shall estimate the magnitude of J(r, 0) in the symmetrical 


pseudoscalar meson theory with pscudovector coupling in static limit, and in the “ outside 
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region”, It will be sufficient for our purpose to take into account only the virtual state 
where the spin state is changed but not the parity, if a pseudoscalar meson is emitted 
into P state. Since y, depends on the magnitude of orbital angular momentum, the 
correction factor depends also on the magnitude of orbital angular momentum of the state 
under considerations. 

We evaluate the correction factor J(r,0) for the potential of triplet S_ state. 


Accordingly, we take as ¢, the wave function of singlet S state, which may be written as 
follows : 


Pe(F 1/2) = |r £1/2|~"-v, (|r £1/2|) P(A), 
u,(r) = Ne~"[sin (kr+ 0,) —exp (— 77) sin 09], (25) 
DY tN (ufo mi) MRR) 


where E is the energy, M is the mass of a nucleon, 0, is the phase shift and exp(—yr)sin 0, 


expresses the correction term at small distance. Then we have 


1 (ue {(P4P/4 +212) '} uy {(P+E/4 =)" pp 
es : i ] ou) = Pdldx (26) 
ee =| (P+P/4+4+rz)'”- (P+2/4—rZ) if 
A 
phere X=cos rl. 


Using the following relations : 
kcotO=—1/a (a: scattering length), 
Pe Daron rane 77 (27) 
the numerator in the integrand of eq. (26) becomes 
up {((2+E/4 +L) 7 uy ((P+E/4 rl) "3 
=N2(14+@R)“[ {(P+E/4)2— PPL} PP —a(P +P /4 4+)? 
—glr4+P/A—rlf) 2 4.¢' | NEI sleep h" nid’ 


for the main contribution comes from the region where r~1/p, I~r. 

On account of the approximation made at the final step of the above equation, the 
resulting expression for J(r, 0) is in fact that for J(r, 0) —1. If we approximate, more- 
over, the denominator by (7°+/°/4), then we obtain as the final expression, 


re 9 9 a 
J(r, 0) ~ Nea (47/3/0) uae ek) \) (2-4 12/4) Edd 
= (27a /3p") [ark k(1-+ ak?) fk /e—2kr tan" (1/27) ] 
0 


= (1/5)[1—2pr tan" (1/27) {1 OCI a ie el 
= (1/67) (2pr) [3-157 (2pr) ++}. (28) 
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It will be easily seen from eq. (22) that this correction is negligible in the “ outside 


region” (jr = 0.6). 
§ 6. Conclusions 


It has been shown that the effects of the sixth order adiabatic potential as well as 


) 


others (for instance, multiple scattering of virtual meson,” radiative corrections” and recoil 


effects® etc.) will not be so large for the nuclear potential in the “outside region” 
(ur = 0.6 ~ 0.7). 

This conclusion will not depend on the method of treating the terms concerning the 
“dissociation probability”. Since the adiabatic potential up to the fourth order in the 
triplet odd state is small as a result of the cancellation of main terms, some of the 
above mentioned corrections may not be negligible in this state. Accordingly, the detailed 
behavior of the triplet odd state potential up to the fourth order may not be correct even 
in the region, 0.6 S[x<1. The potential in this state is, however, certainly smaller 
than that in other states. It might not be suitable to use the concept of “ potential ” in 
the meson-theoretical treatment of this state. 


The effects of binding of the intermediate two-nucleon state have also been shown to 


‘ ? 


be small in the “outside region”’. 


These facts seem to imply that the power series expansion in the coupling constant 
has an asymptotic meaning for pseudoscalar meson potentials in the “ outside region”, 
although the fourth order potentials are rather large compared to the second order one. 
This constitutes a strong support to so called ‘‘ Taketani’s principle”, that we should treat 
the “outside region” substantialistically and the “ inside region” phenomenologically.’” 
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S. Furuichi, M. Sawamura, O. Sugimoto and M. Yonezawa for their check of the calcula- 
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Appendices 


I. Transformations of the (¢-7) operator into polar coordinates : 


The (G-p) operator which appeared in the calculations in Part I can be written as 
follows : 


Q= lim {(0-p,) (9-5) (o-p,)} a {(O-7,) (-[;) (o-,)} “Gn, Yo, r,) 


71,72,73>7 


= lim {iP P2)-P1) + (Ps-P2) (F-71) — (6: [Py Por Pi]) } © 


71,r2,r3->r 


ECP Fle) + PeF 9) (F-72) —(6-[Pr Fp Pel} Grp m% m=), (1-1) 
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where i, j, k is some permutation of the integets 3, Z, 1° ( * ) ‘and [ “| mean scalar 
and vector products, respectively. 

G(7, Y 7) is a certain function given in Appendix II, which has been obtained by 
carrying out integration over meson momenta. 

It is well known that the general forms of the nuclear potential in operator form 
must be expressed, in the static limit, in terms of a linear combination of invariant 
quantities for the rotation-reflection Cicer Ue MLO s)y Sixes (tary) (tits) (OyO,), (Tits) Si. 
Accordingly, in making the transformation of eq. (I-1), we may drop the operators 
including odd numbers of o. If, in addition, we take the limit r,, 7%, r,—>r after 
differential operators have operated on the function G(r, 7, r,), there remain only the 
following quantities : 


(LP V2)-P1) (LP Vil We)> (22) 
Vs°V2) (O01) (Vi V5) (OTe), (Is3) 
((6-[P2 Pe)) 71) CO -[Pe s)) Vu) (14) 
(F3°V2) (671) ((O-[7. Fil-Ve)™: (1-5) 
((o-[Ps, Vel) Fi) Wir) (O° P:)- (1-6) 


After carrying out elementary but lengthy calculations of eqs. (I-2)—(1-6), we get their 
transformed forms, respectively, as follows : 
1 ou 2 oe 6 3° 


-—:.. > 
Ar OF: OO, ATT OFeOls OF, ~ Feat OF,07207; 


(Vs°Po°Vi) = 


08 2 oe 
) (2) SO : A 
(Paps) (P1) (6Ps) (6°73) =5208) ( renee ) 


77, OF; 01,07, 


be 3° 
On) (g® =GC. : a 
(PVs) PP1) (FV) (O° Ps) =G;5 dr2or2ore 
3 3° 
(1) (2) =¢g 62 F 
(VP2) Ph1) (Os) (O71) = S74 ir2areore 
oo”) roy (2) 3! rey We (2) 3! 
(2) re 9 rg “72 og Joa ats — ; 
(alps, VP» Pol) (olr» V2 sl) Tog O7,0r, OF, Tats Or, Or,Ors 


1 2 4 
C0. 6 
5 
tale Orr, Os 


(o[P2, Vw Vi) ®(olPs, Vx Vi) O=—2 


‘ 4 
GC. 8 
= — 
To¥_ O10, OF= 


(o-[f1, Vs 72)? (oO - [Ps Vo Pua 2 


G2a2 at 


¥ > 
1d, = Ol A0T0%. 


(o@7,) (V2) (o - [Ps Po Vii) == 59) 


2 a4 
OG, 0 


a > > 
1%, = Of, OF,0%, 


(07) (V2) (6 ; [Pos Vw V3) @)—9 
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(o7;) (VP) (o[P1, Vx» VAD) @—=09, 


(O[P 1 Po Vs) PP2) (6° V1) =9, 


1) (9) ceo 3! 
(O[P15 Po Vol) (PV1) (6° Ps) = —2- . 


gaa Es 4 
CLEC LEC LS 
6g 3! 


: ; (1) o® —2—-"7 ¥ 
(OLP1s Pe Vs)" VsPs) (O° Ys) =2— 7 ap. 


Employing above results, eqs. (I-1) turn into the next equations, according to the. 
choice of the permutation of the integers 3, 2, 1 for i, j, k: 
Q,=lim {(o7,,) (O72) (9P;)} ” {(OP3) (OP 2) (57,)} OG (14, Te 15) 


yy: o° je GQ) Here 
mia eran yt aan 30 
Or, Ory Ore 2 ar,Z2arar, rr Or,0r," Ors 


se ) : z a : ss |e. Yo, Ts) s 
r 07,0r,0r~ Yr Or,Or0r, 


Q.=lim {(o7,) (O72) (971)}  {(OFs) (FF 1) (FP 2)} OG (r Te» 15) 


=linm| ( )- a Je en Pad cs = Ce dd aces 
Or, Or, Ors. é Ar20r,3%, r Or,DT5 OTs 
20 y+1 3! 6 3} 
cae - —— a |e Tr, Toy Ts) > 
r Or,0r,0r,, Or, OTD Ts Cn tn Ts) 


Q,=lim {(O7.,) (Of s) (op,)} ba {(OP 2) (9f,) (op,)} pas OE Toy r;) 


=lim| ( i ae ae a" boar hes ly sl 
Or, Ory Ors © ar? °9r,Ar, r 0r,0r, Or, 
- F ) —T 3! 6 3° 
20) ex yceenlycie 
r Or,Ondr, 3 Or, dry, (rs Toy r,) ? 


Q,=lim {(OP;) (OP.) (op,)} am {(OPs) (oOp;,) (o7,)} Mars Toy Ts) 


=m ( y= a" +26 2g ap at ee 
dr,dr,"dr, r dr,"07r,0r, Yr Or,97,70r, 


2 = 3! 6 3 
nes ) aes S 3 te ; | G(r, Tey 15), 
r Or,0r,0r,7 * Or,0r,0r, 


Q;=lim | (of,) ee (sp,)} ° {(op,) (ap,) (Sp2)} G(r, t 15) 


=lim| ( 5 ate al 42 of ) 3" a )+1 ot - 
art se Or, yer 207.0%. r-0r,0r,70r, 


i ae ee) Je« 
r 0r,9r,0r, r Or,0r,0r, ry tm Ts), 
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Q;=lim {(o7,) in (op,)}  {(o7,) (op,) (op,)} °G(r, 2 75) 


ny 3" 21 cd a al 
=lim| ¢ ) =e ai ) aa 
Or,” a Or,” Te Orr Or.OF. Tome or, 07.07, 


a2 Jl 9 : 3" 
r Or,0r,0r,* ® dr,dr,Ar, 


where (")=(30)) =(Sy4+oo)). 


| G(n, Yo, 1. 13) 


HW. Momentum integrations 


We describe here only the approximate results of integrals employed in obtaining the 
sixth order potentials in Part I. 


c kin thar2 ikara 
CARE ie RN) Re he by 
De Wy Oy Ws (+0)? (w,+a,+0,) 


3 
w at! see @rtr2tra) 
eT ih. | F >? 
4 


. thiriL ptkaraL ptkara 
Ginn, yee ee ee ON lee Bee ie 
2 OP Ws 0; (0,+ W») (w,-+ w,) (a, +a,+ a) 


~~ 


Yo — 315 op (714+7r2+173) 
ee é > 


2 By 


4 -«o k, ek, se rf. ole) 
G5(7%15 T2, 13) = aIif dk, dk,dk, 
DJJ) +0 OPW (1+ Ws) (w,-+a;) (w,+0,+ 05) 


3 
tis | etget Ldap ot, & ene Gitrat+ra) 
? 
3°2° Lu 
i ; 
ki e*I"1b ¢ ill Wet) 


+o 
Cats Ym 1) ai \ \ ie, ee “ofosog (+ Wy) (Wy +s) 


—p(ritratrs) 
? 


[I 


T.€ 


4 


ki COE apes 


. +0 
i dk,dkdk 
G; (1, To» 1s) Ah. ik i OM OROR (a,+ Wy) (a,+ (Ws) 


3 
an (ryt ryt rg) eR 4794) + 7 (915) Ko (tre) Ko (pers) seh 
uke 


I 


IR 
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It is shown that the general formula of the Racah coefficient can be expressed symbolically as a 
binomial expansion by reducing the sum of fractions involved in the general formula given by Racah. 
Similar formulas to Biedenharn’s are given for e=3, 7/2, 4 and 9/2. 


§1. Introduction 


The Racah coefficient W (abcd; ef) has proved to play an important role in the theory 
of atomic spectra, the shell structure of nuclei and the analysis of angular distribution in 
the nuclear reactions. But it is not easy to calculate the value of W for a set of given 
variables because of the complexity of its general formula. Recently several numerical 
tables of the Racah coefficients’? have been published and it has become possible to find 
out easily the value of W in these tables, if the variables ere given numerically in an 
explicit manner. It is yet tedious, however, to get a simple reduced expression from the 
general formula given by Racah, if the variables involve indeterminate parameters such as 
W(j+3, jr j’—1, +153) j’). 

Biedenharn? has given reduced expressions of W for which one variable is given 
numerically (e=1/2, 1, 3/2, 2) and similar one for d=5/2 has been given by Edmonds 
and Flowers”. But as it is very cumbersome to proceed in this manner step by step, 
returning each time to the general formula of Racah, it is desirable to simplify as far as 
possible Racah’s expression into a concise form. 

In this paper, it is shown that the general formula of the Racah coefficient can be 
expressed symbolically as a binomial expansion by reducing the sum of fractions involved in 
the general formula given by Racah, and the similar formulas to Biedenharn’s are found 
for e=3, 7/2, 4 and 9/2 as a direct application. 


§ 2. Reduction of the sum of fractions 


The Racah coefficient W (abcd ; ef) is defined for six integral or half-integral variables 
a, b, c, d, e, f for which each of the four triads 
(apo, ee (cy dye) © (4, c, 7) (bed; f) 
has an integral sum and also satisfy the triangular conditions : 


a—b<eNatbh, b—exaSbte e—aX beta, etc. 
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Its general formula is expressed algebraically by 


W (abed ; ef) =N-w (abcd ; ef), (1) 
where 
N=4(a, b, e) «Ac, d, e) -A(a, ¢, f) -4(6, d, f), 
A(a, b, c) = V (atb—o)!(a—b +0) !(—atb+o)!/(atb+e+1)!, st 
and 
Ia isso ok (= cl) MEI Ee = Diez KOS agin? 
a,=a+b+e, p,=at+b+e+d, 
a,=c+d+e, p,=atd+te-tf, 
a,=atctf, B,=b+ct+etf. (4) 
a,=b4+d+f, 


The summation parameter z takes all possible integral values which do not make all terms 
(z—a,) and (%;—z) negative. From the triangular conditions one can see easily that the 
relation a, < 3, holds for all i, ;. 

First we shall reduce the sum of fractions w(abed; ef). Putting @3=Qyax, Sy>=Pmiw 
the range of z is apparently a, < z< f,, so we put 


z=a,t+k, Obs 2: n=f,—aQ. (5) 


Substituting (5) into (3), we get 


ya (2 (=) (tht! 
m0 (A, +)!(4, +8) !(4, +h) kl (B,—k) 1(B,— 8)! 
(1). (a +1)! 
n! (A, +n)!(A,+n)!(A,-+n) !B,!B,! 


Ss (—1)*n!(A,+n)!(A, aA)! (Ap +n) !B,'B,! (ay+1+k)! 


fb (n—8)1(4,+4)1(4, +A + HIB, B1B—Hia,¢ pr 


where 
A,=a,—a,, B,=f8;—a), (6’) 


end the indices p, q, r and u, represent those of a’s and fs which are not a, or Bo 


Here, we introduce the following notations ; if p and o are positive integral numbers, 
p =p!/(p—o)!=p(p—1) ++ (p—o+1), 
p= (p+o)!/pl= (p+1) (p+2) (pte). 
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Then the expression (6) can be written as 


— (—1)**%. (a,+1)! 
n!(A,-+n)!(A,+n)!(A,-+n)!B,1B,! 


pa 1) ( : )(4,-+n) (nh) , (A, +n) (n-k) , (A, +n) (n—k) Bw » B® 5 (a,+ 1) (-4) 
(7) 


If we regard the terms of the form p formally, as if they were the power of p, (7) 


may be written in a concise form, 


(yet (at0)! 
: lA, +n)!(4,+n)!(4,+n)!B,!B,! 


{(A, a n)( Ag+ n)( A, n)— B,B,(aj+ i cae (n) 
(8) 


It must be noted that (8) has only a symbolical meaning and one must expand (8) in 


the form of (7) for the practical evaluation. 


§ 3. Standard parameters 


Although the expression (8) has a concise form, it is not general in the sense that 
A, and B, depend on the special choice of the standard parameters a and (G5.8 (a, rare 
8,=Pmm)- In order to apply (8) for the case of Qya,=@, (45%), Buin=P.(2= Po), we 
must define anew 
A, =G,— Oh, Bl =8,—a,, n'=B,—4a,, 
and get 


a5 (—1)*rt*. (a, +1)! Sea tasty fies 
TAD n (Ai tal)! + ol) IBEB, sta Ciera) 


= BL Bila? 1} &% gam (10) 


But we can show in the following that the formula (8) expresses also in this case the 
same formula (10) without any alteration, so that we may choose any of a’s and f’s 


as the standard parameters. 
From (6’) 


A,=a,—a;= (a,—a;) — (a,—a) =4;—A/ = A,—L, 
B,=B,— a= (Bi—@,) + (QM) = Bib, (11) 
n=Py— a= (Po—f) + (BR. —&,) + (Ap — 9) = ht ley 
a,-=a,—l,. 
Substituting (11) into (7), we get 


(a1)thM(a.t 1h) x 
AGE ayer 1) \(A,--n' ane +n! +1,)!(n' +h)! (Bi+ +h)i(B, +4)! 
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Say TATE) Ab al bh) ee. (Ay bal bh) aoe a 


k=0 

2 (n’ +1.) (n!+h+la—k) , (BY +1) (rk), (n’ +1) (A) . (a,—l, = 1) (4) | 
In the above formula, not all terms contribute to the summation. As one can see easily 
from the definition of p, 

pis ea Yh for o>p, 

therefore, 

(n’ +1) (n! th +la—k) — g for fe) pd k re F 

(n’+1,)"=0 for tlh <kRn’4h4+1.,. 


Consequently, only the terms in (12) for which J, < k< n’+J/, contribute to the sum- 
mation. Putting 


k=[/+F, ie i 
one gets for the summation part of (12), 


(—1)8S( 1)! (n’+1,+1,)! (4,-+n'+1,)! (4,+n’+1,)! (n’+1,)! 
2=0 (+6!(n’'+l,—1)! (4)+1#)! (4) +2)! t! 

BAG)! (n'+1,)! Vi+t+1)! 

(B,—t)! (n’—#)! (a,—1,+1)! 
= (ayn GENEL) Atal tE)! Ati)! LEE) 
n'! (Aj+n’)! (Ajt+n’)! (As+ n’)! Bi! BH 


x 


! ni / 
Caan (8) Btn. (Apel. (Al tal) 9. 
ry . a 


- B® Bo. (a,+ 1) (-. 
Substituting the above formula into (12), we get readily the same one as (10). 


Next, we examine the normalization factor N= d (abe) - d (cde) - db (acf) - d(bdf). This 


can be easily written as 


Ne Ai (B+ 4)'(B+ ABA) (BF A)!(B, +4) 1B, PA)! x 
(@,+1)! (@,+1)! . 


(B,+4)!(By+ 4) (B+ A)! (B+ A,) !(B,+ 4,)!(B,+ A,)! 
(a,+1)! (q4+1)l 


The numerator of (13) has the form B;+ 4,=$,—a, which is, of course, independent 
of a, and f, as well as the denominator. 


(13) 


§4. Reduction of W (abcd ; ef) 


Lastly, in order to get W itself, we have only to substitute (8) and (13) into (1) 


and reduce it. For convenience’ sake, we choose in the following, 
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a= =B, 
and further put 
Aah pss, 
B= b—d+f, qg=c—d, 
Cnt Sy. ep a, 
D= 6+d+f+1, P=p+q. 
Then, 4, B, C, D, a, 8 are always integers for any set of variables (a, b, c, d, e, ip) 


which satisfy the required conditions. Using these parameters, we get for the case of 


He-0;°-8 = 0 (that is p > |g), 


W bed sof =(—1)¢[ GE eli ac 
Cet-q)! (eq)! b= e4-p- 1) °**>- (2d+-e-'g-F 1) 
- (e+ 9) (A—@) B— (e—q) C(D+ 8) } ©. (14) 


The limitation a > 0, 2 = 0 can be removed by taking care of the following relations. 
Ihe Ss @), atirel GO, 


[A® Jess =[A!/(A—1) "ne = A!/ (A—5)!= AY (AF | 5] !=1/AP AA, 
[A],,,=1/A™ ZAM, 


Consequently, the Racah coefficient W (abcd; ef) can be expressed easily as a binomial 
expansion, with the use of (14), only if three parameters p, g and e are given numerically. 
Applying (14) for e=1/2, 1, 3/2, 2 one gets readily the expressions given by Biedenharn. 
Table 1~4 give the similar formulas to Biedenharn’s for e=3, 7/2, 4 and 9/2. 
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Table 1. W (abcd ; 3f) 


A=—b+d+f 

B= 6—d+f 
(6) — '/ —d {= _ — oe = 
Cominid=f A\) = A!/(A—c)!=A(A—1)(A—2) (A—o+1) 
D= b+d+f+1 
p q 
Seg | 
(2b +7) (2d+7) 


2.3A(B+ aA al 


pt ene (aye (2b6+7) ® (2d+6) 


Se ne 3.5A (B+2)(C+4)  (D+4) O12 
(26+7)  (2d+5) ] 
3 5 (-ne[ 4 SAN (BTS) OKC) DDT5)9 1/2 
(2b+7)  (2d+4) 


rt. (-ye] 3.54‘) (B+4))(C+2) ie 


(2b-+7)  (2d+3) 


Ce es eb [Paar CFD EE 1/2 
(2b6+7)  (2d+2) 
‘6) (B+6) ‘6 1/2 
3a 
‘ ee enced 


(C+4)(D+4) 
(2b +6) (2d +6) 


1/2 
aS (2 140 | &48-cw+5)} 
2.5A(B+1) (C+3)  (D+3) 


Eclesth gh (26-+6) ® (2d +5) 


1/2 
| {2(A—1)B—C(D+4)} 


2.3.54 (B+ 2) © (C+2) © (D+2) 72 
2-0 —1)¢ es 
( nel (25+6) ® (2444) @ {(A—2) B—C(D+3)} 


2.5A (B+ 3) (C4 1) (D+ 1) 1/2 
(2b +6) ® (2d +3) @ 


Aer (-ye[ {(4—3) B—2.C(D+2)} 
— AM (B+4) 


1/2 
ged CO legac eae {(4—4) B—5.C(D+1)} 


m (C+2)° )(D+ 2) (2) . 
he a Sbeectrcnon nM (234 -BY —8,A.BC(D+3) +C® (D+4)} 


3A4(B+1) (C+1) (D+1))1? 
1 (a) =1)\6 ; 2) RO 
( neL (2b+5)  (2d+4) {2(4—1) B® —2.3(A—1)B.C(D+2)+2.C©(D+3)} 
11 ne[ pA Gee can) Be 
(2b+5)  (2d+ 3) "(A-2) ® B® —8(A—2)B.C(D+1) +2.3C® (D+2) (2) 
0 (0) i“ : a A®) B®) (2) Ba 
(2b+4) (7) (2d+4) (7) { . -—9.A YBOC(D+ 1) +9.4.B.C®) (D+ 2) (2) 


—C® (D+3) (3)}, 
—eee—e—ee 
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Table 2, W (abcd; 7/2f) 


fon -72. (—1)<¢ 


(C+7) (7) (D+ 7) (7) iC 
(2b+8) 8) (2d+8) ®) 
7.4(B+1) (C+6) ® (D+6) ® |" 
(2b+8) ® (2d+7) ‘8 
3.7.4 (B+ 2) ©) (C+5) © (D+5) =" 
(2b+8) 8) (2d-+6) ®) 
5.7.4 (B+3) ® (C+4) 9 (D+4) <}" 
(2b +8) 8) (2d+5) (8) 
5.7.4‘) (B+4) 9 (C+3)  (D+3) =|" 
a eI (2b+8) ® (2d+4) ©) 
[3.7.49 (B+5) © (C42) °(D+2) O18 
ae Sid o (2b+8) ® (2d+3) ®) J 
7.4 (B+6) © (C+1) (D+1) }' 
ee 3i2 el (2b +8) ® (2d+2) ®) 
A (B+7) 1/2 
Hie te. 6 Da mee | 
r_(C+5) ©(D+5) © 717 
5/2 5/2 (-) "| Gp) @ 2d+7) © 
3.4(B+1) (C+4) (D+4) 
(2b+7) '8) (2d+6) ‘8 
5.A® (B+2) © (C+3) (D+3) 12 
EON TIES | {4(A—2) B—3.C(D+4)} 
5.A® (B+3) ® (C42) (D+2) 
(26+ 7) 8) (2d+4) ®) 
= /2 
SAO (BED CH IDED I" (2(A-4)B-5.C(D+2)} 
(2b+7) 8) (2d+3) 
A®) (B+5) 
5/2 —5/2 (0 ia eae 
(C+3) (D+3) 
(26+ 6) (2b6+6) ® 
3.5.4(B+1) (C+2) ® (D+2) 
(26+ 6) 8) (2d+5) ® 


7/2 5/2 (=e 


7/2 3/2 (-ne| 


7/2 1/2 (-ne| 


{2.3.4.B—C(D+6)} 


51/2 
5/2 3/2 (-pe| | Ga-nB-2.c@+5)} 


5/2 1/2 (-ne[ 


2 
5/2 —1/2 (-pe| aN {3(A—3) B—4.C(D+3)} 


S20 = 3/2 (-ne| 


1" ¢(4—5) B-23.C(D+D} 


1/2 is 
3/2 3/2 (-pe| ]25.49B® -2.5.4.BCD+4) $C (D+5)} 


|@a-» ©) BC) —4(A—1) B.C(D+3) 
+C(D+4) @} 


Ste cti2 (—ne] 


BS AC BED) Ot) DED ee neha 
OG eee renny ree NCO ee imraeri ee Ime 
$2.0 (D+3) } 


A® (B+3) 1/2 

3/2 —3/2 (-1)9| a6 (8) (2d+3) 
(C+1) (D+1) We 

1/2 1/2 eanklyeraes 8) (2d-+5) ®) 


{ (A—3) © B® —2.5(A—3) B.C(D+1) +2.5C® (D+2) } 


{4.4 B® —2,9,4®B2C(D+2) $4.3.4.B.C® (D+3)® 
—C® (D+4) } 


A(B+1) 
1/2 —1/2 OG eee 8) (2d +4) ® 


ice 1) B® —4.3(4—1) ©BOC(D+1) 


+2.9(A—1) B.C® (D+2) ® —4.C® (D+3) } 
a 
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Table 3. W (abcd; 4f) 
p q 
4 4 (-no[ £18 ® (D+8) ae 
(26+9) (2d +9) 
Rien nes vee (D+7) ie 
(2b-+ 9) \ (2d +8) 
te Pe: (—10[ ene | 
(2b+9) (9) (2d+7) (9) 
tant (yo 3) O(C+ ern 
(26+9) \ (2d+6) 
ee as of 2.5.7.4 (B+4)  (C+4) ® (D+4) 2 
(26+ 9)  (2d+5) 
4 -1 (-ne[ SG t 9 Meera 
(2b-+9)  (2d+4) 
4-2 (eye[7AOBHOM CHD DIMM 
(2b+9)  (2d+3) 
re ee (-ye[ RA Orne ee tt) 1/2 
(26+9) \ (2d+2) 
A Set EE oad 
(2b+9) ‘ (2d+1) 
(C+6) © (D+6)'® }!2 
3 3 (Sie (2b+8) omen {7.A.B—C(D+7)} 
_ ay o¢) 2:7-A(B+1) (C+5) © (D45) 9 912 
4 . — [ (26+8)  (2d+7) | {3(A—1) B—C(D+6)} 
3 1 Ce oe (B+2) © (C+4) ) (D+4) 91/2 
(2b+8)  (2d+6) | {5(A—2) B—3.C(D+5)} 
3 0 (=1)of SEROTEC ODEO ye 
(26+8) (2d +5) {2(A—3) B—2C(D+4)} 
est (-1yo[ 2 G49 CeO D4A)® 1/2 
(26+8) ® (2d+4) | {3(A—4) B—5.C(D+3)} 
Chee (-ye[ (B+5) © (C+1) (D+1) 7}? 
(2b+8) (2443) ® {(A—5) B—3.C(D+2)} 
2 TT. A®(B+6)® 1/2 
a =3 (-1)¢ alae {(A—6) B—7.C(D+1)} 
2 oe (C+4)  (D+4) 41/2 
r ( pale (2d +7) (3.5.4%B —4.3.4.B.C(D+5) +C® (D+6) 2)} 
21 (anof 2ABHICEN DES) HE | 
(2b+7)  (2d+6) ® {2.5(A—1) B® —3.5(4— 1)B.C(D+4)+3.C°(D+5)@} 
2 0 (= of PAE H C+ )OD+2)® 1/2 
(2b-+7)  (2d-+5) ® ~ | BUA—2) B® — 8 4—2)B.C(D+3)4+3.C(D+4)} 
2-1 (— of SAMBESIMCH YDS YE 
(26+7)  (2d+4) {3(4—3) BO —3 5(4—3)B.C(D+ 2)+2.5.C(D+3)} 
2-2 (-yo[ APB Wey _aye 
(2b6+7)  (2d-+3) ® {(A—4) OB —4.3(4—4) B.C(D+1) +3.5.C(D+2) ©} 
yt (aye et) +2) 0 
(26+6) (2-46)  25.4B® —2.3.5,4BC(D43) +3.5.4.B.C® (D+4) 
1 0 ne 5.4(B+1) (C+1) (D+1) 91/2 —C® (D+5) } 
(26-+6)  (2d+5)  _|{204—-1) B —4.3(4—1) ©BOC(D+2) 
1. By EF) oe EH 2) Oat +4.3(A-1) BE® (D+3)@—2.C@ (D+4) O} 
(2b+6)  (2d+4) {(A—2) ® B®) —3.5(4—2) ®)BOC(D+1) 
0 0 +2.3.5 (4-2) B.C” (D+2) © —2.5.C® (D43) 0} 


(ye = ie 
(2645) (2d +5) @ [14 B® —4.4.4BC(D+1) +4.9.49BOCO (D42) 
—4.4.ABC (D+3) +0 (D44) O} 


TE Enno 
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Table 4. W (abcd ; 9/2f) 


——————————————— 


(C+ 9) (9) (D+ 9) (9) \" 
(26 +10) |) (24+ 10) 4 


9/2 9/2 (-1¢ 


8.4(B+1) (C+8) ® (D+8) “y 


9/2 7/2 (-ne| (2b+10) (0) (24 +9) (10) 


49.4) (B+ 2) (2) (C+ 7) (7) (D+ 7) (7)41/2 
es NL |e a 
ee = el [ (26+ 10) 80) (2d +8) 10 
4.3.7.4) (B+ 3) ) (C+6) ® (D+6) =y" 
— Cc = : 
ee Tote alot) f (26+ 10) 4% (2d-+7) (40) 


2.7.9.4) (B+4) (C+5) (D+45) iV 


9/2 1/2 (ne (26+ 10) 0 (2d +6) (20) 


2.7.9.4 (B+5)  (C+4) @ (D+4) 2c 


9/2 1/2 (ne (26+ 10) 1) (2d+5) (40) 


4.3.7.4 (B+6) ® (C-+3) ®(D+43)® ie 


92-32 (-1e[, (26+ 10) 4 (2d +4) 00 


4.9.42 (B+7) ® (C42) © (D+2) ® ie 


8.4® (B+8) ® (C+1) (D+1) ]!/2 
(26+ 10) 4% (2d+ 2) 4% 


A® (B+9) 1/2 
22 esa el cam aeaee 

(CEN ODEN] FPR 
720 7/2 (eile| ame ar eral lle GOL} 


4.A(B+1) (C+6)  (D+6) ® 1/2 
7/2 5/2 (ne (26+9) (10) (2d+8) (10) 


9/2 —7/2 (ne 


{74-1} B—2C(D+7)} 


7/2 3/2 ne sess aT ve a © 2(4-2)B-C(D+0)} 
Uz 1/2 eB AS Pe ae a |°e (A—3) B—4.C(D+5)} 
2 U2 1) of ee ee ae hac (A—4) B—5.C(D+4)} 
ne ane Radian] Ca 8-26049) 


4.49 (B+6)©(C+1) (D4) PP 
Zi2y 5/2 (nef bea ed {2(A—6) B—7.C(D+2)} 


AD(B+7) 1/2 s 
EET C900 bra gE {(A—7) B-8.C(D+1)} 
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Table 4. W (abcd ; 9/2f) (Continue> 
a 


C+5)9(D+5)® 72 
52 5/2, (-1)¢[ Ae {3.7.42 BO —2.7.A.B.C(D+6) +C2(D+7) ®} 


5/2 3/2 (-1)¢ +3.7.A(B+1) (C+4)  (D+4)@ 1/2 
(2b-+8)  (2d-+7) 


{5(A—1) B® —2,3(A—1) B.C(D+5) 
+C() (D+6) (2)} 


2.7.4 (B+2)® (C43) ® (D+3) O72 
Nae ee | (2b+8) | ace (10) {5(A—2) ©B® —2.5(A—2)B.C(D+4) 
43.C (D+5) ©} 


2.7.4 (B+3)  (C+2) (D+2)@ 72 
3) _ —1)¢ sy 2 Be 
jz -12  (-nel MEME Tes {3(4—3) © B® —2,5(A—3) B.C(D+3) 
$5.C®(D+4) OF} 
- 3.7.4 (B+4) (C41) (D+1)}"" ae 
5/2 3/2 nef (2b+8) (10) (2d +4) 0 | {(A—4) © B® —2.3(A—4) B.C(D+2) 


+5.C2 (D+3) ©} 


A® (B+5) 
a2 3/2 Gr)? | Goes 86 a+ 3 


1/2 
|ta-s) ®) BO) —2.7(A—5) B.C(D+1) +3.7.C (D+2) } 


CFs ODES) Oe 2) Be 
(2b-+7)  (2d+7) 1 {4.5.4B® —5.9.APBOC(D+4) +2.9.4.B.C (D+5) 


3/2 3/2 (-1)¢ 
—C'®) (D+6) (3)} 


. 2.3.4(B+1) (C+2) ®(D+2) 1? 
3/2 1/2 ( nel Gh eeLca a | {5(A—1) B® —4,5(A—1) ©BOC(D+3) 
+3.5(A—1) B.C™ (D+4) © —2.C (D+5) } 
2.3.4) (B+2) (C+ 1) (D+1) 742 
3/2 —1/2 (nef : \ - | {2(A—2) ® B® —3,5(A —2) © B©C(D+2) 


(2b+7) |) (2d+5) (10 
: +4.5(A—2) B.C (D+3) (2) —5.C') (D+ 4) } 


A® (B+3) 


1/2 
be ang Rayan | ie AB 2 7(A—s) EMC Cass) 


3/2 —3/2 De 
+5.9(A—3) B.C® (D+2) © —4.5.C (D+3) ®} 


(C+1) (D+1) 
+6) [9 (2d +6) (1% 


1/2 
| {5.4)B® —5,8.4® BOC(D+2) 
+43,5.A9BOC® (D+43) 


1/2 1/2 (Dz| 


—4.5.4.B.C (D+4) ® +C (D+5) } 


A(B+1 qe 
1/2 —1/2 nel ae ee tase | {(A4—1) BY —4.5(4—1) ®B™C(D+1) 


6) 1) (2d+5) [9 
+4.3.5(4—1) 9BMC (D+2) ©) 


—5.8(4—1) B.C (D+ 3) ® +5.C (D+4) } 


ae 


415 


Progress of Theoretical Physics, Vol. 13, No. 4, April 1955 
Nuclear Reactions at Moderate Energies and Fermi Gas Model 


Satio HAYAKAWA,* Mitsuji KAWAI** and Ken KIKUCHI*** 


* Research Institute for Fundamental Physics, Kyoto University 
** Institute of Science and Technology, University of Tokyo 
*** Department of Physics, Osaka University 


(Received February. 24 1955) 


The cross section fer ruclecr-ruclecn ccllisicns in the ruclear matter is celculated in an aralytical 
way on the kasis cf ‘he Fermi ges mcdel ard the inverse crergy nucleon scattciirg cross section. The 
mean free path thus derived is found to be in qualitative agrcement with those deduced from the 
pheremenological analyses of scattering experiments at low as well as at mederaze energies. The angular 
ard energy distributions cf krock-cut nucleons are calculated ard allcw us to predict the contribution 
of such direct collisions to nuclear reactions. For the bombardment «f 18 Mev protons on iron this 
contribution to the energy spectrum cf emitted protons is found far smaller than that from the evapo- 
ration process. Nevertheless, this influence is rot regligible in deducirg the nuclear temperature. For 
the bombardment of 31 Mey prctons tke knock-out process can account for the gross behaviour of 


high energy nucleons observed in experiments. 


§ 1. Introduction and summary 


Recent experiments’ —” on the inelastic scattering of protons at an intermediate energy 
range have suggested that the compound nucleus theory might be insufficient to account 
for their experimental results. In fact, it has been pointed out by several authors’ ” that 
the discrepancies berween the theory and the experiments might be cue to the neglect of 
the coatribution from the directly knocked-out nucleons in the theoretical calculation. It 
is, however, difficult to carry out an accurate estimate of this effect since our knowledge 
about the nuclear structure is at present very scanty. Therefore, we are obliged to adopt 
a specific model to perform the theoretical analysis for investigating the real features of 
nucleer reactions. It is well known that no particular nuclear model can sufficiently account 
for the great variety of nuclear phenomena, but a specific model should be chosen according 
to the phenomenon concerned. Among varicus models thus far proposed, experiences tell 
us that the Fermi gas model is unexpectedly valid in a wide range of phenomena. The 
merit of this model is further amplified by its simplicity and easy applicability to practical 
problems. A number of works based on te Fermi gas model have thus been carried out 
and found to be successful in explaining the qualitative properties of nuclear phenomena. 
Encouraged by such succesres and motivated by the recent experiments, we shall extend the 
kinematical works on the Fermi gas model, so as to be applicable to a wider range of 
phenomena. 

In £ 2 and § 3 are derived the mean free path of a nucleon in the nuclear matter 
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and the energy distribution of nucleons knocked out by an impinging nucleon. The 
analytical treatment of these problems has first been given by Goldberger” in order to 
interpret the nuclear reactions induced by 90 Mev neutrons. In his analytical calculation 
was assumed for the nucleon-nucleon scattering the energy-independent and isotropic cross 
section that did not correspond to the experimental evidences. The real form of the cross 
section has been regarded to be very complicared as to forbid the analytical calculation and 
has been handled only with the Monte Carlo method.” The latter method is accurate so 
long as a great number of paths are traced, but is not always practicable to get the results 
covering a wide energy range. Accordingly, we shall here attempt to perform an analytical 
calculation, dropping the assumption of the energy-independent cross section but still keep- 
ing that of the isotropic one, since the latter holds at low energies and even at high 
energies for the proton-proton scattering. 

At low energies where the energy of a nucleon inside a nucleus is below twice the 
Fermi energy, the analytical calculation of the mean free path of a nucleon was carried 
out by Yamaguchi” on the basis of the above two simplifying assumptions. However, his 
result is found to be in error. We shall give the correct expressions in (2-8) and (2-10) 
with (2-11) for such a quantity together with the computational device in this energy 
region. 

The mean free path thus obtained is in approximate agreement with the one obtained 
by the Monte Carlo calculation (Fig. 1). Our result is compared with the absorption 


coefhcient deduced by Taylor” 


from high energy transmission experiments in one hand, 
and with the complex potential proposed by Feshbach, Porter and Weisskopf™ at low 
energies on the other hand (Fig. 2). The agreement is not very good, but seems to be 
satisfactory on account of the oversimplification in our model. Further, our result is applied 
to such a discussion for the validityYof the independent particle model as has been pointed 
out by Weisskopf.'” 

One might, however, wonder the applicability of the Fermi gas model at zero tempera- 
ture to such low energy phenomena, since the momentum distribution of nucleons is known 
to be different from that in the Fermi gas at zero temperature on the theoretical as well 
as experimental grounds. Indeed, this has led Kind and Perganini™ to considering the 
mean free path in the Fermi gas at finite temperature. This, however, should not be 
attributed to the finiteness of temperature, but to the deviation of nucleon waves from 
plane waves due to the rather strong interactions. It is, therefore, not correct to work with 
the classical particle picture, as Kind and Perganini did, when the momentum distribution 
is different from that of the free gas at zero temperature, but one has to do with the 
distorted wave function of nucleons within the nucleus. Since a great complexity is intro- 
duced in the calculation by such a modification, we think it a consistent way to work with 
the classical particle picture together with the Fermi gas at zero temperature. In fact, our 
roughness in the model is partially compensated by the internal consistency of our method 
of treatment and provides a useful basis for the future development of theoretical investi- 
gations of the concerned phenomena. 


We have also dealt with the energy distribution of nucleons knocked out by nucleons 
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of moderate energies ((3-14) and Fig. 3-6). The energy distribution under consideration 
is usually considered to be governed mainly by the evaporation of nuclear particles and 


partly by the reaction taking place at the nuclear surface, which has been analysed by 


Austern ef al." - The importance of the knock-out process has first been recognized by 
Bernardini e¢ al through their Monté Carlo calculation. This effect is shown to be dimi- 
nished due to the surface transmission but not to be negligible yet.'» Moreover, in the 


actual nuclear reaction the attenuation of both impinging and scattered beams is not 
negligible for the reason that the mean free path is much smaller than the nuclear radius 
in the energy range concerned here. In § 4 we examine in detail these effects in the 
application of our model to the energy spectra of nucleons from Fe bombarded by 18 Mev 
protons (Fig. 8-10). Our semi-classical method is essentially the same as in the Monté 


Carlo works, except that we take into account the refraction of nucleon beam at the nuclear 


boundary. 

The small difference in proton yields between the forward and the backward directions 
in the 18 Mev proton inelastic scattering predicts that the proton yield due to the evapo- 
ration process is actually predominant over that due to the knock-out process. The energy 
spectra of nucleons observed in the experiment are attributed to many possible types of 
decay processes, in which, therefore, it is necessary to calculate the cross section of various 
processes of nucleon emission to make a careful comparison between the theoretical and the 
experimental results. In view of the above situations, our calculation is performed in § 5, 
using the compound nucleus formalism, with the semi-empirical formula for the nuclear 
level densities (Fig. 11-19). The parameters in the nuclear level density formula, have 
usually been determined, disregarding the knock-out process, with the aid of the experimental 
energy spectrum and the evaporation model. Accordingly, one of the parameters which 
we have adopted is not always accurate, but we shall proceed our investigation for the two 
available values of the level density parameter to examine the ambiguity which might be 
caused by its inaccuracy. The calculated energy spectra are actually found to become 
different from the Maxwellian type in their shapes, because of the secondary emission of 
particles from intermediate residual nuclei. The residual nuclei after the first evaporation 
as well as the knock-out processes are often so highly excited that they can emit particles 
on returning to the ground state. These cross sections are also estimated in § 5 (Table 1). 

Further our results facilitate to discuss the energy dependence of the nuclear tempera- 
ture on the basis of the energy spectrum obtained. From the theoretical analysis Lang 
and Le Couteur™ have called attention to the difference between the true temperature and 
the apparent one. This discrepancy, however, seems to be insufficient to explain the queer 
tendency of the nuclear temperature pointed out by Cohen (Fig. 20). On the other 
hand, Tomasini™® has shown that the second neutron in (n;2n) reactions can not be 
negligible in the determination of the nuclear temperature. A similar situation heuer 
such that the second particles after the direct nucleon emission play a role to describe the 
behavior of the nuclear temperature. In spite of the small magnitude of the cross section 
for the knock-out process, the nucleons directly knocked out turn to be a cause of the 


strange energy dependence of the temperature, which is explainable in this term only in 


418 S. Hayakawa, M. Kawai and K. Kikuchi 


the forward direction (at 9=60°). Though the difficulty remains concerning the back- 
ward direction, this success suspects that some similar processes are likely to give a small 
yield to the backward scattering. 

The remarkable anisotropy in the angular distribution of protons from several elements 
when bombarded by 31 Mev protons” suggests us that the knock-out process might give 
the main contribution to the nuclear reaction in such a high energy range. Although the 
proton emission is less probable than the neutron emission according to the compound 
nucleus formalism, the large magnitude of (p; p’) cross section also seems to assure us 
that the direct process plays an important role in the actual nuclear reaction. In view of 
such situations we shall apply our model to the inelastic scattering of 31 Mev protons by 
Sn in § 6, in which our estimate, though a very crude one, shows a fair agreement with 


the experimenial cata (Fig. 22). 


§2. Mean free path of nuclecus in the nuc'ear matter 


According to the Fermi gas model of nucleus, each nucleon is considered to be a 
classical part’cle moving in a constant potential. The momentum and the kinetic energy 
(non-relativistic) of a nucleon is measured in nuclei, i.e., from the bottom of the potential, 
if not specially mentioned, taking the nvcleon mass to be unity. Let the momerta of 
incident and target nucleons be P, and P, and those of an outgoing and residual nucleon; 
be P,’ and P,', respectively. The Fermi gas at zero temperature gives rise to a uniform 
distribution of P, restricted by the Fermi momentum P,. The Pauli principle requires 
|P,/| > Pp and |P,/| > Py. 

The scattering cross section for these nucleons is a function of half the relative momenta 
of the initial and final states, P and P’, respectively. Since these are the same in the 
laboratory system as in the center of mass one, the difference in the differential cross section 
o(P, P’)d2’ in the two coordinate systems is entirely due to the difference in the solid 
angle elements, d2’, for P’. On account of the collision frequency obtained with the 


multiplication by the relative velocity 2P=2|P|, the total nucleon-nucleon cross section in 
nuclear matter is given by 


1 
P, (47/3) Py? 


(oe ——) 


fap, [42’2P0(P, P’). (2-1) 


o(P, P’) in the center of mass system depends on |P| approximately as P-* over a 
considerably wide range of energies and also on the angle between P and P’ for neutron- 
proton scattering. The latter dependence may, however, be neglected with a small error, 


because the Pauli principle will make the small angle scattering relatively unimportant. 


Thus we may be allowed to assume 
o(P, P’) =0,(P)/4n, (2:2) 


where o,(P) is the total cross section for a nucleon of relative momentum P. 


From now on we can work out in the laboratory system, taking the 
section o,(P) outsile of the integral over 2/ 


invariant cross 
which is now reduced simply to a factor, 
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i.e., the solid angle {2’ covered by possible final directions of BP’. Taking into account 
the Pauli principle for P,’ and P,/, we have 


ore Eek ees (2-3) 
2P|\P,+P,| 
2’ <0 restricts the integration region over P, as 
pF 2P yp SP (2-4) 
(2-4) gives us the ranges of integration, according to the ma gnitude of P,°, as 
0S P2= PY fot P,-72P7, Cl) 
DP Pre PS for Fe a2 PS. (11) 
With the use of (2-3) and these integral limits, (2-1) is reduced to 
sa ae doi \ Ei nF sa P rn (P) dP, (2-6) 
P, (47/3) Py |P, +P, 


In accordance with Goldberger,” we shall, for the time being, assume the energy 


(2-5) 


Q | 


independence of the cross section o,(P), in which case the angular integration in (2-6) 


is readily carried out as 


a , 1 
\- sin@ d@ =| : kay Se aa 2 (2-7) 
J |P,+P| J SP? PF 2 Poids Py 

Introducing this into (2-6) and taking into account (2-5), we obtain 


o,(1—— . =) fords, 228 2E ps3 Gl) 
a: (2-8) 


o=— 


5, {1— 7 Ep, 2 Er (2- E, va fre Fee we (i 

5 Ey 5 Ey Ey 
Here the cross section is expressed in terms of energies, 

E,=P2/2, \Ey=Py/2. 

(2-8, 1) is nothing but the one obtained by Goldberger,” but our way of derivation is 
much simpler. The cross section for energy range (II) was given by Yamaguchi,” whose 
result, however, is not in agreement with (2-8, II). 

Now we shall drop the assumption on the energy independence of o,(P) in the 
evaluation of (2-6). The total cross section is known to be inversely proportional to the 


incident energy (coP™*) over a considerable range of energies. Hence we assume 


g.(P)=0,/F. (2-9) 
Substituting this into (2 -6), we get 
o=60,P,1/P,;’- (2-10) 
T is given by a complicated integral 
1=| Aaa, tanh! 2xV2(1+%') de, (2-11) 
V2(1+x) 1+3x 


a 
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where 
ame PP aie, 
and the integration limits are 


a=0,; > b=a for Ey-72E,,; Cia 


area (2-12) 
a=vV2a—1, b=a“for)Ej=2F,. (II) 


respectively. 
In an actual nucleus which consists of N neutrons and Z protons, the average cross 


section should be given by 
o=(Nou+Zo,)/A, (2-13) 


where i stands for p or n, according as the incident nucleon is proton or neutron. o,,; and 


o,, are obtained from (2-1) by putting o(P, P’) equal to the cross sections for free 
n—i and p—i collisions respectively. For the numerical works we have taken N=Z=A/2 


and E,=21.5 Mev and expressed the results in terms of the mean free path /. 
A=1/po, (2-14) 
where p is the density of nuclear matter. 

The calculated mean free paths are shown, in Fig. 1, for both cases of the energy 
independent and the inverse energy proportional cross sections. For the former case 0; is 
taken as the value at the incident 
energy. These are qualitatively simi- 
lar to one another in energy de- 
pendences but different in magnitudes 
approximately by 20%, which is 
ascribed to the fact that the scatter- 
ing is more suppressed due to the 
Pauli principle at lower energies 
where the cross section for free 
nucleons is larger. In comparing 
these with the Monté Carlo result by 


Morrison et al.,'” the case of the 


Mean Free Path 4 in cm 


inverse energy law is nearer to the 


Monté Carlo one than the energy 
independent one, although there is 
still a small difference in the former 


case. The reason is that the larger 


cross section at small angles is relative- 


ly ineffective, so that our total cross Energy in Mev 
section is larger than the average over Fig. 1. Mean free path 4 ys. nucleon energy in the 
the angular distribution in the nuclear nucleus. Solid curve and dashed curve refer to results 


calculated on the assumption of the inverse energy and the 


; energy independent cross sections respectively. L . calculated 
to take the effective total cross section by the Monté Carlo method : 


matter. We shall, therefore, have 
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as smaller by about 20% than the observed 
total cross section. 

Above E,=50 Mev, the mean free 
path turns to increase, as the free cross 
section decreases and, above 80 Mev, our 
result can be compared with the absorption 
mean free path analyzed by Taylor.” (Fig. 2) 

At low energies, near E,=30 Mev, 
the phenomenological theory based upon the 


complex nuclear potential model proposed. 


Absorption Coefficient K in cm-1! 


by Freshbach e¢ al.’ gives the absorption 


30 40 50 co 70 80 90° 100 110 
Energy in Mev 


mean free path of 2.4107" cm, whereas 
our calculation with ae inverse energy lay Fite? Absonption.coeticienn, Kiet) oe nucleon 
predicts 0.5~1X10~ cm at about this energy in the nucleus. Solid curve indicates the 


energy. On account of the over-simplifica- calculated result with the inverse energy cross section 
and dashed one is that obtaired by Talor®) through 


cation in our calculation, the comparison of 
the analysis of the neutron-nucleus scattering. 


these two figures suggests us that the be- 
haviour of the nuclear potential can be understood in terms of the Fermi gas model even 
at such low energies. This might be rather surprising in view of tke strong interaction 
of nucleons with nuclear matter, but the Pauli principle is taken to play an essential role 
in weakening the effective nuclear interactions. This fact may be supposed to lead to the 
validity of the optical model at low energies. 

The mentioned success in accounting for the optical model allows us to infer the 
possibility of describing some of lower energy levels in terms of the Fermi gas model. For 
this purpose we derive the collision width for a single nucleon from (2-8, II) as 

[=o pv,b= (3/4) 0,p0,6(E,—E;)°/E¢ (2-15) 
assuming the energy independent cross section and E,—E,<E,. Here p=1.4X 10" cm™ 
is the nucleon density in nuclei and v,~c/4 the velocity of the incident nucleon. Taking 
gya0.2) barn and (£,—E,)/E,;= 1/5, I’, is estimated as about 4 Mev. This may be 
compared with the level distance D which represents the reciprocal period of such motion 
that constitutes the levels concerned. If the single particle motion in a nucleus persists 
long enough to constitute an energy level, J”, should be smaller than D. This barely 
holds merely for the lowest levels of leight nuclei. Neverthless, the single particle model 
may still be justified, if one notices that D should be the level distance of single particle 
levels only. Then D is larger than the average level distance of all observed Eels ene 
may satisfy D> I’., provided that excitation energies are low enough. Cl: IES wa) 
theory prevents us to go farther, but the strong energy dependence shown in (2-15) will 


make one understand the increasing validity of the single particle description with decreas- 


ing excitation energies. 
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§ 3. Energy disiribution of the scattered particie due to 
the single collision 


In this section we shall investigate the energy spectrum and angular distribution of 
scattered nucleons, after a single collision in the nucleus, on the basis of the same model 
and the similar assumption of (2-2) as in the preceding section. The result will allow 
us to examine the effect, on this process, of the energy dependence of the free nucleon- 
nucleon collision eross section, comparing our result with that of Goldberger’s. 

We shall employ the notation Py to indicate the final momentum of the particle under 
consideration in order to facilitate the calculations in the collisions between like particles 
in which case we have no means to discriminate which of the collision partners we are 
observing. Accordingly, we denote by P,’ the final momentum of the rest of the collision 
partners. 

The differential cross section o(P,)dP, for the scattered particle having the final 
momentum between P, and P,+dP, in the laboratory system is given by the formula 

ee eee Jeo P, pyfs®) apap) (3-1) 
v, (47/3) P,* . i 
On account of the relations 
O( P= PyH2Pe(P* —P*), 
Dena ae 


(3-1) can be rewritten as 


o(P,)) dP, = _ads dP, | o(P, P’) 0(P°?—P*) dP,. (3-2) 


a jmt; 

v, (47/3) Py 
In contrast to the calculation of the effective total cross section in the preceding section, it 
is, in the present case, convenient to proceed just as Goldberger has done. Thus we 


introduce the cylindrical coordinate system whose polar axis lies along the direction of the 


momentum transfer vector, 
ey 2} > 
q=k,—P, (3-3) 
and whose origin is situated at the centre of the Fermi sphere. In terms of the coordinate 


(z, P, Y) instead of (P:,, Pry, P..), we can rewrite the argument P’— P” of the 0—function 
as 


OC Pe Pi) =q  O(2—2%); (3-4) 
where 


ae! 212 p2 
W= are ppen Be) 3 (3-5) 


Assuming, o (P, P’) =o,(P) /4z as in § 2, we obtain 


1 


o(P;)¢ a ; : 7 ein, 
v, (47/3) P, 2q 


1 I 
4r | oF} O(2—2%) pdodzdy dP, A G3 -6) 


hen we further assu ) the e r ¢ en | nce f (0) P igl mpor t n 
me the M4 i { n a 
W at i ne a d P nce Oo t ( ) i unt { ta: a d 
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put it equal to a constant, then the integration over p, z, Y of (3-6) yields the formula 
obtained by Goldberger.* 


Here, however, we shall drop the assumption of the constant cross section mentioned 
above, putting, 


20 
Co. (P)= oo — L By, 
Ere P?+ P,’?—2P, P, cosa ; ( ) 


where @ is the angle between P, and P,. o, is the total cross section corresponding to 

the incident energy. Taking g=O in the plane specified by the vectors P, and q, we get 
cosa=sin€ cosy , (3-8) 

where € is the angle between P, and q. Inserting (3-7) and (3-8) into (3-6) and 


catrying out the integration with respect to yg and z, we have 


20 rd 0 
ate Uy (4z/3) Pyq J Te OE c an C% 
where 
b= P27, —2Pi sine, 
c= (P? +z)? —4P,2%° sin’C . 
The restrictions on P, and P, are determined by the following condition. 
pipe Pes res (36711) 


the former being the condition that the target nucleon 2 is below the Fermi surface before 


(3-10) 


the collision and the latter expressing the Pauli principle. (3-11) leads to. 


P+ P2— Pozi << Per—z. (3-12) 
Thus, the limits of integration over ¢ are given by 
protr—Z%, (3-13a) 
(Prt Pf Pee (3-13b) 
cr 0, (P2+ P?—Pi—z?<0). (3-13c) 
Carrying out the integration with respect to p, we finally obtain the formula for o (P,)dP; 
o (P,) dP = oe iog se ee? (3-14) 


(42/3)Prq ° Vp, +2bp tet py +b 
Final momentum F?, is restricted by the condition ps 0, otherwise o(P,) dP, being 


zero. 
rune conditions # Ps ze Oeend P,P ~ Pe Z—20 can also be written down 


in terms of the momentum transfer as follows. Py—Z? <0 holds in the case 
Prt V P2— PP + Pr 9g. /P2— P+ Pe—Py, (3-15) 
and P,?+ PP —P2—z 0 holds if and only if 


* His results contain a small mistake in the expression of «(Pys)dPs in the cases (2) and (3) of his 
paper, i.e., the correct expression is as follows. 
- 3 {P? + P)°—2PP, cos 0+ (Py’ P’ sin® 0)/. — F*)}/Q—P?) 
Te ae (P? + Py? —2PPy cos 0)°/2 S 
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Fig. 3. Energy distribution of protons due to the 
single collision in the case of the energy independent 


cross section. The energy of the incident proton is 


18 Mev and the target is *°Fe nucleus. Figures 


attached to respective curves indicate scattered angles. 
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Fig. 6. Energy distribution of protons due to the 
single collision in the case of the inverse energy cross 
section. The energy of the incident proton is 31 
Mev and the target is **Fe nucleus. Figures attached 


to respective curves indicate scattered angles. 


Nuclear Reactions at Moderate Energies and Fermi Gas Model 425 


P,+P/—P?>0 
and 
Byer Pe she ge Pv PPP ?+ Pe (3-16) 

The numerical calculations have been performed for the cases of 18 Mev and 31 Mev 
protons. These results are shown in Fig. 3-6, both for the energy independent and inverse 
energy cross sections, (2-2). 

It should be noticed that the results calculated with the above method fails to give 
the cnergy spectrum obscrved in the experiments for the reason that the effects of transmis- 
sion and attenuation are not taken into account in the above calculation. These effects 
shall be treated actually in the next section. 

Next we shall examine the mcan energy transfer of an incident particle, as is necessary 
for investigating the effcct of the multiple collision on the actual nuclear reactions. Denot- 


ing the mean value of the final energy E, of scattered particles by (E,), the mean energy 
transfer (E,) is given by 


65 ne (3-17) 
(E,) can be obtained by averaging E, over the possible directions of the final relative 


momentum P’ and then over the initial momentum P, of the target nucleon : 


aie oD 1 1 peeniCdCP) 
Ee See pee | Pp? opaeraP,, 3-18 
(Ey) CE) 5, (an /3)P,! | i peek ) 


7 


where o, is the effective total cross section calculated in § 2, which normalizes the probability 
density. The calculation is quite analogous to that of the effective total cross section and 
leads to the following results. 

(1) Energy independent cross section : 


b 
: | +e — 208) (1+ )xtde By, 


a 


1 


ae 


o 
(E,) = = 
t 
where o, is the total cross section of free nucleon-nucleon scattering and a, b and @ are 
in (2-12) 
In the case of E,=2E, (1), the above equation gives 


s A ere 
oe = 5 (3-19) 
Eas rs 
Bills} 
while, for E,<2E, (II), it leads to 
E 
(E,) = 5 
37 aN 
2 2— 1) 3? a 2a°—1)*8— pon] : (2a? —1)"”— 27 | eat 
ae 1) =i oa a ) 4 Ee 35 35 ( s) 
x 2 


i E, 2 x 52( Er 
1——__- + —(2a*—1) a) 
5) Ee 5) ( E, 

(3-20) 
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(2) Inverse energy law: 


1 A 
EYy= . Eee (3°21) 
( 1) 8 I 1 
where I is the integral which already appeared in (2-11) and J is defined by 
J=| a+2—22") V2(1+) es (3-22) 
a 


§4, Application of the model to the inelastic scattering of 18 Mev 
protons by “Fe 
—The knock-out process— 


In this section we shall make a crude estimate of the contribution due to the knock- 
out process in the inelastic scattering of protons by Fe. For simplicity, we shall proceed 
our discussion along the line of a semi-classical approximation, allowing us for the con- 
sistency of the model adopted throughout the calculation. In principle, our calculation 
developed here is the same as Monté Carlo calculation except for taking into account the 
effects of diffraction and reflection of nucleons over the nuclear surface. In fact, it is casy 
to see that these effects play important roles particularly in the scattering in the backward 
direction. 

In order to illustrate the main features of the calculations, let us take an example of 
incident neutrons. Following the semi-classical picture, a neutron or a proton is assumed 
to have a definite trajectory. Outside the nucleus a neutron travels along a straight line 
and the flux density through a plane perpendicular to the beam is constant over the whole 
plane. A beam of neutrons, which strike the nuclear surface at an incident angle, a,, 
suffers reflexion and refraction on entering the nuclear medium, because of the difference 
in the potentials between the outside and the inside of the nucleus. The transmission 
coefhcient T{")(a@;) of the incident neutrons at the nuclear boundary will be calculated in 


the appendix. It is conveniently expressed in terms of the index of refraction of the 
nuclear medium. 


n=Ring/Routs (4- 1) 
and the incident angle a,, where &j,; and kj; are the wave numbers of the incident neutron 


insie and outside the nucleus respectively, the suffix i referring to the initial state. The 
angle of refraction is determined by the well-known Snellius’ law 


kout Sina =k, sin 8 
or 


sinf=n sina. (4-2) 


The transmitted particle, afier running over a distance L,, the order of mean free path 
4, in the nuclear medium, collides with a nucleon in the nucleus. 


The mean free paph 
4 appropriate to the incident energy and the cross section for this elementary collision 


have been calculated in the Previous section. After the collision it will propagate with the 


wave number &;,,, until it reaches the nuclear boundary again. In the course of the 
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propagation the beam intensity is diminished by a factor exp(—L,//;), where 2, is the 
mean free path appropriate to the final energy (#°kj,,,/2) and L, is the distance over which 
the particle has to run before it reaches the nuclear surface. At the boundary it again 
suffers reflexion and refraction for the same reason as in the case of its entrance into the 
nuclear matter. These effects are of great importance in the actual reaction. In the extreme 
case, for instance, in which it reaches 
the nuclear surface with the incident 
angel 7, larger than the critical angle 


Yy» defined by the equation 
sin 7 7)>=Roaty/Ring ? (4-3) 


using kus, ie, the final momentum 


———— 
Incident Neutron 
Beam 


of the nucleon outside the nucleus, 
it can never escape from the nucleus, 
even if it is energetically possible 
on account of the perfect reflexion 
at the surface. Thus the beam 
intensity is further diminished by 


Fig. 7. Schematic representation for the direct process. Both aE T! Cone i.e., the transmis- 


of incident and scattered particles suffer the diffraction and 


the reflection at the nuclear surface. L, and Ly skould be sion coefficient at the nuclear bound: 


read as L; and Ly in correspondence to the text. ary, defined in the same way as 


T‘(a;). The situation mentioned above is actually shown in Fig. 7. Summarizing the 


above considerations, we see that the cross section for this process to occur is given by 
O"o,(n3n fe) i ; Ih; IL, 
socal 5, A en | eas, (ees) T 2 (ees) exp(—+) 
i a 


ALOE a2 
Oo, 

=—— exp( — L 

Owd€E;,, 
where 2 denotes the solid angle into which the perticle is scattered in the final state and 
€ is its energy outside the nucleus. w is the solid angle into which the incident nucleon 
is scattered through a single collision and &, its energy inside the nucleus. P,(a,) is the 
probability that an incident particle collides with an angle a; on the nuclear surface. The 
differential cross section (0°c,/dwOE,,) and the mean free paths 4, and 4, have been 


Ly 


) ly) (474) 
Ay 


calculated in the preceding sections. 
The case of proton incidence can be treated in the same way except for the fact that 


the path of a proton is distorted from the straight line and the corresponding wave number 
is not a constant in the outside region of the nucleus, because of the Coulomb potential. 
Accordingly, Snellius’ law is modified as 

Ron (a) sing =k,,, sin f (4-5) 


where k,,(a) is the wave number of the proton at the nuclear boundary and 7 the incident 


angle. We shall show, in the appendix, that in our crude approximation, that k,,(a) in 


(4-5) can be replaced by the wave number &,,,. of a proton at an infinite distance away 
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from the nucleus and 7 by 7, which measures the angle between k,,,.. and the normal of 
the nuclear surface at the incident point of the proton. Namely, we have approximately, 


| Sere sin Qo =Rour (a) sin7 (4 js 6) 
which leads to the modified Snellius’ law of 
Ravites sin 7). =hy sin 2 : (4 ‘7) 


From this equation it can be seen that the path of a proton in the nucleus is the 
same as that of a neutron with the wave number &,,,,.. and the incident angle 7,,. Since 
No. and k,.4.. are known, the calculation can be proceeded in the same way as in the case 
of the neutron incidence. The transmission coefficient for protons is given in the appendix. 

The method mentioned above is applied to work out the inelastic scattering of 18 
Mev protons by “Fe. In our calculation it is assumed, for the sake of simplicity, that 
collisions always take place when the incident proton has run over a mean free path after 
entering into the nucleus. Beside this assumption, we have traced a number of proton 
paths, as they are restricted to a two dimensional plane for computational convenience, just 
as in the Monté Carlo method. Integrating these together with the weighting factor of 
(4-4) on cach, we obtain finally the effective cross section and the energy spectrum of 
protons due to the direct process. In this connection, a special attention should be paid 
to the fact that if the target nucleon is a proton and gets an encrgy high enough to escape 
the nucleus after the collision, such a proton is also observed in experiments. In order to 
take this into account, the proton-proton scattering cross section appearing in the o, is 
multiplied by a factor of 2, as in the usual case of the proton-proton cross section. The 
calculated result is shown in Fig. 8-9. The energy spectra obtained by integrating over 
solid angle are shown in Fig. 105 


The total cross sections of the direct processes o,(p; p) and O.(p3m) are estimated 


Ooa(p 3; p)/0E020 in (mb/Mev sterad) 


5 10 15 


Proton Energy in Mev 


Fig. 8. Energy spectra of protons due to the direct process when 18 Mev protons bombard 
a ir pae : 
Fe nuclei. Figures attached to respective curves indicate scattered angles, 
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oa(p;n)/0E02 in (mb/Mev sterad) 


a) 


tf) 


5 10 
Neutron Energy in Mev 


Fig. 9. Energy spectra of neutrons scattered from “Fe when bombarded by 18 Mev 
incident protons. Figures attached to respective curves indicate scattered angles. 


as 12 mb and 17 mb respectively, which 
are found to become much smaller than “Fe(p,n) and “Fe(p, p’) 
the cross section of the evaporation 
process as calculated later. 

The effect of multiple reflexion 
at the nuclear boundary before a collision 
is of little importance, because the mean 
free path of incident protons in the 
energy range concerned is of the order 
of 3X107" cm, which is smaller than 
the nuclear radius. 

The effect of multiple collision in 
the nucleus can also be neglected, for 


Ooa(p 3 n)/0E and Ac4(p; p’)/de in (mb/Mev) 


3 10 15 
Energy in Mev 


the mean energy transfer per collision j 
Fig. 10. Energy spectra (integrated over angle) of nu- 


snd 20 roximately 17 Mev according Wo cleons scattered from ®*Fe when bombarded by 18 Mev 
(3-19), so that after two successive protons. Curves give also the distribution of excitation 
collisions the nucleon loses too large an energies in residual nuclei after the direct process. 


energy to escape the nucleus. ‘ 


In connection with the problem of nuclear temperature the proton yield at 150° has 
been examined, since the available experimental data are concerned with backward scattering, 
and the differential cross section has been shown to become of the order of 107° mb/ 
(sterad Mev) for 6 Mev outgoing protons. Protons with higher energies can not be 
scattered into such a backward direction because of the energy-momentum conservation. The 


small yield fails to affect appreciably the energy spectrum, so that the behavior of the 


nuclear temperature may not be altered. 
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§5. The spectra of nucleons emitted through the evaporation 
and discussions on the nuclear temperature 


The purpose in this section is to calculate the energy spectra of nucleons from Fe 
bombarded by 18 Mev protons on the basis of the evaporation theory. Our method of 


'8.19) which are cited as I 


treatment is essentially the same as that in the previous works, 
and II in the following. We shall, therefore, present only briefly the procedure of our 
calculations. 

According to the compound nucleus formalism, the cross sections for various competing 
processes are given in terms of the nuclear level density. We shall here employ the follow- 
ing semi-empirical formula of the level density of a nucleus, which is based on the Fermi 
gas model. 

w(E) =cexp2VaE (5-1) 
with 
1 i 


Ceven-evin — — Ceven-vdd — —— Codd-odd » 


where, unfortunately, two parameters of a and c have not been well established in magni- 
tude due to the rather scanty experimental data. A number of values of a obtained by 
several authors”’~"" are at variance with each other, since the determination of a involves 
many difficulties. As the cross sections for different emission processes are sensitively 
dependent upon the magnitude of a, in addition to the above situation, we have investigated 
the yield of nucleons for two cases of a values, i.e., those adopted by Blatt and Weisskopf ™ 
and by Gugelot,’” each of which is derived from two different experimental evidences. The 
interpolation of Blatt and Weisskopf’s a values gives us, for the nucleus concerned here, 

are, U2 Mew": (i) 
whereas Gugelot obtained 

a=4.75 Mev™ (ii) 
by observing the neutron spectrum from iron excited by 16 Mev protons. 

Since we have to do with the detailed distribution of excitation energies in each inter- 
mediate residual nucleus, it is convenient to introduce the branching probability P(E), 
as in II, which means the probability of emitting particle j from the intermediate residual 
nucleus left after the evaporation of particle 7. If a compound nucleus can evaporate two 
particles in succession, the probability for emission of i and then j is 


eh 2d tec» (5-2) 


Ayam 
where J;; is defined in II. Thus, the cross section o, (1; i, j) of the (/; i,j) reaction is 
written as 


ool; i, f) =o." (E,) (Jis/S Jam) - (3 °3} 


km 
(2) . . . 
a,’ (E,) is the cross section for the formation of a compound nucleus due to the particle 


! with incident energy E, Since dP is equal to unity, the sum of Jiy over j is re- 


written as 
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y=, (5-4) 


where F, is, as defined in I, a quantity proportional to the parlial width for disintegration 
with emission of i. The formula (5-4) 1s useful in the practical calculations. 
The energy spectrum of particle 1 emitted through the evaporation process i.e., 0°o, 
(1; i) /0€,2, is given by the following formula, 
do, (I st) Oc (E,) 2M, €,0% (&,)e9 (E,,—5—&) 


0&,A2 an b SF. (E.—5,) ; a 
& 


where M, is the mass of i, and w\) the level density of the residual nucleus left after the 
evaporation of 1. 

When the first particle i is emitted with a small kinetic energy, the intermediate 
residual nucleus is often so highly excited that it can evaporate further a second particle 
to be left in the ground state or in the lower states. To obtain the experimentally observed 
energy spectrum, we must take into account all particles emitted from such excited nuclei. 
The energy spectrum of particle j emitted from the intermediate residual nucleus left after 


the evaporation of i will be given by 


Eex—S;—Sig— 
Oats 1, D ——o} (E,) 1 ‘2M, -dé,-E,0 (&) 
0,02 4x Se, | b of essere 
& 10) 
Xv? (E.,—S;—&) 2M, Eso5? (Ej) me Ee sso =D : 
i Dh Ea oa gen) 


in which E,, is the excitation energy of the compound nucleus, equal to E,+S,. 
In a similar way as above, we can obtain the energy spectrum of particles evaporated 
from the excited residual nucleus left after a particle 1 is directly knocked out, as follows : 


—S; = Siz— 
Oats bjt s 2M, | 5e.(h; i) 
OE, OL 470 i=p,n Bb 0&; 
0) 
x Eide (83) a7 Eas Pia Sea) gen (537) 


ea fie Gis: —S; —Sin —&,) 


Since our calculation will be concerned with the case of “Fe nuclei (the most abundant 
isotope of iron) bombarded by 18 Mev protons the compound nucleus will become 'Co 
with its excitation energy equal to 18 Mev+S,. In order to carry out the numerical 
calculations we have to know the separation energies and the cross section for the formation 
of the compound nucleus. The emission probability of a, d and ¢ etc. may be taken to 
be negligible in magnitude, so that the emission of p, n and 7 should be taken into con- 
sideration. For these cases we can employ the same cross sections as those shown in II, 
which have been calculated by the Feshbach-Weisskopf’s formula for neutrons, while, for 
protons, have been interporated on the table given by Blatt-Weisskopf.” The required 


separation energies are estimated by the aid of experimental resources. In fact, the threshold 
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Calculated cross sections are shown in Table 1 


Table 1. Cross Sections for 
Competing Processes 
Reaction (Cross Section in mb) 
OD) ea —alegd (ii) a=4.75 
j28 tay Fp 630 510 
Pees a <10-6 <10-§ 
Parise 3.8 4.2 
P3 pr 140 240 
P35 p,n 38 60 
P35 pp tS 10=8 7.81073 
P3 Na, 7 17 17 
ying, ti <lOns <A107% 
> Na, p 0.28 0.051 
Ps Par 12 12 
Ps Pay n O15 0.057 
P3 Pa P 2.1x10-4 25 <10—6 
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Energy spectra of ne 
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of “Fe (p;n) reactions, —decay data, and 
the threshold of *Fe (7; ) reaction give us 
the following values for separation energies 
concerned : 

5,=11.5 Mev, S,,=6.0 Mev, S,,=?, 
5,=6.0 Mev, S,,,=10.8 Mev, S,=11.2 Mev. 


pp 
Since the value of S,,, can not be obtained 
from the experimental data, we are obliged to 
use the semi-empirical mass formula, which 
gives us 12 Mev for J,,,. 

In the above table the suffix d stands for 
The (p; 
2n) reaction is found to occur with negligible 
probability, because the separation energy of 
the first proton is much smaller than that of 


The difference between 


the particle directly knocked out. 


the first neutron. 


10 


Neutron Energy in Mey 


Curves correspond to two different as, 


utrons evaporated from the compound nucleus 57Co, 
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these separation energies is closely related to the magnitude of the proton emission probability. 
If both are of the same magnitude, as is the case in most nuclei, the emission of a neutron 
is much more probable than that of a proton. Then the cross section for (p; p) reactions 
fails to swell its magnitude to the one observed in most cases. Energy spectra for neutrons 
and protons in the respective processes are given in Fig.°11=18. 

The energy spectra of particles summed over all evaporation processes are given in 


Fig. 19. These include the contributions from excited nuclei left after the direct interac- 


oe (p; p’, n)/0E02 in (mb/Mev sterad) 
Paap; p’, n)/Js02 in (mb/Mey sterad) 


l 2 3 
: a : . Neutron Energy in Mev 
Neutron Energy in Mev x 
Fig. 12. Energy spectra of neutrons evaporated Fig. 13. Energy spectra of neutrons evapo- 


from intermediate residual nuclei Fe left after rated from excited nuclei °®Fe left after the 


the first proton evaporation. Curves correspond emission of protons directly knocked out. 


to two different a’s. Curves correspond to two different a’s. 


; 37Co — Fe + p 


a=4.75 Mev~! 


@oo(p sp’) 0602 in (mb/Mev sterad) 


5 10 15 
Proton Energy in Mev 
Fig. 14. Energy spectra of protons evaporated from the compound nucleus 5’Co. Curves 


correspond to two different a’s. 
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%Co - ke + p 
a=4.75 Mev-! 
Proton Lrergy 3 S 
oS 
Proton Energy in Mev 
Fig. 15. Energy spectra of protons evaporated from Fig. 16. Energy spectra of protons evaporated from 
intermediate residual nuclei ®*Co left after the first excited nuclei Co left after the emission of neutrcrs 
neutron evaporation. Curves correspond to two directly knocked out. Curves correspond to two 
diferent a’s different a’s. 


nO 
6 
B) 
4 
3 
7} 
: 
ep) . 
1 2 3 4 5 ° 
Proton Energy in Mev Proton Energy in: Mev 
Fig. 18. Energy spectra of protons evaporated 
Fig. 17. Energy spectra of protons evaporated from inter- from excited nuclei 5%Fe left after the emission 
mediate residual nuclei Fe left after the first proton of protons directly knocked out. Curves 
evaporation. Curves correspond to two different a’s. correspond to two different a’s. 


tions, but do not contain those of particles directly knocked out. 

The shapes of spectra obtained above are shifted from the Maxwellian type in the 
low energy portion, because the second nucleons in ( ps, p) and (p; p, n) reactions give 
significant contributions to the total yields. This improves considerably the agreement with 
the experiment at low energies, as can be seen in Fig. 19. The choice of the parameter 
a (ii) gives a better agreement with the experimental spectrum than that of (i). 


To obtain the energy spectra corresponding to the observed one, the spectra due to 


the direct interaction should be added to those obtained above. As this contribution is too 


small, the existing discrepancy between the theoretical and the experimental results in the 
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a=4.75 Mev™' 


Neutron 


=—=——- Proton 


Energy Spectrum in (mb/Mev sterad) 


Neutron or Proton Energy in Mev 


Fig. 19. Energy spectra of nucleons due to the evaporation process. Solid curve and dashed curve 
indicate the spectra of neutrons and protons respectively. Curves correspond to two different a’s. These 
curves correspond to the experimental ones if being added to the contribution due to the direct process. 
For the comparison here are shown spectra of particles emitted at the direction of 9=60°. 


high energy portion can hardly be improved. 

Now, the behaviour of the nuclear temperature, which depends upon the detailed 
property of the spectrum, shall be discussed in detail. The apparent nuclear temperature 
can be derived usually by neglecting the knock-out process and taking the whole energy 
spectrum as that due to the evaporation from the compound nucleus. The question is to 
examine whether the strange tendency of the nuclear temperature pointed out by Cohen’ 
comes from the disregard of the direct process or not. For this purpose we have calculated 


the apparent nuclear temperature on the basis of the spectrum obtained in Fig. 19 and 


Fig. 8. Our calculation is based upcn the spectrum at 6=60°, while the analysis by 


Cohen has been performed in the backward direction (9=150°). In the backward direc- 


tion the yield due to the direct process is not so large that it may not alter the energy 


dependence of the nuclear temperature. The apparent temperature at @=60° is shown in 


Fig. 20. 
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a=4.75 Mev-! 


Experiment 
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Lang & LeCouteur 


Nuclear Temperature in Mey 


a=4.75 Mev~! 


5 10 
Excitation Energy in Mev 


Fig. 20. Nuclear temperature (at 9=60°) derived from the spectra obtained in Fig. 19 taking into 
account the direct process. Curves correspond to two different a’s. Dashed curve indicates the tempera- 
ture corrected from the experimental spectrum by the formula given by Lang and Le Couteur.!4) 


Dotted curves are those derived from the spectra due to the evaporation only. 


The calculated temperature approaches zero near the zero excitation energy, as it should 
be expected. Since the absolute value of the nuclear temperature in the Fermi gas model 
directly depends upon the magnitude of parameter a, the known behaviour of the tempera- 
ture suggests us that a thorough analysis is required to determine the value of a from the 
experimental energy spectrum. Indeed, Tomasini™” has attemped to explain the energy 
spectrum of neutrons by taking account of two steps of evaporation, in which two different 
temperatures are ascribed to respective steps and the second step is interpreted to be due 
possibly to the nuclear excitation left after the first neutron emission. Although this is 
not entirely the case in our example because of the large separation energy for neutrons, 
the protons evaporated from the intermediate residual nucleus after the direct neutron 
emission change the aspect of the proton spectrum observed in the low energy portion. 
From these facts it seems possible that the secondary nucleons emitted from excited nuclei 
left after the first nucleon evaporation or the direct nucleon emission may give an influence 
on the shape of the energy spectrum observed in the experiment. This effect can only 
take place in the low encrgy part of the spectrum, because the kinetic energies of secondary 
particles are smaller than those of the nucleons emitted from the compound nucleus. Then 
the nuclear temperature determined from such a range of the experimental spectrum may 
be lower than the actual one. Such diminishing of the temperature affected by the 
secondary nucleons occurs at an energy range corresponding to high excitation energies of 
the residual nucleus, as seen from the calculated temperature in Fig. 20. 

On the other hand, Beard” has assumed an energy dependence of a and derived the 
apparent temperature that has a minimum at an_ excitation energy around 12 Mev. A 
similar behaviour of the apparent temperature can be obrained here without making such 


a special assumption, if a is chosen as (ii). Moreover, the choice (ii) of a gives rise to 
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a peak at 3 Mev due chiefly to the direct knock-out protons. This contribution alters the 
energy dependence of the apparent temperature, so as to decrease with increasing excitation 
energy. This might be thought to clarify the strange energy dependence pointed out by 
Cohen.’ However, this success holds only for such protons that are scattered at 60°, but 
not at 150°. Nevertheless, one may suspect a possibility that some other processes could 
make a contribution to the backward scattering. 


§6. Interpretation of the inelastic scattering of 
31 Mev protons by Sn 


The method of treatment in § 4 is so tedious that it can not always be applied to 
the analysis of other experimental data without much labour. In this section, therefore, 
we shall treat the inelastic scattering of high energy nucleons by the use of a rather simple 
model. We may disregard the effect of the diffraction on the nuclear surface if the energies 
of both incident and scattered particles are high enough. 

In the above case of high energy scattering, the main feature of the process is shown 
schematically in Fig. 23, in which z-axis is along the direction of the incident beam and 
r—axis perpendicular to it. L, and L, are the lengths of paths within the nucleus before 
and after the collision respectively. The observed differential cross section at a direction of 
2(0, ~) is given by 


oo | °C ppr Ik ( ib 2) - 
== Ae SSS = i Tevie d: di di ) 6-1 
360.2 SR a re Opa ee elk SN 


where op , is the cross section for the proton-nucleon scattering in nuclear matter, and A; 
and /, are the mean free paths for the incident and the final nucleons respectixely, T; and 
T, being the corresponding transmission coefficients. If the nucleon density y(r) is assumed 


to be constant in the nucleus, (6-1) is reduced to 


oat . 3 i Cpr DT, —/r) 7 4 
9602 2° \ aE02 A\T fe mes ee ee 
where R is the nuclear radius and A the mass number. 

Further we assume T’s are not dependent upon the angle of incidence on the nuclear 
surface but only upon the energy of particles concerned and, in the actual calculation, we 
take the average values for T’s with the use of those given by Blatt-Weisskopf.”” 

Most of the scattered particles observed are considered to take the shortest path to 
emerge from the nucleus after the collision. Hence the integration with respect to ¢ will 
be performed by approximating the exponential by a Gaussian form. Since the integrals 
over r and z can not be done analytically, we are obliged to employ the Simpson’s formula 


for the integration. With these approximations we have 


a lag gL a 0°o nr seed alee (Ed 


0602 2 
mis we eReaecie 
x Rahs jee re a eed 2A5 a 4e de 2ar |. (6-3) 
‘ 2 0, 2 0, 0, 
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where (’s are complicated functions 
dependent only on angle 4. The 
values of 6’s are given in Fig. 21. 
(Ad’o pp, /0EO2) for Sn can be 
calculated in a similar way to that 
for Fe, and the mecn free path is 
given in Fig. 1. 

The calculated cross sections 
are shown in Fig. 22. In spite of 
our rough approximation, the agree- 
ment with the experiment is fair, 
except for the failure to explain the 
proton yield in the backward direc- 


tion. These particles emitted into 


Sn(p; p’) 


Oog(p; p’)/0E02 in (mb/Mev sterad) 


Fig. 22. Energy spectra of protons inelastically scattered by Sn. The energy 
of incident protons is 31 Mey, 
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Fig. 21. Numerical values of function 6’s ys. angle 0 
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Figures attached to respective curves indicate 
scattered angles. Plotted experimental values are: 
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the backward direction may be due 
to the evaporation from the com- 
pound nucleus. This consideration 
is, however, rather doubtful since 
the proton emission is less probable 
than the neutron emission especially 


in heavy nuclei.*”*? 


The authors wish to express ~“—> 
their hearty thanks to Prof. T. Muto Senay pea 
for his valuable comments on this 
work and for the careful reading of 
the manuscript before publication. 

Appendix Fig. 23. Schematic Te 2 of the inelastic scattering 
of high energy nucleons. 

Since our calculations developped 
in the text are essentially semi-classical, we adopt a semi-classical method of approximation 
also for the calculation of the transmission coefficients. 

Let us consider first the case of neutron incidence. The component of momentum 
of the incident neutron along the direction of the normal to the nuclear surface at the 
incident point is given by 

PD. oP a cost (A-1) 


where a is the incident angle. By the classical analogy, we may infer that the usual 
transmission coefficient for the S-wave can be taken over in our case with the modification 


that the momenta inside and outside the nucleus are replaced by their normal components : 


4P in Pi 
Elke — outn* ipnm A =) 
() (Pyud Phin)" ‘ 


where the suffix n signifies the normal components and Pin, is defined by 
Pin = Pin cos, (A:3) 


8 being the angle of refraction. Now, in deriving (A-2) we have replaced approximately 
the spherical nuclear surface in the vicinity of the incident point by its tangent plane, 
which is assumed to specify a boundary of two media with different indeces of refraxion 
due to the nuclear potential. Further, the incident neutron beam can be supposed to be 
described by a plane wave with wave number vector Kj,=P..,/b. Solving the Schvodinges 
equation with the boundary condition that there should be only a transmitted wave within 
the nuclear side, we can easily get the transmission coefficient as described in (A-2). Thus 
one can see that (A-2) is the semi-classical generalization of the transmission coefficient. 
In the same way as above we can calculate the transmission coefficient for incident 
protons. We substitute, in the expression for the S—wave transmission coeflicient, the normal 
component of the wave number vectors in place of the wave number itself. As we are 


dealing with a semi-classical model, the calculation of the transmission coefficient by means 
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of W.K.B. approximation will be regarded reasonably to give a sufficient approximation in 


view of the consistency of the calculations. Then, we obtain 


y 4kota(R) Rinne (A -3) 
Te (@) ~ “E(dkoutn (P) /dr) /2Ryuin (r) ae ie Chants (R) 33 Rin) : 
4 a 


for Re tna = > 


4Kontn(R) Riva Ga 


= (A-4) 
a i 1 2 
ae n R a a Cha n(R) Ge + inn) 
( : ( ) Routn(R) R 
for kee g >? 
where a=2MZe’/b’, Z being the atomic number of the target nucleus. 
Recee CR) = = Te =) (a/R) > (A r 5) 
Renta Gas) = V (a/R) —Roitnco > (A . 6) 
b 
G=exp [2 fen (2) de] , (A-7) 
R 
where 6 is the classical turning point defined by the equation 
| Lae a o (A ; 8) 


and R the nuclear radius. 

T,p(@) given above can be derived by a method which is essentially similar to that 
employed in the case of neutron transmission. Namely, the nuclear boundary is replaced 
by its tangent plane E, at the incident point of the proton and consequently the actual 
Coulomb potential by the one which varies like 1/z outside the nucleus, z being the 
distance from the plane passing through the centre of the nucleus and parallel to E>. 
Furthermore the spherical well of nuclear potential is substituted by a constant potential 
which is bounded by the plane E, and of depth equal to that of the spherical potential. 
Solving the Schrédinger’s equation with a proper boundary condition by means of the W. 
K.K. approximation, we can easily derive the above transmission coefficient. In spite of 
our semi-classical procedure, the transmission coefficients given above have been found to 
contain the wave mechanical features, although the particle with the impact parameter 
greater than the nuclear radius will give no contribution to the transmitted wave. This is 
the necessary consequence of a semi-classical model. 

On the other hand the magnitude of T,, in our case is larger than the exact wave 
mechanical transmission coefficients for a proton with the same angular momentum. It seems 
to be that many partial waves with small transmission coefficients contribute to the transmitted 
wave by about the same amount as such partial waves allowed by classical argument. 


Equation (A-3) may also be regarded as a semi-classical refinement of the results obtained 
qy Kind and Perganini.'” 


Nuclear Reactions at Moaerate Energies and Fermi Gas Model 441 


Finally, we shall briefly discuss the path of a proton beam in the Coulomb field. In 
our crude approximation described above the component of a proton momentum parallel to 
the tangent plane E, does not change on approaching the nuclear surface. Writing the 
wave number vector of the proton at an infinite distance from the nucleus byp. Aes 
see that the following equation holds 


Rontoot =Ronte CK); (A-9) 
where the suffix ¢ signifies the component parallel to Ey. Let the angle between the vector 


K,,,,.. and the normal of E, be 7, and the incident angle be 7. Then, from the above 
equation, we have 


we 


Routes St Yea = Roy (R) sing . (A-10) 
On the other hand the matching of wave functions in both regions at the nuclear 
boundary requires, as in the case of the incident neutron, the Snellius’ law of refraction 


Rout CR) sing =k;,, sinP (A-11) 
to hold. On account of (A-10) and (A-+11) follows 
Rites sin Qo = de sin 2 c (A : 12) 


This is the relation which we have used in (4-7) in the text. 
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An attempt is made to give the foundation of the unified nuclear model which describes the 
nucleus as a system having a shell structure and capable of performing the oscillations in shape. 
A. Boht’s model is analyzed making use of the results obtained. Throughout the paper emphasis is 
laid on making clear the physical image, and the more general mathematical procedure and the 
discussion concerning the nuclear potential will be given in the forthcoming paper. 


§ 1. Introduction 


A quantum mechanical many-particle system in which the particles are held together 
by their mutual interactions must be generally expected to possess modes of motion 
involving the particles collectively, that is, the oscillations of its shape and size and of its 
density distribution. The appearance of this feature will become more appreciable, according 
as the number of its constituents increases. 

In the nuclear case, the importance of taking into account such collective aspects is 
clearly evidenced in a number of empirical data. This collective behavior of the nucleus 
has been idealized in the liquid drop model and the nuclear substance has been compared 
with a nearly incompressible and irrotational filuid’””’. 

While this collective feature demonstrates that nucleons must undergo collective modes 
of motion, strong evidences have been recently accumulated”) from nuclear spins and 
magnetic moments and from the shell structure in nuclear binding energy, that the nucleons 
also behave as if they occupy the states of binding characteristic of independent particle 
motion in the average nuclear potential. Thus we are forced to conclude that two such 
apparently dissimilar views as the liquid drop model and the independent particle picture 
are incomplete parts of a larger unity. Attempts’*) have been made to correlate these two 
pictures in a unified way. The fundamental idea in this unified nuclear model is to 
describe the nucleus as a system having shell structure and capable of performing oscillations 
in shape and size. 

On the basis of such a description of the nucleus, A. Bohr and his collaborators” 
analyzed the available empirical evidences and gave a reasonable interpretation of nuclear 
properties. According to their model, the nuclear motion is treated as the dynamics of a 


coupled system of individual particle motion and collective oscillations. Therefore, the 


* The author is indebted to the Yukawa-Yomiuri Fellowship for the financial aid. 
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states of this system are described in terms of individual particle-coordinates and collective- 
coordinates, that is, the collective coordinates which describe the nuclear collective properties 
are recognized as independent dynamical variables as well as individual particle coordinates. 
However, these collective coordinates characterizing the spatial distribution of the nucleon 
density should be, strictly speaking, symmetric functions of the individual nucleon coordinates 
and we can not expect the total number of degrees of freedom to become larger than the 
number of particle coordinates originally given. They did not discuss in their article” this 
situation in details. 

In the present paper, we shall show quantum-mechanically how A. Bohr’s fromulation 
of the unified nuclear model is derived from the equation of motion describing the motion 
of many particle system. Throughout the paper the following image will be emphasized ; 
in the many-nucleon system forming a nucleus, each nucleon becomes to possess a character 
of a part of the collective flow in addition to that of the individual particle responsible 
for the nuclear shell structure. In accordance with the liquid drop model, this collective 
flow will be assumed to have a small compressibility and in § 2 the motion of the system 
in the collective view-point will be treated as that corresponding to the small surface 
oscillations of an irrotational and incompressible liquid drop. To make clear the physical 
image, an intuitive and semi-empirical method of transforming the original many-particle 
Hamiltonian into that of the coupled system of the individual particle motion and the 
collective oscillations will be adopted in § 3*. As mentioned above, the parameters describing 
the collective flow should be connected with the individual particle coordinaties. This 
connection will be treated in our formulation as a kind of subsidiary condition to the 
equation of motion for the coupled system of individual particle motion and collective 
oscillations ($4). The comparison with A. Bohr’s treatment will be made and the 
treatment of this coupled system in a simplified case where the adiabatic approximation is 
valid will be discussed in § 4 and §5 provided that the above subsidiary condition is already 


satisfied in a good approximation. 


§2. Collective coordinates 


In order to separate the collective motion and the individual particle motion responsible 
for the nuclear shell structure from the motion of the many nucleon system forming a 


nucleus, it is necessary first to introduce the collective coordinates which describe the 


variations of this system as a whole. 
In such a system as a nucleus in which the mutual interaction forces between the 


particles are so strong that the whole system is confined in a very small region with a 
relatively sharp boundary, the collective degrees of freedom which have the lowest energies 
are associated with the deformations in shape with approximate preservation of volume. 


i e i ollective 
Therefore, we regard such a motion of the present many nucleon system in the collec 


* When the formulation of the quantized hydrodynamics proposed by Landau! and Thellung' is 
used, this procedure can be more generally performed by means of a canonical transformation, This treatment 


will be given in the forthcoming paper), 


444 T. Marumori, J. Yukawa and R. Tanaka 


view-point as corresponding to the small $urface oscillations of an irrotational and incom- 
pressible liquid drop. 

In accordance with this picture, we employ an elementary hydrodynamics”. The 
motion of the liquid drop is described by a velocity vector ,., in a volume element dx. 


Since the flow is irrotational and incompressible : 


rot Deo — 0 div Deolt — 0, 
ends (2-1) 
AD=0 (2-2) 


are derived, where is a velocity potential. Assuming the system to have a sharp surface, 
the normal coordinates of its oscillations would be the expansion parameters @,, of the 


nuclear surface defined by 
R(O, ¢) =R(1+>% BimY im (8, ¢)), (2:3) 


where R, is the equilibrium radius, and Y,,,(4, ¢) the normalized spherical harmonic of 
order /, m. These @,,, are just the collective coordinates which we are seeking for, and can 
be expressed as the symmetric functions of the individual nucleon coordinates (,, G5, Pp) in 


the following form : 
A 
im = (42/3 A) S1(t9/Ro) "Yin Om Pp)- (2-4) 


This expression is that derived by A. Bohr and his collaborator”. Note that, in the 
solution regular at the origin, satisfying eq. (2-2) : 


O=S3 Pint Yin(O, $5 (2-5) 
the coefficients (3,,, are connected with the collective coordinates a@,,, by the relation 
dn, dt=1* Bi = Ro 
which is derived from the boundary condition 
OR/dt= (0P/dr),-r- 


If the surface oscillations are small, #,,, are, therefore, related to canonical conjugate 
quantities 7,,, of a,,, by 


Tig =D * Rae se 


lm 
B,=I["'- (3/42) AMR; Gas) 
where M is the nucleon mass. 

Thus we have found the collective coordinates a,,, appropriate to represent the 
deformations of the system as a whole on the basis of the picture of the incompressible 
and irrotational liquid drop. However, not all of Q,, are suitable for the collective 
coordinates in our problem, that is, a member of [=o is forbidden physically owing to 
the incompressibility and a set of [=1 are removed from the requirement that the center 


of mass must remain at rest in the proper oscillations. Furthermore, our present consideration 
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is based on the idea of continuous nuclear surface, but such an idea can not be applied 
if we consider surface elements of linear dimensions comparable with, or smaller than, the 
average distance between the nucleons. The quantities @,,, therefore, lose their meaning 
if 1 becomes of the order of, or larger than, A4"”, 

From the above consideration, the permissible sets of @,,, are very limited. In the 


following, the collective coordinates are regarded as restricted in this way. 


§ 3. The transformation of the Hamiltonian and 
the individual pariicle coordinates 


The Schrédinger equation which the system under consideration obeys is represented, 
with respect to the particle ccordinates X,*, in the form : 


9D(X,) | ) ; 
EE atk ax?) 3 1) 
fA) A ia 7 
jd eee i ie he ag A Ly a 409 B (3*2) 
( Shoe p= 2M OX,? Se 


where H(X,, 0/0X,,) denotes the Hamiltonian of the system, in which the first term is 
the kinetic energy operator of particles and the second term the strongly attractive interaction 
potential between them, for the shape and type of which we assume nothing here. 

Now, we wish to represent, in an explicit form, the collective motion of the system 
implicity included in eq. (3-1) according to our basic picture mentioned in § 1. For this 
purpose, we must rewrite (3-1) and (3-2) to include explicitly the collective coordinates 


A 
Aim = ibe (X,,) = (47/3 A) >) CORA GAGE Pp) (3 5 3) 
p=1 
which are determined in the last section. Then eq. (3-1) will have the following form**. 


00 / a fe) ) aN 

ib ees: Fg Xp)) ia Gna ? ERE; OF in U(X, FX s) 4 (3 4) 

Now, in transforming the Hamiltonian (3-2) to the form H(Xs0 OX 7s FAD: 
0/AF,,,) including the collective coordinates explicitly, we note the fact that, when the 
momentum operator —ihd/OX, of the pth particle operates on Y(X,, Fim(X,)), it takes 


the form: 


0 . fe) ap yy Oe) 0 ; (3-5) 
OX. OX, l,m OX, OF 


first term on the right means the partial differentiation with respect to the 


here the 
ir explicitly involved in the wave function ¥(X,, F,,(X,)). To 


particle coordinates X,, 


* For simplicity, we assume that the center of mass of this system is taken as the origin of these 
> 


coordinates. 


#* If Fym(Xp) is written in terms of X,, explicitly, then ¥ (Xp, Fim(Xp)) = OX). 
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avoid the confusion of this operator with that of the left hand, we denote by x, the 
particle coordinates on which this differentiation directly operates, so that (3-5) becomes 


ee] seit, ; OF im(X%p) O y 
Sif ee me iB egg eee es (3-5/) 
Mo; sacar.) hee eT 


Consequently eq. (3-4) is written as 


Tn fee P (Xp Fim) (3-4’) 


) 
ib ee wil to F ie =H x, > =e 
e Ot ) ( af Ox, lm 


: : ine ho 
Since Fy, (x,) (=) are the collective coordinates, the second term on the right in (3-5’) : 


— 16 5 OF tp) 2 Moy ot (3-6) 
Em OR, OF gg 

may be interpreted as the part of the pth particle momentum contributing to the collective 
motion, and therefore the first term may be regarded as the part appropriate to the 
individual particle momentum*. Consequently we may expect that the coordinates x, correspond 
to the so called individual particle coordinates. We define, therefore, the coordinates ¥,, in 
the transformed Schrédinger equation (3-4’) to be the individual particle coordir.cics. 

With (3-5’) and (3-6), the transformed Hamiltonian is represenied in the form: 


gad ‘Qing wane! Hee Do AOS RE 9 
H (x, — 3; Fins = = ai cy yl) fg EY by 
( ‘ Ox, so p=| 2M Ox, r=i2 (2p, cout) 
fe) fe) 
+-H.cas Xp, ar a) 2 -)4V (ep Eng, (5) 8 (3-7) 


p 
Here Hen, is the coupling term between the individual particle motion and the collective 
motion, derived from both the first and second terms in eq. (3-5’), and is expressed as 
follows : 


* f fe) fe) a 
Hoross( %p» 5 ae 5 =) = >a (M/2) (%%, inaV p col! = Vp coutp,ini) (3 ‘ 8) 
where : 


Vp.ina= — (ib/M)9/Ax, . 


§ 4. Comparison with A. Bohr‘s treatment and 
the subsidiary condition 


a) Subsidiary condition 


It seems apparent that the Hamiltonian (3-7) possesses the form of a coupled system 
of the collective motion and the individual particle motion, and that there the same exprs- 


sion is found as given by A. Bohr phenomenologically. However, the essential difference 


* Strictly speaking, it is not verified from the above discussion that this term is the momentum 
operator of the individual particle, The validity of this specification is not established until the argument in 


§ 4, ¢). 
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lies in that, in his Hamiltonian, the collective coordinates are treated as perfectly independent 
of the individual particle coordinates, while, in eq. (3-4’) and (3-7), these are represented 
by the function F,,,(x,) of the individual particle coordinates and the independent variables 
are still the coordinates x, alone. 

Such different points can be reconciled in the following way: first we replace F,,,(x,) 
in eq. (3-4’) and (3-7) with @,,, which are independent of x,, and secondly introduce 
a kind of subsidiary condition giving the functional relation between x, and q@,,, which is 
imposed on the wave function "(x,, @;,,)*. For this purpose, in place of the functional 
variables F,,,(%,) we substitute the variables @,,,, which are independent of the coordinates 
ae imto eq... (3*4") . (37): 


ao) re) fe) 
b A. L “wp? m =H hes Sear ee ‘ y i ? 
1D Ot (x; a) ) (x, Ax, ? Ain 9a, Ce) (4 1) 
) fe) Se i gel 
H (py) 5 ing - —)=-—))}- me M c : 
Ox, ; ae = 2M 0x,” ve B (Pct) 
i) re) 
FA cerca ea oO ? ? ; 
+ Hed 39 55 3) +V En in (4-2) 
where 
Dp con — th so Fin (%,) 0 ‘ (4 : 3) 


7 ay 
Mim OX, Om 


Since the commutation relations 


re) 
[ Xp tases =0 ? [2., am =0 > 


Dp 


E ot| =0 ? Ee z | =0 
O Lin Ox, DX 


are satisfied, it is easily understood that the Hermitian property of the Hamiltonian (4-2) 


(4-4) 


is still guaranteed. 

From the requirement of the equivalence of eq. (4-1) with (4-2) to eq. (3-4’) 
with (3-7), the following equations should be expected to hold as subsidiary conditions 
for the wave function F(x,, Qn) : 


(in — Fim (Xp) ) Va (Cy; Bim) == Uk > (4 -5) 


the number of which is the same as that of collective coordinates. In order that they 


serve as the subsidiary conditions, the following commutation relation must be required : 


* Note here that Y(Xp, @im) 18 different from the wave function V(x,, F7m(*,)) in eq. (3-4) ; 
the normarization of Y(x,, Fim) is 1= (fF @,, Fim) |2dxidxq...dx4, while that of V(%y,@1m) is 1= 
j VN Cas 1m) Pdxyditg-- dx 4depmda;/m’---. 

** The physical meaning of this relation will be clarified in th 


tion of the quantized hgdrodynamics')» 1) is used. 


e following paper™ in which the formula- 
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LH, (Qim— Fim (Xp) ) |=. (4 3 6) 
Since 
Fim (%p) OF im (%,) 
Le eel mas Ax,’ utes x, me 


42 x Flt AP i OF, Fim (Xp) * < aie im (x,) ] 


ym! Xp Ox, On 


is obtained after a straight-forward calculation, it is verified that the commutation relation 
(4-6) is fulfilled. 

Thus we can understand that the equation of motion (3-4’) with (3-7) for the 
many-particle system under consideration is completely equivalent to the eq. (4-1) with 
(4-2) having the subsidiary condition (4-5). 


A 
b) On the part, >} (M/2) (¥,,con)°, in the Hamiltonian (4-2) 
p= 


It is expected that the second term on the right in (4-2) represents the kinctic 
energy part of the collective motion. In fact, one can ascertain in the following way, that 
this term is the kinetic energy of the liquid drop considered in § 2. 

By (4-3) this term is written as 


* g 
ssi 5 (ey, cow)” =3 —M(—_s} m2 r seat = 
p=12 p=] sees ( ™m Ox are i ym! da C0 
- ss # {33 3 (2h ae a (4:7) 
p=12M \ijm Picea! m! Ox, / ax. DA, IA yk 


where the functions F,,,(x,) are given by (3-3). In performing the calculation of (4-7), 
it is useful to make use of relations : 


OF GF im 4 j OF (OR gee =e%( sin 9, Fim 4 cos Fy OF im 5 1 oF 
Ox, Oy, : Or, fpeedd err, sires dg, ; 
OF as OF im ely » (sin 0, OFm 4 ¢ AS ea | oF m) , (4-8) 
Ox, Oy, Or, Pe kOU r, sin 0, OQ, / 
Fim — (cos 0, OF im _ sin 6, paitine| 
Or, oe PLES 


and 


(2 ea) = ee alee Pip - —) 


1 Rae m oF nd, er tm! 
18 yeh ree) (4-9) 


ss Payee 
Oz, Iz, 
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Using (4-8) and (4-9), the calculation of (4-7) can be carried out more easily. Thus, 
we have 


ie 


i o (47 gee 
= (vy oon) 2= y (. Ss VST ST Ry OH) fet tememne, 
2 Aeing oy 2M an aes ™m tml 


m mi! a, Ie j 
KH Beep Gy case cae! PG ype (6) | 2 
sin” at y 


Dp Pp Xm 


. NN . . . . 
Making use of 0-function, we can rewrite this into the form: 


S32 Cea) = (2) (BY x 


p=! 

3S [Re | aay} eater {UPI (8) PHO) (4-10) 
™. mt J p=) 
dP; Pit nim’ ay 

ae Pili ae pr 7) P Q td 1 
i th Bana’ 


ml 


Here, taking into account that the term >) OLE, —x) in the integrand of (4-10) is the 
p=! 


density operator (x) of the individual particles, we can readily find that (4-10) is express- 
ed eventually in the following form : 


44 . i 
= M(Op,eu)*=2M | p(x) (grad @) dx, (4-11) 
p= ’ 


where @ is the solution (2-5) satisfying eq. (2-2) and represents the velocity potential 
of the collective flow corresponding to the incompressible and irrotational fluid, provided 
that its coefficients f,,, operate on the wave function as operators and, owing to (2-6), 
are related to the canonical conjugate quantities Tp (==—ith-O/Ia,,) of the coordinates 


Qyp, through the expression : 
== BRR BS 
where 
B,=(-'- (3/47) AMR,’. 
Certainly (4-10) is just the quantum mechanical counterpart of the kinetic energy of 
the incompressible and irrotational liquid drop”. Thus it has been verified explicitly that 
the part Sy (M/2) (Wp,00u)” in the Hamiltonian (4-2) represents the kinetic energy of 


D> 


the collective motion. 


c) A. Bobr’s Hamiltonian 
Taking into account (4- 1), (4:2), (4-5) and (4-11), we find that the Schrodinger 
equation of the many-particle system under consideration : 


A0(X, : 
p POE) LaH(X, = ax) 0 (3-1) 
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F) BP 4" 
Xp J=— DI aa tt VS,) (3-2) 
H( Ox p= 2M OX,” : 


can be transJormed into the completely equivalent equations : 


on oe ee , ele Tix a). (4-12) 
ih Or 7 CX, Qin) =H Xp, Ax, > Hn a) ( Pp im 

(Qin — Fin (Xp) ) LT (x, pee =0, (4 -5) 
a a 4 6 9? 1 { . 

os —— j= — 5) —— Fe iis) (orcad 0 dx 
H(x,, Ox, ? Qin OQ n 72M Ox,? 2 § 
0 ee 
vat res = SS +V Xp Aim le (4-13) 
+ Henas( % caf se) (o> im) 


This fact indicates that if we pick out the solutions satisfying the subsidiary condition 
(4-5) from those of the Schrodinger equation (4-12) for the dynamical system with 
the Hamiltonian (4-13), these are just equivalent to the solutions of the Schrédinger 
equation (3-1) with the Hamiltonian (3-2). Moreover, this emphasizes that the 
Hamiltonian (4-13) is the fundamental one for the unified nuclear model which considers 
the nucleus as a shell structure capable of performing oscillations in shape, and that the 
nuclear motion can be treated as the dynamics of the coupled system of individual particle 
motion and collective oscillations. In fact, (4-13) is completely the same as given by 
A. Bohr, except for a velocity-dependent term, H,,o.s- 

It should be noted, however, that in A. Bohr’s treatment the subsidiary condition (4-5) 
is not taken into account, so all of the solutions satisfying the Schrodinger equation (4-12) 
are thought to correspond to the actual nuclear states. This is not true; actually what 
correspond to the nuclear states are only solutions satisfying the subsidiary condition among 
the solutions of eq. (4-12). 

However, if the interaction potential energy between particles, MCA,) (=V (a, ae 
had a special property so that all of the solutions %(x’, @;,.) for eq. (4-12) had the 
sharp peak at the positions Big = Py (ey, these could be regarded as approximately 


satisfying the subsidiary condition (4-5) and could be considered to be the actual nuclear 
states*. 


§5. The stationary states of the oscillating shell structure** 


In the interaction part of the Hamiltonian (4-13): 


a Bae er) 
te bo Xn) ee See) Hy, m +) = Hrs ae > ree V (xe so (5 . 1) 


x, fe) a, m Pp 


* It seems to us that herein lie the grounds for the applicability of A. Bohr’s model. 


** The argument in this section is developed on the admission that V(X,) (=V (x, @im)) possesses 
a special property mentioned in the last paragraph of § 4, 
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bg broker V(x,, ys (5 : 2) 


Then the equation, in the zeroth order approximation, for the stationary states of this 
system is 


0 0 
H" Np sian exo Hin 2 \ipe Xi, & i x a = 
p Ox, l da, ( p im) ( p? im) > (5 3) 
A 2 2 
H"(x,, me? musth eeethes ie a ule 3 
OX» Om p=12M Ox,” 


“ : Al a(x) (grad O)%dx 


ai el a E, dergare ep (5-4) 


The treatment of eq. (5-3) becomes very simple, if the frequencies w, for the particle 
excitation are larger than the frequencies w,,, for the collective motion. Since in this 
case the nucleus can be treated analogously to molecules on the basis of the adiabatic 


approximation, the wave function /”"(x,, @,,,) may be represented approximately in the form ; 


ie (x, Qin) — P (Gm) Pn (Xp Qin) is (5 x 5) 


Here the wave function ¢,,(x,, @,,), specified by a set of quantum numbers n, satisfies 


the equation 


A iid fol 

{- >= : 9 “ts V (Xp, Aim ) | Wh bs cts) ana W,(Qim) Pn (Xps Arn) (5 ‘ 6) 
p=12M Ox, 

and may be considered as the shell model wave function appropriate to fixed field V(x,, @%») 

specified by the parameters @,,,. The Schrodinger equation satisfied by (a) is 


{2.11 (1) (grad @)%de + W (Aim) | Oy (etm) =Esn Pr (Qin) (5-7) 
where (p(x))} is the collective density defined by 


(0()) =| $8 Gn Am) PCR) Pay» in) ddd 


Although the collective density, which is an implicit function of parameters @,,, is generally 
a continuous function of x,, we here assume, according to the picture of the incompressible 
liquid drop mentioned in the begining, that a nucleus has a constant density p°(=3A/4zR,’) 
in the region specified by @,. In this case eq. (5-7) is written in the form: 


{2 Mpy\ (grand ?) "dx = W,,(Qim) a, (Gm) EU, (Qin) . (5 : 8) 
A 


Re) 


lm 
Therefore the wave function 9,(q@,,,), with v specifying a set of quantum numbers of its 
eigenstate, describes the oscillations of the nucleus as a whole. 

If the nucleus in question must be in equilibrium in the state of the spherical 


symmetry, W,,(@,,,) may be expanded at the equilibrium point (@,,,=0), and becomes 
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Yow, P 
W,,(Qim) = We : ¥: ey im: (5 “9) 
Zim Oa;,, «=0 
Using the result of the integral calculation of (4-10) with respect to x, eq. (5-8) is 
written as: 
[33{- 2 +L cietnh | 0, (ein) = Em Wat) Pr Aim)» 8-10) 
qm 2B; Oa;,, « %2 
where 
C= (O°W, (cs WhO eae 
B,=["'- (3/42) AMR,. 


The expression (5-10) represents evidently the surface oscillations of the incompressible 
and irrotational liquid drop. The first and second terms on the left hand may be, therefore, 
considered as the quantum-mechanical counterparts of the kinetic energy of the liquid drop 
and of the potential energy owing to its deformations respectively. The coefficients C, can 
be estimated from the empirically determined surface energy and the assumption of a 
uniform charge distribution. This leads to 

C= U=1) (a2) Risa hes (5-11) 
27-3141 Re 
where S is the surface tension and Ze the nuclear charge. 
This corresponds to the case that the interaction potential V (x,, @;,,,) in the Hamiltonian 


(5-4) has no linear terms in @,,, in its expansion, that is, it has the form: 
: Sey rare 7 vitae /2 
V (455 ig) =/V (x,) +>} Vis (X,,) Gin 
l,m 


fo a (O°V (xp, Aim) [OQim) a=(e 


In this case eq. (5-4) becomes 


= b° 0° 0 1 9 ” 9 
ee oe ee | (7) ) (grad P)"die +33 Vio (Hp) in 


Such a case just corresponds to that without interaction between the individual particle 


motion and the surface oscillations, as can be seen by comparing it with A. Bohr’s treat- 
ment", 


In the case that V(x,, @,,) includes linear terms in @,,, the potential energy may 
be expressed in the form 


V (Xp Aim) =V"(x,) = Vio (x,) Bim > an (x,,) 3 Kis (5 - 12) 
l,m l,m 
Similarly W,,(@,,,) may be represented generally as 


— 0 “S| G) 2 “4 
Weep) = W,, ye Wrim®im+ >) Ve pte. 
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and, compared with A. Bohr’s treatment, this second term >} W,,{),a,,, may be considered 
lm 


as the effect produced by the particles on the surface motion, arising from the coupling 


SR, | qd . . . . . . . 
SV" (x%,) ay, between the individual particle motion and the surface oscillations. 


§6. Concluding discussion 


We have tried to derive, from the usual Hamiltonian describing the motion of many- 
particle system, the completely equivalent one which is the basic Hamiltonian for the 
unified nuclear model regarding a nucleus as a shell structure capable of performing 
oscillations in shape. This Hamiltonian manifests in itself the possibility of treating the 
nuclear motion as performed by the coupled system of individual particle motion and 
collective oscillations, and it is essentially equivalent to that employed by A. Bohr pheno- 
mendlogically, apart from H,,,,; considered to represent a kind of interaction between both 
types of motion. This term, Hs, may take a role of the velocity-dependent interaction 
on the individual particle motion while, on the collective oscillations, that of giving an 
unharmonicity effect. 

The signifticant problem here is that concerning the subsidiary condition (4°5), which 
is not employed in A. Bohr’s treatment. The significance of this condition is, as discussed 
in the end of $4, that among the solutions of the Schrodinger equation (4-12) only 
that satisfying this condition corresponds to the actual nuclear states. Therefore, we can 
not regard A. Bohr’s treatment as complete, because he considers that all of solutions of 
eq. (4:12) describe states of the nucleus. But, as mentioned in the former, if the 
interaction potential V(X,)(=V (xp, %m)) between particles would have such a special 
property that all of solutions P (%X,/, Am) of eq. (4-12) have sharp peaks at (RS ESY IN CN 
we may consider them as corresponding to the states of nucleus approximately, as in A. 
Bohr’s treatment, for then this subsidiary condition is already satisfied approximately. 

In § 5, on the basis of the picture of a shell structure capable of performing oscilla- 
tions, we have discussed the treatment of this system in a simplified case where the 
adiabatic approximation is valid provided that the above subsidiary condition is already 
satisfied in a good approximation, and have clarified, from the comparison with A. Bohr’s 
treatment, what part of original potential V(X,) (=V (X,» &»)) for many-particle system 
corresponds to Hie(%>p, Qim) in the Hamiltonian phenomenologically employed by A. Bohr 


and his collaborators” : 


H=H, (4%) + ETC et lacs (x,, im) » 


que es ee ey (x, 
‘a p=12M Ox,” 
Ee O° 1 5 
conf oath 


be FONE me Aim) = =>) R(t) >i DRY te. Os Pp) S 
Pp 1m 


The physical content Of Hine(%p, Lim) Was obscure in their formulation. 
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If the potential V(x,, a,,,) has the form (5-12), Hamiltonian (5-4) is written as 


A 2 2 rm = = 3 Z 
H= we cies RG LER ar 7 M| p(x) (grad ~) ‘de+ >) VQ (Xp) Lin . 
r=12M apo I l,m 


Se Sy end (x,) Ain = 


l,m 


Therefore, it is directly shown that the first and second terms on the right correspond to 
H,(x,), the third and fourth terms to H,,,,(@,,), and the fifth term to H,,,(%,, @,) 
in A. Bohr’s Hamiltonian respectively. 

To make clear the physical image, we have adopted in the present paper an intuitive 
and semi-empirical method of transforming the original many-particle Hamiltonian into that 
of the coupled system of the individual particle motion and the collective oscillations, but 
this procedure is performed by means of a canonical transformation in a more general way. 
The more general case where the collective flow is not assumed to be incompressible will 


be treated in the forthcoming paper’? 


, with the discussion concerning the nuclear potential. 

To conclude, we should like to express our cordial gratitude to Prof. S. Sakata for 
his kind interest in this problem and continuous encouragement in the course of our work. 
In particular, we owe much to his excellent methodological guidance. Moreover, the 
authors are indebted to Drs. O. Hara, S. Ogawa, Messrs. E. Yamada, R. Kawabe and 
S. Tanaka and the other comrades in the Institute of Nagoya University for their valuable 


discussions. 
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Some Remarks on Lee’s Model in 
Renormalizable Field Theory 


Yasuo Munakata 


Department of Physics, Kyoto University, Kyoto 


April 6, 1955 


Recently T. D. Lee!) discussed some special pro- 
blems of interacting fields that are both renormalizable 
and solvable. The problems are concerned with the 
interactions between two neutral nonrelativistic fermi- 
on fields V and N and one relativistic boson field 
6 that cause the reaction VZ2=N+6. One of the 
interesting results he found is that if renormalized 
coupling constant g,” is finite, the renormalized pro- 
pagation function of interacting V particle has an- 
other pole besides po=my where po is the zeroth 
component of the momentum vector carried by the 
This pole 


corresponds to another stable mass value m’p of V 


V particle and my the observed mass. 


particle. One of the aims of the present note is to 
point out that this stable state is of unphysical 
nature, namely, m/y——oc if 9,20 and that this 
nature has its origin in the coupling constant re- 
normalization which can not be obtained by any 
limiting processes that involve only real values of 
the unrenormalized coupling constant. Another aim 
is to point out the non-local nature of the above 
interactions which inhibits the relativistic generali- 
zation of Lee’s idea. 

The above noted stable mass value m/y of the 
interacting V particle is determined by 


1=9,"(2n)* (my —m’,) | @dto~ (a +my —my)~ 


X (o+my—my) 4, (1) 


with w=V 2 +k? and my and yu the observed mass 
of Nand 0 particles respectively. (Cf. ref 1, eq. (25)-) 
In order that V be a stable particle we assume 
my—my<p. We see from the above equation that 
for another stable state m/y< my, since the integrand 
is positive definite. Eg. (1) determines 9,” uniquely 
for given m/y(<my). Conversely as 


Oge-2/Om'y = — (2x)? dha! (w+ my —my) 


40 


x (o-+my—m'p) <0, 


lim Joc= +00 and 
m/y>- x 


lint Sq552—=0)5 

m/y>my 

we conclude that m/y takes any value lying between 
—oco and my as g,? varies from 0 to +00. It is 
quite unphysical that one of the eigenvalues of the 
total Hamiltonian can take any negative value since 
the energy eigenvalue of the vacuum state is zero 
in this case. To investigate this pathological feature 
we first put the system in a box of volume Q and 
cut off the interaction at high momentum, say kiny 
and then let the volume become infinitely large. 
The Hamiltonian is 


H=matatmybth+>Vozazta, 
k 
+9>V (20,2) 7/2 (btaazt++atbaz), (2) 
& 


with mo the bare mass of V particle, g the bare 
coupling constant, a, b and a, the annihilation 
operator of V, N and @ particles respectively. And 
SV means the summation over the values of k 


k 
(|k|\<km) at the lattice points in the k-space. We 
solve the eigenvalue eq. (H—E)~=0 putting 


g=Z*/2[|V) +20/faen*|N?] ; 


with |7) and |N> the state of a “bare” V particle 
and that of a “bare” N particle, and Z a normali- 
zation constant. E is determined by 


my—E=g" 2n/ (20%2) (my+oz—E). (3) 


The roots of this equation are as follows; the lowest 


lies below mo and the highest above V 2+ kine + my 
while the others are such that E—my lie one by one 
between two neighbouring values of w, if we arrange 
the values of w, at the lattice points according to 
their magnitude. This fact is seen since the right- 
hand side of (3), considered as a function of E, 
tends to zero as E->= ~, and becomes infinity each 
time when E—my approaches the value of w, at 
a lattice point, and changes its sign when E—my 
passes this point. We identify the lowest state with 
the “observed” V state and get the same result as 


Lee’s except the summation convention 
Omyp=m— my =9? SY (2042) 
hk 


xX (my +ox—my)1>0, (4) 
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and Z=1+g92 SY (2042) (my+on—my)~ for 
7 

this state. The other states correspond to the 

scattering state of N+0 and the energy shifts of 

them become zero as Q—> 0 since they proportional 


to Q-1, The above mentioned largest root lying 


above V p2+ km2+my belongs also to the scattering 
state in this cut off theory but it just corresponds 
to the first noted stable mass value m’j of inter- 
acting V particle as can be shown below. Using 
(4) and the renormalized coupling constant g.2=g°Z 
the og. (3) is written as 


1=90? (my —E)3Y (204.2) (my +ox—E) 
& 


x (my +o%—my)~. 3’) 


(We have omitted a factor (my—E).) The bare 


coupling constant g” is related to g,? by 
9 =G9o?(1- ge? 17) (5) 
with 7 “=SV (20,2) — (mp —my — ox) ~. The point 
ke 

Jo2=0 corresponds to g?=0, and g® increases more 
rapidly as g,2 increases and g?—>+ 0 as g,*—7? 
and changes its sign as g,” passes this point and 
increases from —°0 to —7? as g,2>+ 0. We call 


the region for g,2<7* normal and for g,2>7? ab- 
normal. In the normal region the largest root E of 


(3’) lies above V + ke + my and this root tends 
to +09 as g,*—7* and changes its sign as g,” passes 
7°. In che abnormal region this root lies below my 
and pretends to correspond to a stable state. In the 
limit of k,,—> » which corresponds to Lee's case, 
Z™— x and y*0, and since there is no normal 
region this eigenvalue lies always below my and 
corresponds to my’ because (3’) reduces to (1) in 
this limit. Therefore the peculiar character of m/j 
has its origin in the divergence of the charge re- 
normalization constant Zo, and in the normal 
region of the cut of theory there is no such a stable 
state of V particle. 

This difficulty is overcome by considering the 
recoil effects of V and N patticles. We consider 
two neutral scalar fields (y- and gy with observed 
mass my and my interacting with gy field of 0 
particles through the interaction of Lee’s type. The 
interaction Hamiltonian is 


Hy =dmy2| by (w) by (ay dx 
at of (dy) Ody ey) Ye 


+ 0 (ae) Pye) PO by a) ) dx, (6) 


where 


gin) 1) = (202) -V2ak exp (ikx), 


9 (x) PO =D (2W2)-7/2ax-* exp(—ikx) , 


by (x) =D) (2P2)!2ap exp (ipx), 
Py car) Y =D) (2Eq 2)! 2bg exp (igx) , etc., 


with a, and by the annihilation operators of V and 
N particles with wave number p and q and P= 
V p?+my*, &j=V gitmy’. The first term of (6) 
is the counter term of the mass renormalization. 
We can solve the eigenvalue equation (H—P) V (p) 
=0 for an interacting V particle with momentum 
Pp, by putting 
V (p) =Z2/2(V (p) +9 Uhh, p)ak*N(p—k)], 
(7) 
where V(p) and N(q) are the “bare” V and N 


particle states with momentum p and q respectively. 
f(k, p) is proportional to the probability amplitude 
for finding a @ particle with momentum Kk in a 
physical V state with momentum p. By an exactly 


similar calculation to Lee’s we obtain 
Omy*=9" (2x) 4/- | dew 'e pa (€,-z+0%4—P), 
and 
Za 14 9(42) P| dheog ey 
X (€p-2+ 4 —P)—. 


Omy* diverges logarithmically but Zs~! is finite in 
this case. Putting 


Tin) 7 = (42) SP | dbeang- le), 4 (Ep-4+ 04, —P)—*, 


g° is related to g,* by (5). For g.°<7(p)2 there 
exis's a consistent renormalized theory. Since dk/w, 
is Lorentz invariant and (€,_,, p—k), (wz, k),(P, p) 
and (€,,+0,—P, p—k+k—p=0) are four vectors, 
dmy* and Z,~! are scalar quantities but they do 
depend on p. Therefore Lorentz invariance is 
destroyed for this model. This paradox has its origin 
in the fact that the interaction of the type (6) is 
non-local and does not satisfy the integrability con- 
dition. The non-locality of the interaction (6) is 


clear if we express g(a) ‘t) by gia) and its canonical 
momentum /](x) as 


g(a) = (Gay +i\G(x-x’) IT (x’) dx’) /2 
with 


G(x) =(2n) ara exp (ikx) dk. 
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In the interaction representation the Hamiltonian 
densities of (6) at two different space time points 
do not commute with each other even if these are 
separated space-likely, since the commutators [y(,)‘*), 
(x7) ] =id (x—x’), etc., do not vanish even if 
(x—x’)*>0. Therefore we can not construct a con- 
sistent relativistic theory with interaction of Lee’s 
type. From the above discussed difficulties it seems 
doubtful that Lee’s results suggest any deeper insight 
as to the nature of the rerormalization procedure 
for the present relativistic field theories. 

The author wishes to thank Professors H. Yukawa 
and C. Hayashi and Messrs. T. Imamura and M. 
Kawabe for their kind discussions. 


1) T. D. Lee, Phys. Rev. 95 (1954), 1329. 


Recoil Effect and Spin-Orbit 


Coupling 
Shinji Sato 

Department of Physics, University of Tokyo, Tokyo 
April 11, 1955 


As is well known, the Tamm-Dancoff method 
has the difficulty of non-hermitic potential when 
applied to the derivation of the non-adiabatic cor- 
rection to the adiabatic potential. This difficulty is 
due to the fact that the Tamm-Dancoff wave function 
does not satisfy the normalization condition. Indeed 
the Tamm-Dancof potential can hardly be called 
a potential in the ordinary sense of the word. It 
is not admissible to eliminate the energy dependence 
from the Tamm-Dancoff potential. 

In order to avoid this difficulty, Fukuda, Sawada 
and Taketani!) have given the general formalism for 
the construction of potential in the field theory, 
where the special attention has been paid to the 
normalization condition of the state vector. 

In this note, we shall derive according to their 
idea the first order velocity dependent correction to 
the adiabatic potential in the pseudoscalar meson 
theory with pseudovector coupling. Although it is 
possible in the F.S.T. theory to derive the potential 
in a way in which the perturbation approximation 
may be improved in some sense by treating the 
probability operator in the fractional form, we have 


nade use of the usual perturbation expansion as a 


first step. Our calculation has been carried out only 
for the potential with velocity dependence specially 
important for the shell model. We can also obtain 
easily the static type corrections, which, however, 
will be discussed in a subsequent paper. 

The potential in the F.S.T. theory is given by 


, V=V (IN VVo( Jt (Ho+H) J) 
Voi It) UVo—VoHW 0, (1) 


where H, the equivalent non-relativistic interaction 
hamiltonian, is given, in our case for each nucleon, 


as follows: 
H= (9/1) (6-7) (r-¢) + A/2M) (g/p) 
x [(o-P), (ex) ]4+ G/2M) (g/u)?n?. (2) 


Making use of (1) and (2) we obtain the following 
expression for the spin-orbit coupling ; 


U 6-0) = —2p(u/M) (9/47)? 
XK {(1+x) (1+x+2°) /x*} 
Xexp(—2x) [3+2(t1:t2)] (LS), (3) 


where 


S= (4,462) /2, L=(%1—x2) x (Pi— Pe) /2. 


The question that will be raised at once may be 
whether this two-body spin-orbit coupling leads to 
the single particle potential in the shell model having 
the correct sign and sufficient magnitude. This 
question has already been answered phenomenologi- 
cally by some authors and it is likely that our 
potential is of sufficient magnitude and correct sign.”) 

Finally, I would like to remark that J. Iwadare*) 
also studied the recoil corrections in the case of 
pseudoscalar coupling making use of the canonical 
transformation and that K. Itabashi and I. Sato* 
discussed the contribution of the first term in (2) 
taking into account the dissociation probability where, 
however, the first term in (2) alone was not Galilei 


invariant. 


1) Fukuda, Sawada and Taketani, Prog. Theor. 
Phys. 12 (1954), 156 cited as F.S.T. 

2) J. Hughes and K. P. le Couteur, Proc. Phys. 
Soc. 638A (1950), 1219. 
J. P. Elliot and A. M. Lane, Phys. Rev. 96 
(1954), 1160. 

3) J. Iwadare, to be published. 

4) K. Itabashi and I. Sato, to be published. 
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The Relation between Jordan’s 
Non-loealized Theory and 


Pais-Uhlenbeck’s Theory 


Yoshio Miyatake 


Yoshida College, Kyoto University, Kyoto 


April 13, 1955 


If we want to measure the strength of any field, 
we must bring a test body into the field and know 
the force acting upon the test body. At the places 
distant from the source of field the interaction 
between the source and the test body may be regarded 
as week enough and so the strength of the field can 
be measured at each point, but near the source the 
source and therefore the field move because of the 
strong interaction and the strength of the field is a 
function not only of its place but also of its state of 
motion. In this way it can be understood that we 
have non-localized actions at least near the source 
of field; thus Jordan!) built a theory different from 
the ordirary one near the source using a non-localiz- 
ed action. 

For that purpose he used the transformed operator 


OG) =|KG, x) 0d’, (1) 


where K(x, x’) differs from zero only in the region 
of stretch of order /) around the point x’=x and in 
the limit [)—>0 it tends to 6(x—x’) and consequently 
¢(x) tends to (x), the ordinary operator. More- 
over, K(x, x’) has to be of the form G[(x—x’)"] 
depending only on (x—x’)? in order to be Lorentz 
invariant, so that 


(3) = | GL —2) "1 4 dix’ =G (a2) 49 (2). 
(2) 
And moreover for the purpose of prohibiting any 
action travelling with the super-light velocity 
G[(x—x’)*] shall be zero in the space-like region 


(x—x’)*>0. Then its Fourier integral can be written 
as follows: 


G(2) = (1/(2n)4) | 9(#)exp (kx) 0(—k2) dik, 
1 for —k>0, 
0 for —k<0, 


oR) =| (3) 


g(0) =1. 


And from the relation 


(GGe)dix=1, (4) 


the eq. (2) may be regarded as an averaged value 
and corresponds to the procedure to brirg together 
the value of @(x’) at each point x’, with 
G[(x—x’)*] as a weight factor, into the point x. 
There, he took the function g(k’) as follows: 


g (k2) =exp ([o°k*/2) . (5) 


In this way he showed that if we used the newly 
transformed operators (2) we could avoid the product 
of non defined singular functions in the conventional 
theory. 

Now, let us corsider to what model it corresponds 
to take the tranformed operators (x) instead of 
the ordinary operators (x). 7 

The ordinary Klein-Goldon equation 


(D—«*) d(x) =— p(x) (6) 
has the solution 


1 


d(x) =Goi 


exp (ikx) 


roe dik p(x/)exp(—ikx’)d’, 


(7) 
and for any function f({_]) of D’Alembertian [] 
the equation 

f(Q) (O—«*) F(x) = — (x) (8) 


has the following solution : 


et exp (7kx) 
y =—— = A 
®) con F(—E) (k+e)7* 


x Jo x/)exp(—ikx’) dix’, (9) 
The latter solution can be rewritten together with the 


former solution q(x) defined in the eq. (7) as 
follows : 


—1_( dk (exp(ik’x) ; 
V(x) = aie lee | Fg) OR a 


x eo (x’) exp (—ikx’) d'x’ 


dik’ poke 


a i (=e 
R+nes f(—k”) (274 


~ (2z)4 


x jexp [i(k—k’) x!" d'x!” 


~ (5 (x’) exp (— itkx’) d4x’ 


1_ ff {_1_renplite! 


~ (2zn)4 (2x) Roe 7h 
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exp [#k”(x—x") ] 
fC) 

rei ag n (zp le x—x") | 

Bile | rma 


ox’) | g(R)0(— R) 


x {etx exp (—1kx’) d/h 
j dt pe “dix!! 


d'k/ dix! 


=ani 
X exp [1k(x— x’) ] dtkd'x/ 


=( 6-2) 16) a’ 


= G(x") p(x), (10) 
where 
g(k') 0(—F’) eden 


G[(x—x’)?] = —(9(k) (11) 


(2x)4 
x exp [1k (x—x’) ] 0(—k*) dh. 
Especially if we take y/k’) =exp(l) k /2), V(x) co- 


incides with the transformed operator (x) of Jordan 


and 


7 Be 
Ff =P ED O(—B) =p WEP) 
and so 

Pia cp=l? Gia eaeee (12) 


where |[_]| is defined for any function f(x) = jf 
xexp(ikx) d'k as follows : 


IIIf) = | | P1 F exp (ike) ah 


Consequently the operator 7(x) satisfies the follow- 


ing equation 


Ta erates (Pk Sd erat ile 
(13) 


When we omit the condition that no action can travel 
with super-light velocity, the eq. (13) becomes 


exp(—(°L/2) (—«") ¥@)=—e@), (14) 


and moreover, if we take 
g (k°) =exp(— otk") (15) 
then 
f (DD =exp (ot) (16) 
and 
exp (lo'L2) (F]—x") (x) =— 0). (17) 


The eqs. (14) and (17) belong to the type of 


equation 


exp[f(L)] (1—«*) (x) =—o(x) (18) 


discussed by Pais and Uhlenbeck.”) Especially the 
eq. (17) is identical with the case (b) of Pais and 
Uhlenbeck’s paper and therefore the transformed 
operator of Jordan with use of the eqs. (3) and (15) 


but without 6(—&°) satisfies the modified equation 
(18) of Pais and Uhlenbeck and by means of 
Jordan’s non-localized theory we can make the self 
energy of electron and vacuum polarization finite. 

But if we want, as above, to prohibit the action 
travelling with the super-light velocity we should 
multiply the factor 2|[J|/(\LJ|+() to the left side 
of the eq. (18) and therefore I think one of the 
reasons that the eq. (18) loses the propagation 
character in contrast with the causality lies in the 
fact that the eq. (18) allows the action with super- 
light velocity. 


1) H.L. Jordan, Zeits. f. Naturforsch. 8a (1953), 
341. 

2) A. Pais and G. E. Uhlenbeck, Phys. Rev. 79 
(1950), 145. 


Elastic Production of Neutral 
Photo-Pions in Helium 


Yoshio Yamaguchi 


University of Illinois, Urbana, Illinois 


April 18, 1955 


The elastic photc-production of neutral pions is dis- 
cussed and numerical results based on the impulse 
approximation are presented. 

Recently Goldwasser et al.) have observed the 
elastic photo-production of neutral pions from helium, 


pta>atn. (1) 


We here examine this process from the theoreti- 
cal point of view. This is possible because there 
now exists a good deal of information about photo- 
pion production from single nucleons which can be 
used to make predictions for complex nuclei. 

The ground state of the a-particle has total 


angular momentum zero. Therefore, the general 
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form of the T-matrix T, corresponding to the process 
(1) should be (since the neuiiul pion is pseudo- 


scalar) 
Ta= ([vx elk) f(y, (ky) /ky), (2) 


where y is the incident photon momentum, & is its 
polarization vector, k is the momentum of produced 
pion ard f is a function of y=|»| and cos 0= (kv) /kv. 
Formula (2) shows that it is the magnetic part of 
the photon field which gives rise to elastic neutral 
pion production. Near threshold the produced neutral 
pions must be in p-states and the cross section pro- 
portional to sin? @. In general the angular dis- 
tribution of z° averayed over photon polarizations is 


sin? 0|f(v, cos 0) |*. (3) 


To make T, more specific, let us assume that 
T, is the sum of contributions from the individual 
nucleons (j) (impulse approximation) 


4 
Ta=< fl 21 T yl, (4) 
= 


where |:) and |f) are the initial and final wave 
functions for the a-particle (internal plus center-of- 
mass motion). T'; may be expressed in terms of 
the spin o; and the third component of isotopic 


spin 7,9 
T j= (Kjoj;+L;) + (Mjoj;+ Nj) 738 (5) 
= [(Koj;+L) + (Moj+N) riety, (6) 
, 
To obtain the last equation we have further assumed 
that the vectors K, M and the pseudo-scalar L, N 
are functions of y, € and k only dropping the nucleon 
sufhx j. 


nucleon recoil effects in the elementary photo- 


The assumption implies the neglect of 
production process. If the impulse approximation is 
valid, Tj is just the T-matrix for photo-pion pro- 
duction from a single nucleon, and to proceed 
further, a specific assumption for T'; is needed. The 
simplest recipe is provided by the cut-off Yukawa 
theory which, according to Chew and Salzman”), 
leads to 


Ib, 
“oy ky 
7 
M=0, N=0 ”) 
M,= a Ypttys sin O33, =e ets sin oss, 


where m, and e) are numerical constants which may 


be found from the theory, f is the dimensionless 
coupling constant of the pion-nucleon interaction, 
dag is the phase shift for pion-nucleon scattering in 
the 33-state, e is the elementary electric charge and 
p is the pion rest mass (#=c=1). 

It is clear that M and N can not contribute in 
any case to the elastic z° production, since the a- 
particle has total isotopic spin zero. The total angular 
momentum is also zero, however, so those parts of 
T; linear in oj; must vanish under the operation 


<(f| |i). Therefore we finally find, 
4 
Ta=Cfl 2) Leto-Or ji). 
j=l 


Omitting the trivial center-of-mass motion of the a- 
particle which guarantees the conservation of overall 
linear momentum, we get the effective 7-matrix 


Ta M=S) L\ dates wh) rj- hg, (8) 
j=! 

where R is the center-of-mass coordinate and ¢4 is 
the internal wave function of the a-particle. The 
singlet § configuration predominates in the ground 
state (over 9724 according to Irving")), so we shall 
approximate ¢, by a pure 'Sp-state. More specifically 
we adopt here the radial wave function due to 
Irving”) 


(const.)exp[—a{ S$} (r;—r,)*}*/2], (9) 
i>j 
a=236 Mev. 


Then we find the explicit form for Tz*/f under the 


impulse approximation 


3\y—k|? 
Tatht= az/ {14° ie |" (10) 


and the cross section for elastic z°-production 


doe _ 3\y—k/* 
; — D>V16|L { orem 
a3 BP eel (Gee 
where > denotes a summation over the possible 
po. 
orientation of the polarization vector & The 72- 
cross section for a single nucleon is 
aL 3 {|K-2MP+|L 
where + stands for proton and — for neutron. 
Using eq. (7) for L 
doe v 3\yv—Jl2) 10 
a =16 x 8e"f* my", sin® * Ogg sin? of {1+ ara : 


(12) 
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This has just the form (2) mentioned above. 
Numerical results 

Chew”) found f*=0.058 to fit the pion-nucleon 
scattering phase shift in the 33-state. Moreover 
assuming the form (7), the experimental photo-pion 
cross section from nucleons will be reproduced by 
choosing) m,=0.66 and e,=0.33. Using »=135 
Mey, one can calculate the cross section for elastic 
n°-production. The results are shown in Fig. 1, 
Remember that this calculation is based on the 
impulse approximation whose errors®) are not con- 
sidered here. 

For comparison, we write down the closure cross 
section®) for photo-z°-production from q@-particle, in 
which we do not specify the states of final 4-nuclecn 
system (we also assume to be a pure 1Sy-state) 


da/dw 
-30 2 i 
in 10 cm /Sterad vV=199.5 Mev 
k=150 
Kinetic energy 


of 7r °= 66.8 Mev 


Closure 


Elastic 


% 30 60 90 120 150 180 
| 


da/dw 
-30 2 
in 10 cm / Sterad V= 165.6 Mev 
10 k=100 


Kinetic energy 
Closure: of “77 °=33.0 Mev 


Elasticy 


9 30 60 90 120 150180 


Fig. 1. CeNTER-OF MASS ANGLE ,IN DEG. 


dowosnre oy", x 4 [|K|2+ IL2+ (M24 INI? 
dw 2 pol 
—{|K?P—3|LP?+|MP+|N/7} 
x ( ga*eté v—h) (9% -#2) dy) “— 7 (13) 
Using (9) we get 
— kl?) 5 
- 8a" 


(14) 


In Fig. 1 we also show the closure cross section. At 
low photon energies, the major parts of the total 
cross section for 7°-production are attributed to the 
elastic x°-production. 

The similar method can be used for the pion 
scattering by helium") and the charged photo-pion 
production in helium. 

The author is indebted to Professor G. F. Chew 
and Professor F. E. Low for their suggestions and 
discussions. 


1) Goldwasser, Koester and Mills, Phys. Rev. 95 
(1954), 1692 (L). 

2) G. F. Chew, Phys. Rev. 95 (1954), 1669; F. 
Salzman, to be published. 

3) J. Irving, Proc. Phys. Soc. Lond. 66A (1953), 
iW 

4) J. E. Leiss and C. S. Robinson, to be published. 

5) G. F. Chew and G. C. Wick, Phys. Rev. 85 
(1952), 636. 
G. F. Chew and M. L. Goldberger, Phys. Rev 
87 (1952), 778. 

6) Y. Yamaguchi, Prog. Theor. Phys. 7 (1951), 
93. 
G. Placzek, Phys. Rev. 86 (1952), 377. 


The Non-Mesonic Photonuclear 
Reactions Initiated by High 
Energy s-Mesons 


Shin-ichi Kaneko, Tadayoshi Kubozoe,* 
Moroe Okazaki,** and Masaomi Takahata 


Institute of Polytechnics, Osaka City University, Osaka 


April 21, 1955 


The nuclear disintegrations produced by relativistic 
p-mesons can presumably be explained in terms of 
the photomesonic process of high energy virtual 
photons associated with the y-mesons.) The virtual 
photors of the lower energies should also interact 
with nuclei and give rise to some disintegration 
products not through the photoproduction of z-mesons. 
Pour 1+1,, stars as shown in Fig. 1 have been found 
in our underground emulsions. Some of the stars 
may possilly be interpreted in terms of the photo- 
proton production through the giant resonance ab- 
sorption by emulsion nuclei of virtual photons of 


high energy s-mesons. 
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Fig. 1. A projected view of a star of the type 1+1). 


Table I. Summary of the data of the four 1+1, stars. 

@ and @ represent the angles projected into the plane of the emulsion of the secondary thin and black 
tracks, respectively, measured from the extended and projected direction of the primary. @ and ¥ repeetent 
the spatial angles of the secondary thin and black tracks, respectively, measured from the extended direction 
of the primary. The errors in the projected and spatial angle measurements are estimated to be about +157 
and -+30/, respectively. 


Event number 1 Z 3 4 
Projected angle 
thin track, 0 45/ 1SI5¢ 1°00’ 14°30’ 
ey track, @ 8°30/ 31°30/ — 39°45/ 51°30’ 
Spatial angle 
thin track, @ 3°45/ ToS" 1°00’ 15°15" 
hse track, ¥ 36°45/ 62°45/ 64°45/ 68°15/ 
pu or energy E (Mev) 
primary track, pv > 100 400+ 60 
secondary thin track, pv 190425 
secondary black track, E 5.8 4.6 >8.8 >8.9 
Thick nuclear plates were made from Ilford G5 sign of the value of ~ for event 3 means that both 


emulsions in gel form at an underground railway 
tunnel (17 m.w.e. depth) in Osaka. They were 
exposed vertically during periods of 78—121 days 
and processed at the same depth. In the course of 
observation of single slow protons starting from 
points within the emulsion, we found that some of 
these protons were accompanied with two minimum 
ionization tracks. The data for the four stars of 
this type of 1+1,, are summarized in Table I. Thin 
tracks in the upper hemisphere were assumed to be 
due to incident charged particles. The values of pv 
cf some long thin tracks were estimated by multiple 
scattering measurements. The energies of the 
secondary slow particles coming to rest in the emul- 
sions were determined from their residual ranges 


assuming that they were slow protons, The negative 


the secondary thin and black tracks were emitted on 
the same side with respect to the primary direction 
in the plane of projection. An enormous contami- 
nation of slow electron tracks has been accumulated 
during the long exposures and so it has not been 
possible to determine definitely whether or not slow 
electrons have been emitted from the compound 
nuclei. But it is likely that slow electron tracks did 
not accompany the stars. Nor were any visible 
nuclear recoil fragments observed. 

The primary particles of these events could 
probably be attributed to fast y-mesons taking into 
account exceedingly small intensities of high energy 
protons, z-mesons, and electrons underground.) From 
an examination of the emission angles of the secondary 
tracks, event 3 can not be regarded as being an 
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elastic two-body collision such as the Coulomb inter- 
action of a y-meson with a hydrogen nucleus. The 
two secondary tracks of event 4 are not coplanar 
with the primary track. For events 1 and 2, definite 
conclusions on coplanarity can not be drawn, because 
the angular deviations of the secondary thin tracks 
from the primary directions are too small for reliable 
measurements. However, a kinematical consideration 
of the angles of y-meson scattering and proton re- 
coil excludes the interpretation in terms of two-body 
collisions. It seems, therefore, that these four events 
are due to interactions of y-mesons with emulsion 
nuclei other than hydrogen. 

It should be noted that the present events are 
dissimilar to the > 3+1,, stars observed by George.” 
Out of the four events, three y-mesons suffer angular 
deflections of less than 4° in contrast with the 
greater angles of deflction of y-mesons producing 
>3+1, stars. This implies that some of the events 
(say, events 1, 2, and 3) should be ascribed to some 
other process giving rise to a lower energy transfer 
than the photomesonic process. According to the 
emulsion experiment by Kikuchi®), on the other hand, 
most of the single photoprotons of energy below 20 
Mev picduced by the bremsstrahlung y-rays of 
maximum energy 300 Mev could be attributed to 
photors of energy less than 150 Mev which is the 
threshold for the photomesonic process. Since the 
energy spectrum of the low energy virtual photons 
associated with fast p-mesons is nearly the same in 
shape es the bremsstrahlung spectrum, it is justified 
te consider that most of the slow protons from the 
1+1,, stars we have observed are the single photo- 
protors produced by virtual photons of energy less 
than 150Mev. These two features of the 1+1, 
stars (the small deflection of the ~-mesons and the 
emissicn of only one charged disintegration products) 
seem to indicate that the energy transfers to the 
nuclei were less than 150 Mev. It is likely, there- 
fore, that the giant resonance absorption of virtual 
photons around 20 Mev is responsible for most of 
the 1+-1,, stars. 

According to the data of the photoproton ex- 
citation functions measured by Halpern and Mann”), 
we assume tentatively that the integrated cross section 
for the photoproton production by emulsion nuclei 
is about 1x10~°5 Mevcm? per nucleus. Since the 
number of virtual photons at a given energy associated 
with a p-meson depends only insensitively upon the 
energy of the y-meson, it is sufficient to consider a 
pemeson of 10Tev (the mean energy at 20 m.w.e. 


underground). Thus, the cross section for the 


photoproton production by high energy y-mesons is 
expected to be about 2 10 cm? per rucleon. The 
observed frequency of the 1+1,, stars corresponds to 
a cross section of about 1x 10~8%cm? per nucleon. 
Hence, the agreement between the predicted and 
observed values is satisfactory. 

As shown in Table I, all of the slow protons 
have been emitted in the forward direction. But it 
might be reasonable to consider that the observed 
asymmetry is simply due to a statistical fluctuation 
from the isotropic angular distribution expected by 
the evaporation model. 

The present experiment then gives some evidence 
for a non-mesonic photonuclear process by high 
energy charged particles, although any final conclu- 
sion should be reserved because of the very poor 
statistical precision. An indirect evidence for the 
non-mesonic process has been obtained by Annis, 
Wilkins ard Miller. They have studied the slow 
neutrons from the nuclear interactions of high energy 
pemesons and have attributed some of the slow 
neutrons to those produced through the non-mesonic 
photonuclear reactions by virtual photons cf y-mesons. 
On the other hand, the forward asymmetry of the 
observed emissions angles of the slow protons may 
suggest that the events were produced by the inter- 
action of virtual photons with the individual protons 
bound inside the nucleus. A detailed account of 
the result together with those obtained for slow 
particles and nuclear disintegrations underground has 
been submitted to the Journal of the Physical Society 
of Japan. 

We wish to express our gratitude to Professor 
Y. Watase for interest and advice. Ti-anks are also 
due to Prefessors W. L. Kraushaar, S. Kikuchi, and 


S. Hayakawa for valuable discussions and comments. 


*) Now at the National Defence Academy, Yoko- 
suka. 
**) On leave from the Department of Physics, 


Shimane University, Matsue. 


1) E. P. George and J. Evans, Proc. Phys. Soc. 
A63 (1950), 1248. 
E. P. George, Progress in Cosmic Ray Physics, 
edited by J. G. Wilson, Amsterdam (1952), p. 
BO: 

2) SS. Kikuchi, Phys. Rev. 86 (1952), 41. 

3) J. Halpern and A. K. Mann, Phys. Rev. 83 
(1951), 370. 

4) M. Annis, H. C. Wilkins and J. D. Miller, 
Phys. Rev. 94 (1954), 1038. 
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A Possible Effect of Cosmic Rays 


on Celestial Chemical Composition 


Satio Hayakawa 


Research Institute for Fundamental Physics, 
Kyoto University, Kyoto 


April 22, 1955 


The purpose of this note is to point out a 
possibility that the production of cosmic rays at stars 
may give rise to an appreciable nuclear transformation, 
so as to make influences on the chemical composition 
of stars. Our attention is paid to the production of 
light nuclei, such as Li and Be, which are hardly 
produced by thermo-nuclear reactions in the interior 
of stars.!). 

As a typical star, we consider the sun, at which 
the production of cosmic rays is well established. 
The cosmic rays are associated with solar flares and 
their average production rate is estimated as about 
2x 10° particles/sec-GV at a rigidity of 4 GV.) 
Taking account of the fact that the energy of the 
solar cosmic rays ranges up to nearly 10 GeV, the 
average intensity at the solar surface is no smaller 
than 


= l0lsece: cma=. (1) 


If the energy spectrum of such nuclear particles is 
continuous between cosmic ray and aurora energies, 
the intensity of particles with energies larger than 
1 MeV may be as large as 10!sec-!}cm~°. These 
particles have energies high enough to cause nuclear 
transformations. 

Due to the bombardment of nuclei heavier than 
B by the cosmic rays of GeV energies, a light 
nucleus is expected to be produced with the cross 
section of the order of «~10mb, as observed in 
Cosmotron experiments.") As the yield of the light 
nuclei decreases with decreasing energy, the contribu- 
tion of particles with energies below 1 GeV is at 
most that of cosmic ray particles. If the irradiation 
continues as the age of the sun, T~10!" sec, the 
heavier nuclei of fractional abundance F are partly 


transformed into a light nucleus by an amount 
j~JoTF~10“F, (2) 


Measuring F and f in the unit of the hydrogen 
content, it is observed that F~10~3 and f~10-" to 
107°, Thus relation (2) is roughly satisfied, 


to the Editor 


The following remarks may be necessary in con- 
nection with our problem. (i) The intensity of 
general cosmic rays near the sun is about one order 
smaller than that given in (1), so that the general 
cosmic rays impinging on the solar surface give a 
contribution to such nuclear transformations less than 
the solar ones do. (ii) The same reason applies to 
the nuclear transformations of interstellar elements ; 
those are quite small, though not negligible, unless 
the cosmic ray irtensity is much higher in a region 
of high gas concentration than near the sun. (iti) 
The above mechanism is responsible for such an 
element whose abundance is far smaller than that of 
heavier elements. Hence the production of ‘Tc by 
this mechanism may hardly be accounted for, because 
the abundance of Tc is observed as large as that of 
neighbouring elements. (iv) All of the aburdance 
of such light nuclei is not necessarily to be explained 
by the transformations due to cosmic rays. In this 
respect it should be noticed that the relative 
abundances of Be and Li in meteorites are as great 
as or even greater than in the sun. If both the sun 
and planetary bodies were originated from the con- 
densation of a common interstellar matter, the 
similarity in the relative abundances should be ex- 
pected. Then the cosmic rays would only be 
responsible to alter the fine structure of relative 
abundances. 

If there are such stars that produce cosmic rays 
more efhciently than the sun (remember that the 
sun is a very poor cosmic ray producer, provided 
that the main part of the cosmic rays are originated 
at the stars in our galaxy), sizeable nuclear trars- 
formations may take place within relatively short 
time. As emphasized by Hoyle!) and ter Haar*), 
supernovae may possibly produce a large amount of 
cosmic rays (ten or more order higher than at the 
sun, according to ter Haar). During their explosion 
considerable nuclear transformations are expected, for 
example, a factor 10~! instead of 10-8 in (2). If 
the explosion of supernovae plays an important role 
for the origin of celestial elements and if it is 
associated with the copious production of cosmic rays, 
the following speculation is born out on the chemical 
compositions of celestial elements as well as cosmic 
rays. 

Accepting the general belief that heavy elements 
are relatively rich in supernovae, the chemical com- 
position of cosmic rays, if accelerated there, is ex- 
pected to be richer in heavy elements than that ot 
the average celestial elements, in accordance with 


observations, These cosmic rays may have given 


Letters to the Editor 465 


tise to nuclear transformations in such a way as to 
produce those elements which were hardly produced 
by thermo-nuclear reactions. 

It is my pleasure to mention that this work was 
born from stimulating discussions of those who at- 
tended at the seminar of nuclear astrophysics held 
at Research Institute for Fundamental Physics ; 
among them Professors T. Hatanaka and C. Hayashi 
helped me by their kind comments. 


1) The possible production of deuterium by nuclear 
particles of MeV energies was mentioned by P. 


2) 


3) 


4) 
5) 


Mortison, S. Olbert « | B. Rossi, Phys. Rev. 
94 (1954), 440, 
Professor Morrison who pointed out a significant 
role of protons with energies lower than GeV. 
J. W. Firor, J. A. Simpson and S. P. Trei- 
man, Phys. Rev. 93(1954), 1015. 

J. Hudis et al., Phys. Rev. 94 (1954), 775; 
A. Turkevich and N. Sugerman Phys. Rev. 
94 (1954), 728. 

F. Hoyle, M.N.R.A.S. 106 (1947), 384. 

D. ter Haar, Rev. Mod. Phys. 22 (1950), 119. 
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Elementary Theory of Quantum-Mechanical Collective 


Motion of Particles, I 


Sin-itiro TOMONAGA 


Physics Department, Tokyo University of Education, Tokyo 


(Received March 26, 1955) 


An elementray theory of quantum-mechanical collective motion of many-particle systems is developed. 
The fundamental idea is illustrated by taking an example of surface oscillation of an incompressible 
system of particles. The essential point of the theory is, roughly speaking, the neglect of 1/1”N 
against unity, N being the number of paiti:les of the system. The method is a natural generaliza- 
tion of separation of translational motion from the internal relative motion by the use of centre of 


mass coordinates. A description in terms of field concept is briefly discussed. 


§ 1. Introduction 


Most of the dynamical systems we must deal with in an application of the quantum 
theory consist of large number of particles. Thus the many-particle problem is an important 
problem common to different branches of physics. As is well known there is no mathe- 
matical procedure which can be generally used in the treatment of many-particle problems ; 
but we know that fairly large class of dynamical systems consisting of many particles have 
a common feature that the constituent particles can perform collective motion. We know 
by daily experience that liquids and gases, for example, can perform uniform flow or wavy 
motions. In these classical systems the collective motions are known to be described by 
rather simple equations of hydrodynamics, notwithstanding the fact that the motion of indi- 
vidual molecules is so complicated that it is impossible to describe it in a simple way. 

This situation in the classical dynamics suggests that there will be fairly large class of 
quantum-mechanical systems which also are capable of collective motions, and the latter 
motions will be described by some simple equations. Landau’’ was the first who pointed 
out this possibility and discussed peculiar properties of liquid helium from this point of 
view. 

There are two methods of approach in the treatment of quantum-mechanical collective 
motions. The one is to quantize directly the hydrodynamical equations without giving any 
justification to this procedure.” Although it is rather probable that this procedure will give 
correct results in many cases, this method is in so far incomplete that it does not make 
clear what relation the obtained equations have to the original Schrodinger equation of the 
particle system. The second method of approach is the attempt to give HEEUGIGE © this 
procedure.” But, as we think, most of the proposed theories are rather unsatisfactory in that 


they are too formal and do not show in a clearcut way where in the theory approximations 
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are made and what kind of approximations they are. Thus it may happen that 
there are hidden sources of error behind the formalism so that one easily overlooks the 
crrots arising from these sources and apply the theory beyond its limit of applicability. 

Thus it is desirable to formulate the theory in such a manner that it reveals the 
sources of error as clearly as possible and makes the nature of the approximation apparent, 
starting from the Schrédinger equation of the particle system and deriving the laws of col- 
lective motions in a deductive way. But theories of this type have hitherto been developed 
only for some special dynamical systems : Bohm’ has developed a very interesting quantum 
theory of plasma oscillation, but this theory is concerned only with a system of particles 
interacting through Coulomb force ; the present author” has tried to generalize Bloch’s theory 
of sound” which propagates in an assembly of Fermi particles, but it was successful only 
in the case of the one-dimensional space. 

In this and the following papers we shall develop a theory of the latter type. The 
theory developed is applicable to a pretty large class of dynamical systems, provided that 
the system is actually capable of performing collective motions : not only longitudinal oscilla- 
tions of particles interacting with Coulombian or non-Coulombian forces, but also surface 
oscillations of an incompressible system of particles can be dealt with by our theory. It is 
well-known that the latter oscillations play an important role in the theory of atomic nuclei 
as was most systematically discussed by Bohr and others.” 

One of the delightful features of our theory is that it is very elementary, containing 
nothing highbrow such as second quantization, canonical transformation and so on. Our 
theory is a natural, and almost trivial, generalization of the use of center of mass coordi- 
nates to describe translational motions and to separate them from the internal, relative mo- 
tions of the system—the translations are the most elementary mode of collective motion which 
every dynamical system can perform. 

The fact that the theory is very elementary is advantageous in that it will make the 
communication between physicists of different branches easier; this is important, because, as 
mentioned above, the many-particle problem is a problem common to physicists of different 
branches. 

In this paper we shall illustrate the fundamental idea of our theory by taking a sim- 
plified example of surface oscillation of an incompressible system. It will be seen that the 
theory is a suitable approximation when the total number of the particles is very large: 
the approximation will be good if, roughly speaking, the number of particles is so large 
that the reciprocal of its square root can be neglected against unity. In the second and 
third papers we shall discuss the relation between our theory and the theories hitherto 


developed, mainly the theories of Bohm, Bohr and others and the generalized Bloch’s theory 
developed by the present author. 


§2. Collective momentum and collective coordinate 


We shall illustrate the fundamental idea of our theory by taking an example of a 
surface oscillation of an incompressible system of particles. Suppose a dynamical system 
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consisting of N particles interacting with each other by a force of such a nature that it 
tesists strongly against the compression of the system; then the particles will move more 
likely than any other modes of motion in such a way that the density undergoes no change 
because in this motion the change of potential energy will be the smallest. The motions 
which are most likely to occur in this system will be of the same nature as surface oscilla- 
tions of an incompressible fluid. 

In order to avoid unnecessary complications, we shall, for the moment, investigate the 
two-dimensional case, and take up only one mode of cscillation. We further assume that 
the motion is irrotational. As is well known an irrotational displacement of a particle in 
an incompressible fluid is described by a displacement potential ¢ which satisfies 46=0. 
The infinitesimal displacement of a particle at the position (x, y) is then given by & times 
the gradient of ¢ where € is an infinitesimal quantity. Let the coordinates of the n-th 
particle be denoted by (%, yn). Then its displacement is given by 


Ox, =E Od (x, Yn) 1%, 


Oy, =E OB (x Yn) /OYns 


There are many ¢@’s which satisfy 4g=0; but as mentioned above, we just consider 


(2-1) 


one of them: the simplest non-trivial ¢ of the form 


g=1/2+x%—1/2+y’. (2-2) 


The displacement field corresponding to 
this potential is represented in Fig. 1: 
the displacement of the n-th particle 


is given by 
OX, =~ x; 
(2"3) 
On = CVs 


so that each particle is displaced along 
a hyperbola whose asymptotes are x 
and y axes, the circular boundary of 
the system being deformed into an ellip- 


tical one. 


We now introduce the operator 
= —ib > CATES Yn) Vn) 
== — ib >) (%, 9/ 0% —In O/OVn) + (2-4) 


Then we have 
[1 +16 a/b, f(% V1» Xoo Yoo" ** Xs yy) l=fla+&x, ¥1— Ey Xt EX, yy—€yy) ‘ 


The last relation means that our 7/b is the operator which generates simultaneous displace- 
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ments of particles, each displacement being specified by (2-3). We now notice that the 
operator of this nature can be used as the canonical momentum which describes our in- 


compressible deformation. * 
Having thus found the momentum which describes our collective motion, our next task 


is to find the corresponding coordinate. As can easily be verified, the quantity 


&’=1/N- 1 (log x,—log yn) (22) 
satisfies the canonical commutation relation with 7: 


[z, é"]=—ib, 


so that it seems at first sight that this ¢’ is to be used as the coordinate for our collective 
motion. But this €/ is not a proper quantity for this purpose. The reason is the following. 
In order to give a full description of the motion of the system, we must use, besides 
the collective coordinate, coordinates which describe the internal motion. The internal coor- 
dinates must have such a property that they undergo no change when the particles are 
displaced simultaneously according to (2:3). Let an internal coordinate be denoted by 


C=C (xy M1 %2 2°" ‘Xv Vy) . 


Then this requires 
D3 (% 9C/O%—In OC/O%m) =0 cr [7, C]=0, (2-7) 


the trivial requirement of the commutability of € with z. On the other hand, in order 
that the collective motion could be treated separately from the internal motion, the internal 


coordinate and the collective coordinate must be crthogonal in the sense that the surface 


C(x% V1 % Vo" Xy yw) =const. 


and the surface 
£1 (x, 4. X Yo" *Xy yy) = const. 


in the configuration space must be orthogonal to each other. Otherwise the kinetic energy 
operator would contain terms of cross product of internal and collective momenta, so that 
the internal and collective motions become entangled in a complicated manner. This would 


make it impossible to treat the collective motion separately from the internal one. This 
orthogonality condition requires 


D1 (95'/ Oxy + OE / Oxy +9! / Ayn +OC/Oyn) =0, 


*) This is a natural generalization of the fact that the operator —ilS\ 0/dx,, which generates the 

nm 
simultaneous displacements of particles in the x-direction, is the momentum which describes the translation in 
the x-direction; the translation is the most elementary mode of collective motion, the coordinate which describes 
it being the well-known center of mass coordinate. The reader will find that all the known results concern- 


ing the separation of center of mass motion from the internal relative motion will b 


e derived b th 
if one takes 6=x. y our theory 
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or S3(1/xq 86/8 x= 1/ynBE/B Yn) =0. (2-8’) 


Unfortunately there is no such € which satisfies both of (2:7) and (2-8/). 

However, this difficulty can be got over by the fact that there exists a useful quantity 
& (x, Vp X> Yor**Xy Y) Which satisfies the orthogonality condition and, at the same. time, the 
canonical commutation relation with ~ not exactly but with a sufficient accuracy. Let us 


define € by means of 
€=2/NRy +316 (% Yn) 

: =2/NRy°*3)(1/2+%'—1/2-yn"), (2-5) 
where R, is a constant which will be determined later. Then the orthogonality condition 
corresponding to (2-8/) is 

D1(95/O%n*OC/O im + 95 /Oyn: BE /Ayn) =0 
or 


2/NR+(% 9C/8%—Yn BC/Ayn) =. (2-8) 


This can obviously be satisfied with (2-7), because they are the same equation. On the 
other hand the commutation relation of € with 7 is 


[=, §]= —ib(2/NR}) “Sou? -+n2), (2-9) 


which, because of the x, y-dependent factor $}(x,’+yn°) on the right hand side, is not of 
a canonical form. But here we must notice the fact that, when the number of particles 


is very large, the quantity $}(x;+yn") can be replaced by its mean value 


Sime) + (2) =m) 
=N(r), (210) 


because the mean deviation is “N((r') —(r°)), and, therefore, of the order of “N(7r’), 
1/v N times smaller than the mean value itself. Geometrically this follows from the fact that 
the region of the configuration space in which the quantity Din’ + Yn") deviates appreciably 
from its mean value is negligibly small when the space is of very high dimension ;* the 
proof will be given in Appendix I. Denoting 

(rR /2 @G=11) 


*) Strictly speaking it is necessary to use the physical mean value but not the geometrical one; in 
many cases, however, the difference between the two mean values is not essential. As for the mean deviation 
the physical one often differs essentially from the geometrical. As a matter of fact our method does not 
work if the given dynamical system is of such a pathological nature that an appreciable part of the region 
where S\(x2n-+yn2) can be replaced by N<r’> is physically prohibited. The geometrical consideration 
given in the appendix is meant as an argument that in a given class of dynamical systems only few are patholo- 
gical, but not as an argument that for a given dynamical system the mean deviaticn is of the order of 1/VN. 
In any case some sort of assumption of molecular chaos underlies the averaing procedure. 
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and using this R, in (2-5), we can regard our € as being approximately conjugate to our 
z. This approximation is good if N is so large that 1/V N can be neglected against unity. 
In this way we obtained the coordinate which can be used in the description of our collec- 


tive motion, satisfying the canonical commutation relation 

[z, J=—ib (2-12) 
with a sufficient accuracy. The use of this variable € is justified also by the fact that it 
can be actually regarded as variable which specifies the deformation of the surface. In fact 


the variable used by Bohr and others in their theory of surface oscillation was the three- 
dimensional generalization of our €. This fact is shown in Appendex II. 


§3. Separation of the kinetic energy into collective 


and internal parts 


In the preceding section we obtained the collective coordinate which satisfies the require- 
ment of orthogonality to the internal coordinates, ¢’s. Then it must be possible to separate 
the kinetic energy of the collective motion from the rest of the energy, the kinetic energy 
of the internal motion. This separation of the total kinetic energy into collective and 
internal parts could be explicitly carried out by specifying the internal coordinates ¢’s. But 
we shall show in this section that this separation can be performed without making explicit 
use of the internal coordinates. 


The total kinetic energy of the system is given by 
T= —#/2m -S\(F°'/ xy’ + 8°/Oyn') (3-1) 
Our task is to separate this T into two parts: 
T=Tyt+T, (3-2) 


where Tj, is the kinetic energy of the internal motion and T, is the kinetic energy of the 
collective motion. 


It is to be anticipated that T, will have the form 
T= 1/2rer (3-3) 


with the constant I which represents the inertia of the collective degree of freedom. This 
I is determined by the requirement that 


T= T—1/21-2?° (3-4) 


should actually represent the kinetic energy of the internal motion alone, or in other words, 
T—1/2I-7° should no longer contain z. This requires that 


[T—1/2I-7°, Se20: (3-5) 
and by the relations 


[T, €]= —26°/NRm- 3 (x, 0/Ox,—Yn O/OYn) 
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= — (2i%/NR;m) 7, 
[x*, |= —2ib z, 
it determines I: if we choose I such that 
I= NR /m/2, (3-6) 


Ti, of (3-4) actually becomes the kinetic energy of the internal motion alone, so that (3-2) 
gives the correct separation of the total kinetic energy. The result is 


Tin= — (0°/2m) 3) (0°/0 xq + 0°/Oyn?) + (B°/ Nyt) {> (Xn 9/O%n—In 9/Oyn)}*, 
n n (3 -7) 
Digg INR tn: Te 


§ 4. Dependence of energy on the collective coordinate 


In order to obtain the potential energy for the collective motion it is necessary to know 
how the energy depends on the collective coordinate €. Let the potential energy of the 
system be denoted by V(x, 1 % ¥o°:*xy¥y)- Our task is to find how V changes when we 
change the collective coordinate, keeping the internal coordinates unaltered. Also here we 
must find this ¢-dependence without making explicit use of the internal coordinates. In 
practical applications the amplitudes of the collective motion will be so small that it is 
sufficient to know this €-dependence in the form of a power series, in which terms of powers 
higher than the second are neglected*. 

Suppose that V is expressed as a function of (’s and ¢: 


VEVrOens é) : (4-1) 
Then, expanding it in a power series, we get 
VV C20; 0) HEV! (160 Cees 0) $1/2-EV" (0 Ces 0) (4-2) 
with the obvious notations ‘ 
Vi (Ces EVSOV Cos &) /08 5 
VE (or €oey E)=OV (Lory 6) 08. 
Now, in order to calculate V(--:€---; 0), V'(---€--+5 0) and V’"(-+-+++5 0) without making 
explicit use of the internal coordinates, we first express them as 
Vier Cos OV HVE Cos E) KEV" (ons EY A1/2-8V" (Coos Eng 
Vi (Cos OVSHW los E) KEV" (ee Oones or (4-3) 
Vl (1 Cees (0) Me) OS a 


Then we notice the relations 


* As will be remarked in the next paper this is not the case when the force acting between particles 


is not a two-body force. 
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OV (---C---3 €)/0F=i[a/b, V), 
BV (C3 6) /02= —[2/6, [2/b, VI], (4A) 
= 2/ NR, ae 12% —1/2+¥n), T= =e Di 0/0%,—Yn 0/Oyn) - 


0) and V’"(---2---; 0) in the form of (4-3) 


When we express V(---€--3 0), V(0-O075 
and apply (4-4), we find that it is no longer necessary to stick to the use of ¢’s and &: 


Namely we can now express these quantities in terms of the original coordinates x, y,°**xyVw 
without making explicit use of (’s and ¢: 
V(-+-E-3 0) =V XY) 
ara EH! 2 n —1 2°Yn ee Vig N. 
nee SE /2-* /2-yn)} a ae 
fe) 


fe) ° 
Nae °—] 2° n Z ee Le ie EL > 
faeces {SU1/2 +x 1/2 yu") }* [IG sas ay (x,---¥y) | 


Vi (G5 0) =[ 3G O seep -ey 3) (4-5) 


ee 


2 : a fe) a) a 
NRE 1331/2 =x" — Liz Ke ye L133 Ging Yn By! °V (x,:--y~) | > 


a) fe) + 
a eas By! °V (x""-¥x) |. 


n 


V't(++-C-+3 0) = 


Substituting (4:5) into (4-2), we obtain the required result which shows how the 
potential energy depends on €. It is 
V=V,+EV,+8V,, (4-6) 


with coefficients V,, V,, and V, given by 


= Zz Ba] 2 s a) a 
eee {21 (1/2 +x,—1/2-yn")} EG <a 2 


+ pe SE O/2 wh 1/2-90)} iP or "Ox, ond bv], 


fe) 
2/5 (4 ee v | 
| Ls (x50 OXp Tae 
a >> 1/2- : {sa 0 0 \\e 
NR? >i / fn. 1/2 Yn )} Ses —~Yn 25.) v | > 


Vi=1/2- | e(« 5 Yn 5 7 mals v|. (4-7) 


It should be noticed here that all of these coefficients depend only on the internal coordi- 


nates in the accuracy of our approximation and are not affected by the collective deforma- 
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tion of the system. 


We should not forget the fact that a similar procedure is necessary also for the kinetic 
energy. Although T;,, defined by (3-6) does not contain 7, it still contains € as is in- 
ferred from the fact that the commutator [z/b, Ti,| does not vanish : 


[7/6, T]= — Gb/m) 3} (8"/0x,2 —8°/8y,2). (4-8) 


The procedure to be used here is already clear by the consideration given above. Namely, 
corresponding to (4-2) we now have to use 


Li Tin ae =[z/b, To]| |—$"/2- [z/b, [x/h, Twolll, (4 9) 
and then, corresponding to (4-3) 
Tin| = Tin —8[7/6, Ty] —$/2-[2/b, [2/6, Tin]] , 
[=/6, Tall=la/s Tn]—#€[7/b, [x/b, tie (4-10) 


[x/s, (2/6, Tl ll=(7/6, [/6, Tin]]. 


Then using (4-8) and 
7 7 2h 0° 0° 
ati Hehehe, |e rie 4-11 
. 3 || m ~ Oxn” se) ( ) 


Vege 1, £67, 42T,, (4-12) 


we obtain 


with coefficients T,, T, and T, given by 


‘ Ly= Tia ie 
NR,’ 


{(1/2: %y —1/2-Yn') Gs = ) 


9 1 


46° 9 fe) 
_ >) ib 2- Dee 24 ie n P| 9 
ee (1/ [2-¥n)} "> dx, 


2 Bs Be n ‘ fol - 
m2 =1/2-y2)} (> +22), 
en Se 08 i 22 NS: (ela ae 


e wr 45; #3 ) 


n 


oO 
a): 4-13) 
z ey, ( 


Also here it should be noticed that all of these coefficients are functions of internal coor- 


dinates and momenta only and are not affected by the collective deformation. 


§ 5. Screening effect 


By our analysis we found that the total Hamiltonian of the system can be expressed 


in the form: 


H=(T,+V,) Sey sae) 5°( Ty + V5) +1/20-2" (5-1) 
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where V,, V, and V, are given by (4-7), and T,, T, and T, by (4-13). As mentioned 
before all of the coefficients (T,+Vo); (T,+V,) and (T,+V,) are independent of the 
collective coordinate and momentum, depending only on the internal coordinates and mo- 
menta. The physical meaning of each term of (5-1) is clear: the term (7p Vs) <8. te 
be interpreted as the energy of the internal motion, while (T,+V.)§?+1/2I-7° is to be 
interpreted as the energy of the collective oscillation. The fact that (T,+V.), the co- 
efficient of €, still contains internal coordinates and momenta seems to prevent us from 
interpreting in this way ; but it will be shown in later papers that this coeficient can be 
replaced by a constant, by its mean value. Then the remaining term ¢(T,+V,) is evidently 
to be interpreted as interaction energy between collective and internal motions. 

It is to be noticed here that the potential energy V, for the internal motion of the 
particles differs from the original potential V. Namely, V, is smaller than V by the amount 


2/NR?- (S3(1/2-%—1/2-962)} [De B/P%a— In 8/890) 7] 
—2/(NR,)*: {11/2 x" 1/2+4,")}*| 121 Gn 0/Ox,—Yn 9/Ayn)}°V]. (5-2) 


This reduction of the potential energy is to be interpreted as due to an effect which 
in some way corresponds to the screening effect of the Coulomb interaction in the case of 


plasma oscillation.» 


In this case the interaction between charged particles was no longer 
Coulombian when one separates collective parts of the motion, but was of short range type, 
the long range tail of the Coulomb interaction being screened off. We will discuss this 
point more closely in the next paper, in which longitudinal oscillations will be treated by our 
theory. After this investigation we shall come to a more detailed analysis of surface oscillations 
once again. The relation of our theory to the theories hitherto developed by various 


authors will be made clear in the later papers which will follow the present paper. 


§ 6. Use of auxiliary field 


Before closing this paper we shall add a brief remark concerning the possibility of 
describing collective motions in terms of a field concept. In his theory of plasma oscil- 
lation Bohm” investigated electric field oscillations instead of directly investigating the col- 
lective oscillations of electrons themselves. This was possible by means of the very direct 
connection div E=47p between electric and density fields. Nambu and Kinoshita” have 
tried to develop a method along a similar line in case of forces of non-electric origin ; but 
their method was rather impractical because in their theory it was impossible to relate field 
and particle oscillations in so direct a manner as Bohm did in his theory. At first sight 
it seems that this direct connection is peculiar to the case of interaction of electric origin, 
so that it is impossible to generalize the theory of this type. But we shall see in this section 
that it is possible to develop a theory precisely corresponding to the use of electric field 
which was so effective in the discussion of plasma oscillation. We shall illustrate how this 
is possible, taking again our example of surface oscillation. 
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In § 3 we obtained the relation [T—1/2I-7°, €|=0 or 
[T, $]=1/2I-[n*, ¢ |= —/T-x. (6-1) 
We now extend our dynamical system by adding an extra degree of freedom. This added 
degree of freedom corresponds to the electric field in Bohm’s theory ; and, similarly as one 
did in the case of electric field, we eliminate this extra degree of freedom by a subsidiary 
condition, connecting directly the “ field”? and collective variables. Let the coordinate and 
momentum describing the extra degree of freedom be denoted by €” and z”. We postulate 


by the subsidiary condition that the Schrodinger function of the extended system should 
satisfy 


(¢7—€) O=0. (6-2) 
This subsidiary condition requires that @ should be of the form: 

D=d(E? 6) (6-3) 
where & is a function of the particle coordinates only. 


We now set up the Hamiltonian 26 of the extended system in such a way that (i) 
it is consistent with the subsidiary condition (6-2), and (ii) if @ satisfies 


(#6 —E) =0, (6-4) 
then ¥ satisfies 
(H—E)¥=0 (655) 
and vice versa. Then the problem of solving Schrédinger equation for the extended system 
is equivalent to the problem of solving Schrédinger equation of the original system: @ 
will be obtained from & by multiplying it by 0(57 —é), and ¥ will be obtained from ? 
by integrating it over $7. 
It is easily verified that 
Ho =H+1/1-2 2? 41/21-27 2” (6-6) 
satishes this requirement. In the first place we have 
(36, €J=[T, §)41/0-[s, $] 2” (6-7) 
which, by substituting (6-1) and [z, €]=—ih gives rise to 
(36, €]=—ib/I-a— ib/T-7?. 
On the other hand we have 
(26, 67] =1/i-m [2%, €7)+1/21-[27 27, £7] 
SS e/a t/lr, (6-8) 
and this, combined with (6-7), gives 
[, ——|=O. (6-9) 
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This relation guarantees the consistency of the subsidiary condition with our Hamiltonian. 
It is easy to prove the equivalence of (6:4) and (6-5): Because of (6-9), we have 


(26 —E) D= (6 —E) 0 (GF —§) ¥ =0(E"—S) (4 —E) FP, 
but from the fact that %% does not contain EF, it follows that 
(36 —E) 0=4(?—§) (H—E) ¥. 


Evidently this relation shows that the problems (6-4) and (6-5) are equivalent to each 


other. 
Our discussion in § 4 shows that H can be expressed as 


H=T+4+V,4+VE4VE*, (6-10) 
so that our 36 is 
H=(THV,) + VEIL 27) + VE 41/21-2" 77). (6-11) 


But because of the subsidiary condition it can also be written as 
H=(THV,) + VEPEL/E-@ OY + (VO STF 1/ 21 27). (6-16) 


Written in this form, we see that it is reasonable to regard our extra degree of freedom 
as a “field”; the term (V, €¥ €¥+1/2I-2* 2") has a form which is adequate to be in- 
terpreted as the energy of the field provided that V, can be replaced by a constant. Then 
the term (T-+V,) obviously represents the energy of the particles interacting with the screened 
interaction Vy. The remaining term (V,5*+1/I-22") is, of course, to be interpreted as the 
interaction energy between field and particles.* 

In the next paper it will be shown that this theory precisely corresponds to the use 
of electric field when applied to the longitudinal oscillation of an electron gas. 


Appendix I 
Let f(x y) be a function of x and y defined in a domain v of the x-plane. Then 


N 
F= Dif (%n Yn) er ¥ 1) 
r= 
defines a function in the 2N-dimensional configuration space, the coordinate in which is (x, 
V1 % YorrXy Yy)» We now calculate the 2N-dimensional volume dV of the region in which 


F has a value between F and F+dF. This volume is given by 


dV =dF . |. BSF Cy Yn) —F) doy doys+-do (I-2) 


ny 
» 


In order to calculate this integral we make use of 


* The possibility of the use of extra degree of freedom in general case was independently pointed out 


also by Y. Watanabe (Private communicition). 
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3S fl yn) —F) ae Ca =H (1-3) 


—o 


Substituting (I-3) into (1-2), we get 


va ot ile Ve) ie ee ad 
27 n 


—o v 


Te ete i 
=< {fe rFC Pdr} e aF qd). (1-4) 


—o v 


We calculate the integral over v by expanding the integrand into a power series of A and 
neglecting all terms of powers higher than the second. The justification of this neglect will 
be given later. Then we get 


§ EFEY dy=v {1+i(f)¢A—1/2-(f") 4} 
with the usual abbreviation 
(1) =1/v-§ dv, 
which yields 
{fern do} Vv (1 -44(fy2—1/2- (PEP. 


v 


We now approximate this expression by a more convenient ore, To do it we put 


S= {(1-+ilf\A—1/2- (fA * 


log S=N log {1+i( f)A—1/2(f?) 4}. 


Here it is consistent to expand the logarithmic factor into a power series of A and neglect 


again higher terms : 
SCG =) Ge itl Wale (1-7) 
This gives 
S=exp [(N{i(f)A—1/2- CP) —CP))A], 
and accordingly 
fend du} Y= v¥ exp [—N/2- (CF?) — (fF) Fl exp INCF)AJ. 8) 


We substitute this result into (1-4). Then we get 
Wy ad /an-vit exp [—N/2- f)— (Ele [iF NF) AME 9) 


The integral on the right-hand side of (1-9) is well known: 


480 S. Tomonaga 


“Pexp [—N/2-((f2)—(F))2] exp [—i(F—N(F)) 4] 


=\Ga coe lao oe re a 


giving rise to the final result : 


1/2 


aa 1___(F-N(f))" iF, (1-11) 
ERGRSO Eee ONC aT) 
Our result (I-11) shows clearly that the volume of the region in which F deviates 


from its mean value N(f) by en amount larger than “N((f?) —(f)") is negligibly small : 
the geometrical probability of F having a value between F and F+dF is given by 


ee | : 


i [- 1 
wae ((P)— (fy)! FL aN A) CF) 


v 
It follows then that the mean deviation of F from its mean value is given by 


(F=N(f)) |aF. (I-12) 


AF= VN Vf) — (f° (I-13) 


This result can be brought to a more familiar form by noting that 


Af VF) Af )*, (I-14) 


Af being the mean deviation of a single f. Then (I-13) can be written as 
ADS PH 4NaAp (I-15) 


The result (I-15) is a well-known fact in the theory of probability; the mean deviation 
of a sum is the square root of the sum of the squared mean deviations of the summand. 
This fact is so well known, since the time of Euler, that it is almost unnecessary to give 
a proof. But we did it purposely, starting from the integral (I-2), because integrals of 
a similar structure will appear frequently in different parts of our theory, which will be 
calculated by a similar technique. 

The integrand on the left hand side of (I-10) contains the factor e~¥/2*(<f>-</>7a?, 
N being very large. This means that only very small values of 4 contribute to the integral, 
and, accordingly, that our neglect of higher terms in (I-5) andalso in (1, 7) is justified. 


Appendix II 


We defined our collective coordinate € by means of (2-5). In this appendix we shall 
show that this € can actually be regarded as a coordinate specifying the surface deformation. 
Let the equation defining the boundary of our dynamical system be 


r(0) =R,+ AR(8) (11-1) 
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in the polar coordinates. It is clear that 4R(@) tepresents the deformation of the boundary 
from the circular form. We assume that the density of the particle is uniform within the 
boundary. Then it is given by 


: p=N/7R,, _ inside, 
Tip outside. (II -2) 
Now in terms of the polar coordinates, our € is expressed as 


Baal ZINK set h.2.665°20 (II -3) 


with the same R, as arising in (II-1). Then replacing $}---by |---— dy, 


ps Qa0 Ro + AR(8) 
€ = (1/7R,') \d0 cos 20§ 1° dr 
0 


0 


=(1/2R,) | 4R(8) cos 20 dO. (IL-4) 


= 


This last result shows that our ¢ is the Fourier coefficient of the term cos 2( when we expand 
AR(@) into a Fourier series. But this Fourier coefficient is just the deformation coordinate 


defined in the usual way. 
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The method illustrated in the first paper referring to the surface oscillation is applied to longitu- 
dinal oscillations of particles mutually interacting through Coulombian or non-Coulombian forces. Com- 
parison with Bohm’s and Bloch’s theories is made. It is found that precisely the same results are 
obtained. 


§ 1. Collective coordinates and momenta for longitudinal oscillations 


In the first paper” we gave an outline of a new method for the treatment of collective 
motions referring to a surface oscillation of an incompressible system of particles. But this 
method is widely applicable to more general kinds of collective motions. In this paper we 
shall apply the method to longitudinal oscillations (or sound oscillations) of a compressible 
system, and show how the results obtained by the different methods, generalized Bloch’s 
method” and Bohm’s method”, can be derived by the new method. 

Let us consider a system of particles with no boundary ; though we imagine it to be 
enclosed in a box of finite volume, this is done just for the sake of mathematical simplicity. 
We assume that the volume be unity. Further, let the total number of the particles be 
denoted by WN. 


To avoid unnecessary complications, we shall consider here again just two modes of 
oscillation, whose displacement potentials are given by 


O* (xyz) =e 
b (xyz) =e7™, k >0. ay 


The use of complex potentials is often more convenient than that of real ones. Then 


according to our general prescription we introduce the operators which generate our dis- 
placements. They are 


{ (7 ,.0* (%¥ata) Vn) + Fi ; V.d* (XnVn&n) ) } 


+ ey ie) k 
= + thet, \(- = e + 5 
ae 2 


Here the symmetrization with respect to the non-commuting operators 4 and V7 is performed 


1 
2 
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in order to make these two operators adjoint to each other. We then define two momenta 
which describe our collective oscillations : 
nt = —ib/k-S} en {(—i-8/Im,) —k/2}, 
‘ (1-2) 
m= + ib/k-S) en {(—i-0/Ox,) +k/2}. 


Here we notice 
n- = (n*)t, 


which is the result of the symmetrization. 


The collective coordinates are now defined by 
Ft =1/N- 3) 9* (Xnnkn) =1/N- D>) en, 
n n (1 ‘ 2) 
E-=1/N- 09° (nnn) =1/N- Sen. 


The reason why we must define €’s in this way is the same as that in the first paper: 
these €’s satisfy the requirement of orthogonality to internal coordinates*. 


Let us first examine the commutation relations. As we can easily verify they are 
[zt 5 *|(=—#, [z-, 6 |=—2, 
te p= —ib{ N33 Poets 2b ame Bil —i6/N- > en, 
[x*, ele as aE 10/04.) 


(1-4) 


The fact that the commutators [z*, &-] and [z~, €*] do not vanish seems, at first sight, 
to prevent us from regarding them as canonical variables; but here we make use of the 
fact that the expressions on the right-hand side can be replaced by their mean values, 
which obviously vanish. The mean deviation of the expressions from the mean value is 
of the order of 6/N and this can be neglected for the following reason. Let us consider 
(z+, €—], for example ; then the mean deviation mentioned above is much smaller than the 
product of uncertainties of z+ and €-, this product being of the order of # as required 
by the uncertainty principle. (Notice that the uncertainty of €~ is of the same order of 
magnitude as the uncertainty of +). This fact means that, denoting the Schrodinger 
function by Y, the difference between mté-W and €-2*¥ is much smaller than 2*s5 °F 
or -x*W itself so that it can be neglected. 

Noting that [z*, 77]=0, if the center of mass of the system is at rest, we can 


thus simplify our commutation relations in the following manner : 


*) It is to be noticed that £+ and &- are not orthogonal to each other, but this causes no difficulty 
because they are almost orthcgonal in the sense that in the configuration space the volume of the cegion in 
which the surfaces t=const and §~=const appreciably deviate from being orthogonal is negligibly small 
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(1-5) 


[é+, é-J=on 


These commutation relations show that our variables can actually be regarded as canonical 
sets of coordinates and momenta to be used to describe our collective motions. The fact that 
the variables defined by (1-2) and (1-3) are useful in the description of the longitudinal 
collective oscillations has been already pointed out by Penrose”, but our theory is more 
comprehensive than his in that ours gives a prescription how to derive the Hamiltonian 


for the collective motion from the original Hamiltonian for the particle system. 


§2. Separation of the Hamiltonian into collective 


and internal parts 


According to the general program we now proceed to the separation of the kinetic 
energy into internal and collective parts. Namely, assuming that the collective kinetic 
energy be of the form 


Tea Bir as; (21) 


we determine the value of J in such a way that T—-1ntz- commutes with both €* and é-, 
2 


As can easily be shown, we have 


(2-2) 


and 
Creel (ey Nar, 
[T, &-]=— (ibke/Nm)n*, 4252 
so that the choice 


1/2I=k/Nm (2-3) 


is the required one: 


[7- Re Te eae +] =0. (2-4) 
In this way we get 


T= Tin Ts (2-5) 
with 
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Bo 8 8 2 
D5 —— = - 
2m a NBat By.) Be2 


Bb ri Paes che k My ae) V7 (2-6) 
ae is SS the, i Se —<}]/ a | - - BS | : 
Nm [= i : A) 2 * ; ( red 3 2 
T= (8 /Nm)x*r-. 


The next step is to separate €-dependent terms from the potential energy : 
V=V ies Vilas Veer e-bay - Sher (2-7) 


According to our general formulae, the coefficients ere given by 
(rer-disen|fe rdtvem[s 7 
Ns b Nx h 
selfs] 
vars ELE] 


(2-8) 


y;¢t=—1/2-[n*/6, [a*/6, VI), 
i Sas [z-/6, V]], 
V,*- = —[z /b, [2*/b, VJ). 


The corresponding separation of -dependent terms from the kinetic energy can be 


carried out in a similar manner. Here again our general formulae give 
Tie eT Ga ere “1, arene Peper eT ae te Tot, (2-9) 


with the coefficients 
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(2-10) 


igh ass —1/2-|z*/b, [x* /b, Teal ? 
Tp-=—1/2-[-/b, [=-/b, Tull, 
T,*°= —[x"/b, [x* /b, Tin]] = 


§ 3. Screening effect and the plasma frequency 


We now proceed to the calculation of the coefficients V,, V, and V, of (2:7). 
Then we shall see that the frequency of our collective oscillation actually becomes the well- 
known plasma frequency when the forces acting between particles are Coulombian. The 
screening effect will be also obtained. 

Let the interaction potential between n-th and n’-th, particles be denoted by 


V (x%,—Xy). (3-1) 
Then the total potential energy is given by 


V=1/2>>)\V(x%,—Xqr). (3-2) 


nant 


It is convenient to express V(x,,—x,,) in the form: 
V (x, —%,,7) =) f(K) fh @-2,0), (3 3 3) 
Nt 
fCUK) being the matrix element of the interaction energy corresponding to the momentum 


transfer of K. When V(x,—x,,) is spherically symmetric, f(K) will be a function of 
|K| only: f(K), K being | Kj. 


Elementary Theory of Quantum-Mechanical Collective Motion of Particles, I 487 


We now proceed to the calculation of our coefficients. In doing this we restrict 
ourselves to the leading terms only ; what is meant by “ leading terms” will become clear 


in the course of the calculation. 
First we calculate [z*/6, V]: 


To ! : : Nese 
E v| a er 23 ba (Calan —e a!) f(K) K,e Kt (2, —,,)) 


hay {S Seg eof K) K 


—>S} ie ag ees | eX, f(K) KL, 


K ni n 


where the vector (k, 0, 0) is denoted by k. Now S}e%*-*0*, will be N if K=k, but 
~i(k-K)x. 


it will be zero if Kk. More precisely, S} e » can be replaced by its mean value, 


the mean deviation being of the order “WN, so that it can be neglected against N. In 
the same way Se tke, will be N if K=—k, and will be zero if KX: —k. Then 
performing the Canotcn over K, the “lead’nz term” of [7*/6, V] will be found :* 


[at /b, V |= —G/k) - iN) en intf (ke) REN en F(R) R} 


= —iNf(k) Sen. (3-5) 
Quite similarly we find 
[n-/t, V]=—iNf() De. Gre) 
Next we calculate [z~/6, [7*/6,V |]. The leading term is: 
[x /b, [x*/b, V]J= —N'FR). (3-7) 
On the other hand it can be shown that [z*/b, [x*/6,V]] and [x~/é, [x /b, V]] have 


no such leading terms; they vanish in the accuracy of our approximation : 
[a+ /é, [x*/b, VIJ=[=/2, [2 /o, V]|=0. (3:8) 


Inserting these results in (2-8) we now get 


1 tH (a, a. y 
Vom 3) 3 fe B eaten 


nn! Ie 


=) nS) f(k) Pat tity dl ens) f®) keys 
” nl n n 


<a Ben x ena f® 4: GB : 9) 


*) The replacement of Sle*—-4O%n in Slei (k- Han, e-iK%y!by its mean value is allowed only when 


n mnt . om 
k—K is smaller than 1/l, [ being the distance within which the correlation between positions of the n-th and 


n/-th particles becomes appreciable. Thus the averaging process is allowed only when f(K) becomes small 


for large values of K. This means that the interaction force should not be a short range one in order to 
o 


allow the averaging process based on the simple geometrical consideration. 
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In the same way we get 


V+ = NF) Sen + (1/N-D en} {NG} =0 


(3-10) 
Vi-=Nf(k) >) a + {1/N- 3 en} {— NF (k)} =0 
and 
| Pdeak —) Cairo 18) 
: : (3-11) 
Vier ed 
Having found the coefficients, we insert them into (2-7). Then we get 
V=$>1V (Xn—Xnr) + Nf (k) Ete (3-12) 
with 
Vs (ig — fy) = 35 fe Out? F(R Mama f(b eM, (+13) 
It 


This result* tells us two things. The first is that the mutual potential V,(x,—x,,) is no 
longer the original potential V(x,—x,,) but reduced by f(k) ef *@n-*n? +f(k) em Onn”, 
This fact corresponds precisely to the screening effect: in the Fourier representation of 
V(x,—X,,) those terms which have the wave number equal to the wave number of the 
collective waves are subtracted out. In our calculation we only took into account two modes 
of collective wave, but if we introduce all modes having wave numbers up to &,, then all 
Fourier terms up to this wave number will be dropped. Then we shall have 


Vo (%—q— Amr) = >} f (XO) Ko, —x,,/) | (3-14) 
| 


K\>k, 


which is precisely the same result as found in the plasma case”, but here V is not necessarily 
Coulombian. In the Coulomb case we just have to use 


f(K) =478/K*. {o"2a) 


* The neglect of the terms other than the leading terms does not mean any neglect in the Hamiltonian: 


our result (3,12) is an exact identity. The approximate nature of (3,12) lies in the fact that it gives the 
separation of the &-dependent term only approximately: the VY) term in (3,12) is €-independent only in the 
approximation in which the non-leading terms are neglected. It is further to be noticed that (3,12) could be 


derived more directly without referring to the Taylor expansion with respect to €. This is as follows. We 
first express 


V= 1/2 ; >\ >) F(K) eK (a, -n/) = 1/2 >) f(K) Seika, Set KEI, . (1) 
nila dK n nt 


Then we notice that the commutator [z, lean Det rn/] has a leading term only when K=& and 


n al 
K=—k. This means that, if we omit the terms with K=k and K=-—Rk from the sum (I), then the resul- 
ting sum will no longer depend on € in the accuracy of our approximation. The omitted terms obviously 
give rise to the &-dependent term of the form N°f(k)EtE-. This is our result (3,12). Generalizing this me- 


thod of derivation one finds that higher powers of ¢ will appear in the expression corresponding to (3,12) if 
the force acting between particles is a many-body force. 
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The second conclusion which can be drawn immediately is that the frequency of our 
collective oscillation will be 


y=1/20-~ NEF(k) /m (3-16) 


if we, for the moment, neglect terms containing ¢*€~ which will arise from the ¢-dependence 
of the kinetic energy. If these kinetic parts of the ¢-dependent terms are neglected, 
the Hamiltonian for our collective oscillation is 


H.= (1/21) n*a~ + Nef (k)Et8- 
= (B/Nm)a*n- + N7f(R)EtE-,” (2327) 


from which we find the frequency (3-16). In the special case of Coulomb interaction, 
we get 


y= V Ne /mm (3-18) 


by inserting (3-15) into (3-16). This is just the well-known plasma frequency.” 


§ 4. Comparison with Bloch’s theory 


We must now investigate the §-dependence of the kinetic energy. The commutators 


arising in (2-10) are calculated in a straightforward manner giving rise to 
+ [a*/6, Tin] = — (?/m) Sy {( 18 /B%)? —k( 18/9) + 8/4}, 
[2 /6, T= — (i6?/m) Dy Mn {(— 10 /Bxq)? + &( —10/Om,) +R/ 4} 
[z+ /b, [z*/6, Tn |J=— (i*'/m) > ek, {( —10/Ox,)°—2k(—10/Ox,) +3/4-k}, 
[2-/6, [2 /0, Tol) — PAS Om { (— 10 /0x,)” + 28(— 19 /9xq) + 3/4}, 
[at fo, [a7 /6, TalJ=— /m) 3313 (—10/0%)" TR /4} . (4e1) 


These commutators are rather complicated. We, therefore, restrict ourselves to the discussion 
of the simplest case where the system is an almost degenerate Fermi gas. Namely, we 
assume that the state of the system is such that levels up to the Fermi maximum are 
almost occupied and levels above the Fermi maximum are almost empty. This was the 
assumption we made in the paper on Bloch’s sound wave”. We further assume that our 
space is one-dimensional. Then the further calculations are simplified in the following way. 


We first notice that the multiplication by >) e%’» of the Schrodinger function 


corresponds to the operation in which we pick up a ‘particle in the level with a momentum, 
say p, and bring it to the level with the increased momentum p-+k and sum up all the 
Schrodinger functions obtained in this way. This operation is to be performed on al the 
particles. But in the case of almost degeneracy, this will give rise to a Gonyansshiay 
effect only when the particle operated on is near the Fermi maximum, because otherwise 
either the initial level is empty or the final level is occupied. From this fact it follows 
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that (—id/dx,)? in the expression of [x~/b, Tin|, for example, may be replaced by its 
value ((—id/Ox,)*) p.m, at the Fermi maximum. Then we get the simplified expressions 


for the commutators : 
[x* /b, Tn] = — (i6*/m) ( (18 /8x,)?) wan 5 
[z-/b, Ts] = — (i#*/m) ( (—18/8x,)*) mana es 
[x* /6, [2*/b, TJ] = — @/m) ((—18/8x,)*) ra.) 
[=~ /b, [2-/b, Tul] =— (*/m) - ((—i3/8x,)*) pa.) 


(4-2) 


Here we have moreover neglected terms containing kas a factor. This is allowed when we are 
dealing with collective waves with long wavelengths. For [7~/b, [=*/b, Tin]] we may use 


[x /b, [x* /b, T,,]]= —36°/m- oy “((—i8/Ax,)*) (4-3) 


under the assumption of almost degeneracy. It is further to be noticed that the value of 
((—id/dx,)°) at the Fermi maximum is of smaller order than the value of ( (—10/9x,)°) 
summed up to the Fermi maximum. This fact allows us to neglect [x*/b, [ z*/b, Tn] 
and [7~/8, [7/6 Tw] against [2~/0, [2*/b, Tw]. 

Having found the commutators we get the required coefficients T,, T, and T,. They 


are 
. ; up to F.M. 
La lar {2N( (—10/0x,)*) em. — 3 2 { (—i0/0x,)*)} 
*{1/N- > Se e*n } nay /N: Se on le 
up to F. 
T,* =6?/m- {N( (—i0/0x,)° ie = 32 weer fe yh td FINS 2 enh, (4-4) 
~=h/m- {N( (—i0/0x,)*) ea. "3 3) (SB /dx)*) tal INS enh, 

apoE nasi ((—i8/dx,)*). 

As mentioned T,** and T,~~ are of smaller order ; so wwe neglect them. 


up to 


The relation between ((—id/dx,)*)p., and af " ((=i8/9x_)2) is, in the one- 


dimensional zase, 


up to FM, 


Di ((—10/0x,)*) =N/3+((—i9/Oxn)*) pm. » (4-4) 
and ((—i0/dx,)°) is given by 
((—10/0x_)*) wat, = (27 inex)? 
= (27-N/2)2?=72N?, (4-6) 


Max being the quantum number corresponding to the Fermi maximum. Then (4-4) is 
very much simplified : 
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Ty=Tin— (2N"/m) {1/N i Rah rh Ne ee eds 
le = 1, 30, (457) 
Ty°7 =2°?N*/m, 
so that we get the final result : 
Tin= Tot (2°6°N?/m)é*€-. (4-8) 


If we suppose, for the moment, that the particles do not interact, the frequency is 
solely determined by the term (77h?N®/m)é+é- ; the frequency is given by 


y=1/27-VF/Nm 5 N*/m 
= Nb/2m-k, (4-9) 


which is exactly the frequency obtained by Bloch’s theory.» In case of interacting particles 
we shall find 


1 BE | : 7h N*) 

Ve= Bas) Se NSA —| 3 
Onn Ne PCRS . (4-10) 

because in this case the Hamiltonian for the collective motion is given by 

Hilo Ws tt ln 6 © 

RB rop2 AT" 
apt + INCE) +E ON) ere. (4-11) 

Nin m 


It is characteristic of the one-dimensional case that T,* and T,~ vanish. In the 
three-dimensional case these coefficients do not vanish, and terms linear in ¢ appear in the 
Hamiltonian. Then the linear terms will couple the collective and internal motions. 
In the absence of mutual interaction between particles this coupling is so effective as to 
cause a complete destruction of collective oscillation: this was the reason why Bloch’s 
theory of sound wave failed in the three-dimensional case. 

In the presence of mutual interaction, however, the collective oscillations can be 
meaningful even in the three-dimensional case. This is due to the term N°f(&)¢*¢7 in 
the potential energy. In the presence of the potential energy this term becomes the main 
term, while the ¢-dependent terms arising from the kinetic energy play only a minor role, 


provided that the mutual interaction is sufficiently large. 


§ 5. Use of an auxiliary field and the comparison 


with Bohm’s theory 


In the first paper we noticed the possibility of the use of an auxiliary field to describe the 
collective motion. In this section we shall apply this method to our longitudinal oscillations. 
Then we shall find that this procedure corresponds exactly to the use of electric field in 
the description of the plasma oscillation as was done by Bohm. This possibility has been 
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remarked by Nishiyama” in the case of Boson systems, but it is applicable also to the 


Fermion case. 

What we have to do for this purpose is clearly explained by the example given in 
the last section of the first paper. As we did there, we extend our dynamical system by 
adding two extra degrees of freedom, the coordinates and momenta for these degrees of 
freedom being denoted by (§7*, 77*) and (€?-, z?-). We then set up the Hamiltonian 
JC of the extended system in such a way (i) that it is consistent with the subsidiary 


conditions, 


(€7+ +E) P=0, 
21) 


eF-_£-) M=0, 


which we impose on the Schrodinger function Y of the extended system; and (ii) that 


the eigenvalue problem 
(36 —E) @=0 (5-2) 
with the subsidiary conditions (5-1) is equivalent to the eigenvalue problem 
(H—E) ¥ =0 (5-3) 
of the original dynamical system, VY being related to @ by 
D=A(E?* —E*) 0 (S?— —E-) F (49,21-+- XN YnFw) - (5-4) 
It is easy to find the Hamiltonian satisfying these two requirements. It is 


MSH+ a" 'n- 4 aa ona (5-5) 
2I 21 21 


Now the substitution of (1-2), (2-3) and (3-12) into (5-5) yields 


H=T+ED) Vi, (%n—%nr) 


wr 


ibk Shes 0 k ibk ¢ nee k 
ane = anf De | ln pee oN mite | sR -=} 
Nm 36 ( Sel 2 Nm ce oe) 2 
ke F = 2 iit mm 
a a +n? 4+ N®F(R)E*ER, (5-6) 


By the substitution of (1-3) into (1-5) the subsidiary conditions become 


ke —— én) D=0 
| (5-7) 


(233 24\0n0 
Because of the subsidiary conditions the last term of (5-6) may be replaced by 
N°F (A) ETE, giving rise to 
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H=T+h ESV (in —%n1) 


nnt 


bk a ibk i back k 
Dall the, {(-i2 2 =| oF ies 4 pe ar re —tkr o = 28s) SS =} 
Nm pa oe or {( Ox, 2 

RB 


Alaotra (5-8) 


In order to compare this Hamiltonian with the Hamiltonian used by Bohm, we 


introduce the following change of notations 
G+ _, iV P/4nEN*p, 7 > —iV F/4nEN"p_y, 
net 5 iV 4nEN?/E an, mF- > —iV 47e€N"/k’q_y, 
—ib+0/Ox, —> (€x* Pa) = — (E-2"Pn)» 


é a —=€,, 


(5'9) 


€, being the unit vector in the xdirection. Then our Hamiltonian is expressed as 


= TH4S) Vo (Xn — Xp) 


tet) 12 Se ¢ 47e*)'? —ikx bk 
ies ae > Quen ek . dha) ( Te ) Ss q-k e ke »Ea(Pn —**) 
m n , m He Z 


__ 47e’N 


ViqG- ae 
de > Vy (%n— Xn) 


pS en, I) gan 4 OS (tly se 


__ 27eN 27e 2 N 
Wk -k_ 


q-7Ik 


mt a wre (5-10) 
87e 


Moreover, our subsidiary conditions become 


(on Ypeyons 
(p-2— peo en )D=0 


If we substitute f(k) of (3-15), that is f(k) of the Coulomb case, we find that our He 
is essentially of the same form as the Hamiltonian used by Bohm™, where (q,, p;,) and 
(q-x px) were sets of variables which describe the electric field. Also our subsidiary 


conditions are of the same form as appeared in Bohm’s theory, in which they were 


(5-41) 


494 S. Tomonaga 


derived from the condition divE=47ep peculiar to the electric field. In contrast to Bohm’s 
theory our theory does not make use of the peculiarity of the electric field so that it ts 
applicable to a wider class of systems with mutual interaction of non-electric origin. Our 
theory is applicable even to the surface oscillation as was shown in the first paper. 

In this paper we shall not enter into the further detail of the field description but 
just remark the following possibility of the alternative method which is essentially the same 


procedure as given by Nishiyama’”.* The electric field energy is given by 
H*=s1/3¢- | E°dv (5-12) 


where E is the electric field intensity. This is expressed as 


H® 24 (2-5) pie Pw (5-12’) 
k 


in Bohm’s notation by expressing E in the following manner: 


E(x) = (47)"?S) p-n x e™, (5-13) 
k 


€,, being the unit vector in the direction of kk. We now consider a field, say “ E-field, 
and assume that the energy of the “E-field be given by 


H*?=— (1/8ze") > RE (R) pr p-r » (5-14’) 


which is a modification of (5-12’); p’s in (5-14’) are to be considered as canonical 
variables defined in the same way as in the electric case: 


“c E(x) 22 Gay: p-K &:, eke, (5 +15) 


The field energy (5-14’) is the obvious generalization of the £¥-dependent term of (5-8), 
which, when expressed in Bohm’s notation, becomes 


N°f(Q)EE- > — (1/822) {FW paP-a + PFO PsP} - 


199 


Expressed in terms of “KE” itself, the field energy H* can be written in the following 
non-local form : 


Hr_!} 1 
87 47e 


|“ E" (VY =D) (—4)" E” do, (5-14) 


It is further necessary to define the ‘‘ vector potential”. It is defined by means of 


“ A(x)? = (4m) 3) gn Ee a (5-155 
where q;, is the variable canonically conjugate to p,, q being the coordinate and p the 
momentum. Then our “EF” and —(1/4%c)‘‘ A” satisfy the canonical commutation 
relation 


* Note added in proof. Meanwhile the uscfulness of the same procedure was pointed out indepen- 
dently by many authors: Yamada, Marumori, Nakajima and Miyazima. (Private communication). 
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[« EG)”, 24 (w)”|=— i029. (5-16) 


Tc 


Now let us suppose that the “E-field be interacting with the particles, the total 
Hamiltonian being given by 


eek Cc era epe! “mm? Sayer “mm? 
X= spt A(x,) +12 | BK f(¥ —4) (—4) Eeidugh 43 <42) 


Pi am 
where the first term has exactly the same form as in the electric case. We further impose 
the subsidiary condition 
(div “ E” —4ze0) O= {div “ E” —4me 5} 0(x—x,)} P=0 (5-18) 
on the Schrédinger function. This condition has also the same form as in the electric 


case. Since the equation of motion for “4” derived from our Hamiltonian, using the 
commutation relation (5-16), is 


OA” c = 
a Wy, AN SS Bee P 
AP f(D (- DB", (5-19) 
“EF” is related to “A” by the non-local relation 
«pra? 4ne esau: (5 +20) 


c f(¥—4)(—4) at 
which is the modification of the usual relation 
E=-— (1/c)0A/0¢t. (5+21) 

Having introduced the “E-field in this way, it is now immediately seen that our 
longitudinal oscillation can be described in terms of this field completely in the same 
manner as Bohm did in the electric case: it is easy to see that here again the same 
canonical transformation as was used by Bohm reproduces the Hamiltonian H of the 
original system of particles mutually interacting with the general interaction V (%n—Xny) » 
Then our system of particles and field is equivalent to the original system and it is possible 
to discuss our collective motion by the method which is completely parallel to Bohm’s.* 


* Tt is possible to give our «<F”field the following hydrodynamical interpretation. Put 


div “E”’=4re“p” (1) 
and 
(el cjncA = Gee (2) 
Then, as can easily be seen, our field energy H” is expressed in the more familiar form : 
HP =1/2-\*“o(x)” Vix—x’) “o(x/)” do dv’. G3) 
The equation of motion for “<G”’ is, on the other hand, 
‘ce 3) 
OG)” _ — grad \V (ex!) 0(8/) de (4) 


The relations (3) and (4) tell us that we can interpret “p” as density and “‘G’’ as momentum density of 
& continuous fluid. This interpretation is justified also by the fact that the commutation relation between 


6G” and “” becomes 


[“G(x)”, “o(x)”]=—ib grad 3(x—%/), = 


which is the correct commutation relation between momentum density and fluid density. 
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Adiabatic Process and the Stationary State 
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The transformation function has singularity when the interaction has been switched off adiabatically. 
A procedure to remove this singularity is presented. As a result of this procedure we can find the 
displacement of energy spectrum of total Hamiltonian from that of free Hamiltonian. 


§ 1. Introduction 


General theories of scattering have been proposed by many authors.”-” ‘These authors 
attempted to investigate the properties of stationary states of total Hamiltonian H and to 
obtain the expressions of cross section of various processes. But in these theories, the 
displacement of energy spectrum of the total Hamiltonian trom that of the free Hamiltonian 
has not been, or has been only incompletely, taken into consideration. Here we call this 
displacement of spectrum briefly the energy displacement. 

For example, Mller’) and Goldberger” presented their theories of scattering assuming 
that there is no energy displacement. Lippmann and Schwinger” have assumed that the 
collision process of two wave packets, which are completely separated from each other at 
infinite past, can be described by their integral equation which has the factor of switching 
off interactions. This assumption necessitates to neglect the energy displacement. On the 
other hand Gell-Mann and Goldberger” took the energy displacement into consideration. 
But in their method, the energy displacements are determined by the limiting process in 
which normalizing volume tends to infinity. It is doubtful whether the operator giving the 
energy displacement is completely determined, namely whether we can have the closed ex- 
pression of the energy displacement. 

As is well known, we can always find the energy displacement for the co-existent 
systems of various fields as well as for some cases where the interaction between two particles 
does not vanish even at an infinite distance. Therefore, it is necessary to take account of 
the energy displacement in these cases. On the other hand there always appears the 
ultraviolet divergence in Tamm-Dancoff’s formalism for quantized fields. This divergence 
constitutes one of the difficulties with Tamm-Dancoff’s formalism. In order to avoid this 
difficulty, it seems necessary to analyse the energy displacement and find the wave matrix 
which explicitly includes the effect of the energy displacement in its structure. 

In this paper, it will be shown how to construct the stationary states of H, taking 
For this purpose, the adiabatic switching off process 


account of the energy displacement. 
for the interaction is used. In this case there are some difficulties. The difficulties lie in 
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the singularity which appears gradually as the adiabatic factor approaches to unity. ate 
after, we call this singularity adiabatic singularity for the sake of convenience. 28 this 
paper, the difficulty accompanying this adiabatic singularity is avoided by factorizing the 
transformations function into two factors corresponding to the amplitude and the phase 
factor, and by pushing completely the adiabatic singularity into the latter factor.* To 
show the possibility of such a factorization is an essential point of this paper. The ease 
amplitude, free from adiabatic singularities, tends to non-singular matrix as the adiabatic 
factor approaches to unity. This limiting matrix satisfies the generalized equation for 


Mller’s wave matrix, in which the energy displacement appears in a closed form. 


§ 2. Factorization of U(t, —oo; €) 


In this chapter, it is shown that the transformation function U(t, — oo ; €) which 
+ 
n 


satisfies the Schrodinger equation in the interaction representatio 
idU(t, — oo ; €) /dt=ge"H,(t) U(t, —o ; €) (1) 

and the boundary condition 
U(—o, —w;&)=1, (2) 


can be factorized in the following way, using Dyson’s chronological operator P, 
t 
~io( alee t/ CIT, (t/) Vt’) (3) 


U(t, —co;&)=V(t)Pe -« 
This V(t) is given by the equation, 

i9V (t) /ot=ge" | H,(t) V(t) —V(t) <A, (t) V(e))] (4) 
and the initial condition, 

V(—c)=1 (5) 

Generally, the elements of matrix depend upon the system of basic vectors of representation. 
In this paper, we use the eigenstates of H, as the system of basic vectors. For this re- 
presentation, the symbol (4) means a diagonal matrix derived from A, whose elements are 


the diagonal ones of 4. In the same manner, we use the symbol A which means matrix 
A—(A). Namely A is non-diagonal matrix, whose elements are the non-diagonal ones 


of A. 
To show the above results, we separate U(t, —co; &) in the following way, 
U(t, —c ; €)=U(t, —w ; €)+(U(t, —~; €)). (6) 
Now we put* + 


V(t) =14+U(t, —o; €)(U(E, —oo; €))", (7) 


* Dr. S. Tani attempted to remove this singularity. (Private communication) os 


+* We used e® as the switching-off factor in the interaction term. Burt, generally, 9() =) dI'G(T)e 
may be used as such a factor, too. ib 
"'* It is assumed ‘in this paper that U(t, —  ; €) can be expanded in a power series when y< yg. 


From this assumption, we can assert that the inverse of (U(t, —& 3 &)) always exists and its power series 
in gy converges when y< yg. 
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then 
U(t, —~ ; €)=V(4) (UG, —~; &)). 
V(t) has a structure: 1-+-nondiagonal matrix. 
We insert (8) into (1) 
OV 


iO (UG, ee E))+V OIL (UU Pet e)) 


=ge" H(t) V(t) (U(t, — 0 ; €)). 
On account of the structure of V(t), 

Cort) fot;=0',. \ (t) 1. 
Therefore, we put (  ) in the both sides of (9), 


jo/0t(U (1) —,; &),) =ge"(H,@)VG@))\(UG —©; €)). 


From this, 
t 


—ig | athee*/( W/V W)> 
(UG, —c;&))=Pe -@ 
By inserting (10) into (9) 
i0V (t) /Ot(U(t, —~ ; €)) =ge*(H,(t) V(t) 
—V(t) (A(t) V(t))) (UC, — 2 5 €)), 
then 
idV (t) /At=ge" (H,(t) V(t) —V(t) (H(t) V(t) )). 
(8) and (U(—o, —~; €))=U(—om, —o; €)=1 give 
V( — oo )==1, 


Thus we have proved that the factorization of (3) is possible. 


§ 3. The adiabatic singularity 


Rewriting (4) in a form of integral equation, 
t 
V(t) =1 —ig{ de eH, () Ve) —V(t) (H(t) Ve") - 
Developing V(t) into a power series of g and putting has hh 
V(t) =>\(—ig)"V™ (). 


n 


Inserting (14) into (13) 


t 
yon (t= | dee HC) VOC) WO) VED). 
0 


Putting n=0, 


t 
Ve) = | dH (¢). 


—c 
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(8) 


(9) 


(10) 


(11) 


(12) 


(13) 


(14) 


(15) 
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Let @, be an arbitrary eigen-function of H, and E, the corresponding eigenvalue, then we 


have 


. 1 
Vo C= ie dt'eé etl ei (Ho- Eo)! FY (a) oz i(Ho—Ho)t+&t H. 0 @P 
(t) j t 7(0) Po=e ‘aE £e 7(0) P, 


— pi(Mo- Hot + et 77 (1) (0) 0, : (16) 

It is clear that the right hand side of (16) has no adiabatic singularity when eigen- 
values of H, are discrete at E,. 

Even if the eigenvalues of H, are continuous in the neighbourhood of E,, it may be 
shown in the following way that the situation is not changed. 

For this purpose, we make the scalar products between the right hand side of (16) 
and the arbitrary state which does not involve €. If this scalar products are not singular 
for the limiting process €->0, it may be natural to say that the right hand side of (17) 
is not singular. 

For the arbitrary state Y%, which does not involve €, we put 


B= | a9(E") O dE, 


Then 
(%,, eo! (Ho Ho)t + et Vo (0) P,) 
—ihot+ét E’ 1 
ss Jate) i(E’—E,) +€ 
As we have no interest in the dynamical system, in which the interaction Hamiltonian 
may change suddenly everywhere, namely, (E°—0|H,(0)|E,)=](E°+0|H,(0)|E°) at the 
set of points E, having finite Lebesgue measure, we can evaluate (17) in the following 


ef" (E’| H,(0) |E,) dE’. (17) 


way : 
[| dE! + J dE! + | dE!) [ay (E') /i(E! —E,) + & -e"(E"|H,,(0) |E,)] 
Fo-X Fo+x 
e de’ + | dB") [y*(E) /i(E -E,) +€-€""(E'|H,(0) |E,)] 
et Hot a,* (E,) M In = . (18) 


M is defined as follows : 
M= (E,—0|H; (0) |E,) = (E,-+0|H,(0) |E,). 

Clearly the right hand side of (18) has no singularity for €—0. In abbreviation, 
the right hand side of (18) has the singularity only when (E’|H,(0)|E,) is strongly 
singular at E’=E,. On the other hand, (E,|H,(0)|E,)=0 according to the non-diagonal 
Catatier of H,(0). Of course, even if (E,|H,(0)|E,)=0, adiabatic singularity appears 
when (E’|H,(0)|E,)~(E’—E,)~* for 0>1 or (E, — 0|H,(0) |E,)==(E,+ 0|H,(0)|E,). 


We do not discuss this case in the present paper. 
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Furthermore, we can show by the method of mathematical induction that V COXP) 
also has no adiabatic singularity. For this purpose, we assume that for / <n, 
( i ) vO (t) OS fo an + 2E¢ V® (0) PD, : 
(ii) (E,—0|V® (0) |E,) =(E,+0|V (0) |E,), 
(iii) Vi %, has no adiabatic singularity. 
If we can show that the assertions (i) (ii) (iii) for [=n-+1 follow from the cnes [sSn, 
it may be concluded that above (i) (ii) (iii) are right for all l’s, since the case for [=1 
was already discussed. As @, is an eigen-state of Hy, (H,(t')V"-°(t/))@, is also one, 
because 
FE POD Ae) pO CAV oO) YH ORE KH) VO-O(L)) ®, 
Therefore, when the right hand side of (15) operates on %, we can use the form (i) 
for P(t} im (15) as well as*for V™ (2) or VO—-(?). Then 
horns) Ds me om Ronen eines x 1/i(H,—E,) ae (n+ 1) Et 
x [H, (0) V (0) —S3V® (0) (H,V-9 (0) )] % 
s=1 
— ef \Ho— Wo)t+ (n+1) & yor” (0) PD, : 
Certainly (i) is right for /=n+1. It is easy to show (ii) for /=n+1. By the same 
reduction as for n=1, we can conclude (iii) is also right for /=n+1. This is what was 
to be proved. 


We put 
Lan) (Cr) = 255" Cr), (19) 


E>o 


Convergence of 
V (1) =3}(—ig)" BO (20) 


does not always give convergence of 


ine} 


>1(—ig)"B™ (£). 


n=0 
Then we assume uniform convergence of the right hand side over OSE &. This as- 


sumption may be followed by the results : 


lim V(t) =S1(—ig)"B (2). (21) 


§ 4. General wave matrix 
Using (i) in the preceding chapter, 
V(t) ESSN Cale dali Vo (0) ?, P 
Differentiating the both sides with respect to ¢, 


ZV) @,= —|[Hy V(t) 1% +iES1(—ig)" Xa XVM (2) 2, . 
t u= 
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Therefore 
2 Y= —[Hy VO] +E SY" XX VO, (22) 
t n=0 


From (13) and (22) 
ge" [H,() V(t) —V (0) (Hy () VO) = —[H VO 1+ELO), 
here 


Sig)" x2 x VO (=). 


Having transformed several terms, we have 

[H,+ ge H,(t) |V() =V (e) [Hy + ge" Hi) V(t) |+iEL() (23) 
If the power series of 9, Siw) "7 ™(#) uniformly converges when g<g, over OSE 
SE 


>i(—i7)"X2xXV™ (t) 
n=0 
does uniformly converge when g<g, over OSES E,. Then generally we can assert 


lim Z (¢) =S)(—ig)"X2XB (6), 
€>0 


n=0 


namely 


lim 7 (¢) 


E>0 


is not singular for the limiting process €—>0. Thus we reached final results : 


H(t) 8) =B()[Mt+-9 (Ai (t) BH )J=BO (HE) VO). (24) 
Especially for t=0, 
HB=B8[H,+9 (H,;B)]=B(H®) , (25) 
here 
BV=W(o0). 

This is the generalized formula of Mdller’s wave matrix.” 

It is also possible to acquire the similar results as (23) for U(t, —co;&). But, 
in this case, the term corresponding to the last one of the right hand side of (23) may 
essentially be singular for €—>0. 

Matrix (7H,%) is not always completely diagonal for the arbitrary sets of eigen- 
function of H. Let {%,} be the set of eigenfunctions for which (yH,%) is completely 
diagonal. Then WB, is the eigenstate of H. The eigenvalue is E,+ 4E,, where 4E,, 
is one of the diagonal elements of (gH,;%) for {@,}. 


When the eigenfunction %, is not degenerate for the particular eigenvalue, 
t 
Aa ( dtle=t/¢ H(t) V(t’) o>) 
Ot, Seao% é) ?,=V(t) P,( Pp, Pe -o 
t 

—% { dtle® t7(o, H y(t’) V (t/) 9) 

=V(t) Pe -« > 
and 
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(%,, V(t) P,) — J 
Then 


lim U(t, —co ; €) D,/(, Ut, — 2 ; €) 9) =limV(#) 9, =B (4) @,. (26) 


Even in the field theory, the eigenfunction for the lowest eigenvalue of H, or the 
so-called particle vacuum may not be degenerate. Therefore %$@, is the true vacuum state 
when , is the particle vacuum state.” 


§ 5. Discussions 


From the result of § 3 
(H,(t) V(t)) (= S\(—ig) "eH V™ (0) @, . 


Then we can presume that (H,(t)V(t)) is independent of ¢ in the limiting case 0. 
Thus P-symbol in (3) may be neglected in this case. Consequently 


Ul — 20s )ABO expl—is (1/8) Sig)" A/a eH B)] 
= (t) exp[ —ig (1/€) (H,B) —igt(H,B) +higher order term of &]. 
From this form of U(t, —o ; &) a few assertions can be derived. 
U(t, —co; &) has certainly adiabatic singularity and the character of singularity is 


essential. 

V(t) describes the change of amplitude of the state function which has been under 
interaction from infinite past time. 

Both —ig(1/€){H;B) and —ig(H,%)¢t are the phase of system. The term 
—ig(1/&)(H,;%) is infinite for €-0, namely, this term may be interpreted as the infinite 
part of the phase of the dynamical system. Our dynamical system starts movement at the 
infinite past time. This situation produces the infinite part of the phase of the state func- 
tion. On the contrary, —ig(H,%)¢ is finite. This finite phase corresponds to energy 
deviation of systems, that is to say, GX H,&%). 

If D is an arbitrary operator which commutes with Hh, D*9{H,;%)D has the same 
eigenvalues as g(H,%). Putting 


Wes Ds (27) 
W is the general wave matrix, too. Because of (25), we can easily gain 
HW=W(|H,+4], (28) 
where 
=o (HDs (29) 


Y3 has a special property, that is to say, 


but W has no such special property. 
Certainly U(t, —0o ; €) is unitary. Therefore as a matter of course, we can describe 


the bound state by U(t, —~; &). But perhaps we can not expect this possibility for U. 
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This is caused by the implicit assumption that the operand of V (t) is not singular for 


€>50.” 


The author should like to express his sincere thanks to Profs. T. Inoue and C. Hayasi 
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The initial value problems for field equations (in mechanics, equations of motion) with higher 
derivative or non-local couplings are investigated on the basis of the perturbation theory. Especially 
it is the purpose of this paper to clarify how all higher derivatives of dynamical variables may be 
deduced from the prescribed initial values of the same degrees of freedom as those of free equations. 
The propagation character of those fields are also investigated, applying the characteristic theory of 
hyperbolic differential equations. 


§ 1. Introduction 


Since the great success of the covariant field theory in quantum-electrodynamics it 
has been attempted to extend this theory so as to be applicable to the systems with inter- 
actions of generalized forms in connection with the divergence difficulties and the experimental 
results about the transmutations between elementary particles and the anomalous properties 
of nucleons. Espevially, consideration has been given on the interactions containing the 
higher derivatives of field variables and the non-localized actions. By theories of higher 
derivative couplings, we understand in this paper a type of theory in which the highest 
order time derivatives of dynamical variables appearing in the field equations (in mechanics, 
the equations of motion) are contained in their interaction terms specified by the coupling 
constant.* It should be noted that in the following discussions those systems are also included 
in which the highest order (in general, second order) time-derivatives are contained not only 
in the interaction terms, but also in the free equations, which are obtained by putting the 
coupling constant equal to zero in the original equations. For examples in the mechanical 
systems of mass points, we deal with those systems in which the forces acting on each 
particle depend explicitly on the accelerations or their time-derivatives of some order. 

On the other hand, in the theories of non-localized interactions, the field equations 
(the equations of motion) are integro-differential equations containing an arbitrary function 
fs the so-called form factor, depending on one or more coordinate differences of pairs of 
points, in their interaction terms. In the corresponding problem of mechanics, this function 
depends on differences of time values. Therefore, the field equations (the equations of 


motion) of these non-local theories contain explicitly the values of the field quantities 


* In this paper, the coupling constants are always assumed. to be sufficiently small and all quantities are 


c-number unless there is some particular note given. 
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(observables) at different times, in contrast to local theories in which the time derivatives 
of these quantities are determined directly by their initial values at a given time. 

The quantization of these systems has been investigated by several authors on He 
assumption of the validity of the perturbation method.’? However, detailed discussions 
have not been made on the characteristic features of the perturbation theory in these theories. 
It is the purpose of this paper to clarify the general structure of the initial value problems 
for these equations in connection with the perturbation theory. 

First, in §2 of this paper, we derive explicitly the solutions containing the same 
degrees of freedom as those of the free system in mechanical local theories, within the scope 
of the Cauchy problem, and their results are applied to non-local mechanical theories, in 
§ 3. Going over into theories of wave fields, a difficult problem of the domain of depen- 
dence arises, namely the question that the velocity of the wave front may be different from 
the light velocity due to the existence of a higher derivative coupling. Though the domain 
of dependence is a purcly mathematical conception, it is closely connected with the propa- 
gation of disturbances, or the commutation relations between the quantized field quantities 
at different space-time points. This significant change of the propagation character is in- 
vestigated in § 4, §5 and §6 for some illustrative examples applying the characteristic 
theory of hyperbolic differential equations. Accordingly, in the discussions on the initial 
value problems of non-local field theories, it should be also taken into account, in addition 
to the circumstances analogous to non-local mechanical theories, that those surfaces in the four 
dimensional space-time, beyond which there exist discontinuities of higher derivatives, play 
an important role. These characters of field theories with non-local interactions will be 
discussed in the next paper with the far more interesting question, whethes the initial value 
problems, in such a meaning as is given in this paper, are equivalent to those of differ- 
ential equations. 


§2. Local mechanical theories 


As is well-known, the motion of the harmonic oscillator 


g +w'q=0 (2-1) 


can be uniquely determined by giving prescribed values to the coordinate and the velocity 


at an arbitrary instant. The above solution may be expressed as the following Taylor 
expansion, 


q(t) =Si(q™ (6) /n!) (t—-%))", (2-2) 


where all higher derivatives G (t,), 7(t)), -:etc., may be deduced from the equation (2-1), 
the equations obtained through successive differentiations of (2-1), and initial values g(t). 
q(t)) at a given time t=¢, (except t=-++co). The characteristic feature of this procedure 
to construct solutions remains unchanged in the following equation with the self-interaction, 
so far as the nearly linear solutions are concerned : 


G+oq= fq q 4), (2-3) 
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where, f is a continuous and differentiable (up to infinite order) function with respect to 
q, q and t, and € is the coupling constant. However, in the equation with a higher 
derivative interaction, for example, 


gtwq=¢f(g9,t)q” (n> 2) (2-4) 


the solutions are, in general, of essentially different characters, besides the apparent increase 
of the degrees of freedom. Namely, we can easily see that the new singularities owing 
to zero values of f(q,q,¢) at t=t, may give infinite values to the higher derivatives 
q(t) (k=n), when we want to deduce all higher derivatives from the prescribed initial 


(n 


values g, 7, ---q"~, following the above procedure. It should be also remarked that in 
nonlinear equations, these singularities can not be given as the fixed points in the complex 
t plane but depend on the initial values which may be prescribed arbitrarily. 

Even when we concern ourselves with the solution expanded at a regular point, all 
higher derivatives q™’s (k=>n) to be determined by the above procedure may contain 
inverse powers of €, if the initial values of g, q, --:q~” are given arbitrarily, and it may 
happen that the perturbation theory fails. 

However, in the following discussions, our aim is not to obtain the general solutions 
but to construct such peculiar solutions which may be expanded in a power series of €, and 
have the same degrees of freedom as those of the free equation. In the succeeding discus- 
sions, we see that these special solutions are realized by restricting suitably the initial values 
OF, 9, “"q" °, etc. 

Accordingly, when these values of all higher derivatives q®’s (kn), thus obtained, 
have definite and finite values at every point except the singular points of the free equation, 
the singularities of the total equation are the same as those of the free equation in the 
scope of the restricted solutions under consideration. In the following illustrative examples, 
these restricted solutions are really constructed. However, the equation (2-4) has the same 
degrees of freedom as those of the free equation (2-1) for the value of n equal to 2 
and such a case should be distinguished from others corresponding to the value of n larger 
than 2 and having more degrees of freedom. We discuss first the latter case in the next 
section. In this paper it is also assumed that there exists some value of ¢ where the Taylor 


series of (2-2) has a non-vanishing convergent radius. 


(a) Linear theories 


We consider the following example : 


gto" q=€f(t)q”, (2-5) 
where f(t) is a function of ¢, which is continuous and differentiable up to the infinite order. 
It is to be discussed how all higher derivatives q (t)) (n=2) may be determined as the 
power series in €, with the values of g and q prescribed at a time &. 


For this purpose, we assume the following expansion : 


q” (4) =>) (n, p)€?, (2-6) 
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where (n,p)’s are the coefficients of €?’s, Our aim is to express every (n, p) in terms of 
the given initial values q(t) and q (t,). 

Here we restrict ourselves to the case where these initial values are independent on € 
and so the relations q(t) =(0, 0), 4 (4) = (1, 0), (0, p)=(1, p) =0 (for p = 1) hold. 
The extension to general cases will be easily done. 


Proof: (cf. Fig. 1) 


| (0, 0) 


(1, 0} 
(2, 0) —_——(2, 0) (2, Pa 1) (2; p) 
GQ, et 1) (3, p—1) (3, p) 
(4, 0) (4, 1) (4, p—)) (4, p) 
OF 0) G, 1) (5, p—1) . 
r gq . 
. . (a—2, p) 
. . . (n—1, p) 
(1; 6) (n, p—1) (n, p) 
Ca+1, 0) (a+1, p—1) (a+1, p) 
(n+2, 0) (n+2, p-)) 2 
Fig. 1 
Differentiating (2-5) n times, we obtain 
| Wil acl iba so? 16); i (2-7) 
er from (2-7) 
(n+2, p)+o°(n, p)=MGFE? (to) (r+4, p—1)- (2-8) 


Putting p=0 in (2-8), we get 

(n+2, 0) +a°(n, 0) =0, 
or 

(2, 0) =—a°(0, 0),(3, 0) =—a"(1, 0), ete. 

ger (n, 0)’s (n=2::-) may be expressed by (0, 0) and (1, 0). For p=1, (2-8) 
turns into 

(2, 1) +°(0, 1) =f (t)) (4, 0). 
Then (2-1) also can be determined. 


Generally, when all (n’, p’)’s (p’<p) and (n’, p)’s (n’ <n) are determined by (0, 


0) and (1, 0), (n, p) can be determined by usi ; 
thus obtained as ; rmined by using (2-8). We can represent these 9% (t,)’s 


q(t) =ha(q(to), 4 (t)), (n= 2) (2-9) 


or, because of linearity. 
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by=4n (to) q(t) +n (to) 4 (t)- (2-10) 


Then, finally, we obtain the solution in the following form : 


q(t) = {didn (t—t))"/n Yh g(t) + {1b (t— ty) /n 1} G (ty). (2*11) 
The extension to general forms of equations of motion other than (2-1) is easy. Also, 
to the system which is composed of many particles and has the system of differential equa- 


tions for the equation of motion, we may apply the same procedure of the proof as the 
above, by considering f and q, etc., as matrices. 


(6) Non-linear theories 


We consider the following example, analogous to (2-6): 


Garo g=—ey (ay fq" (2°12) 
Differentiating (2-12) n times, we have 
we +g” = eS1(2) f-7 (q, t) aes (2 : 12") 


with the notation 


Sx he =f 4). (2-13) 
We assume the following expansions ; 
gq = 2i(m, p) €?, 
p=! 


fe ae pe 


p=0 


Then we obtain 
(n+2, p) +w*(n, p) = 5s CA isan py 4 i plo (2-14) 
pi= r=0 


where {n—r, p’}’s are the known functions of (n’, p’’) with n! <n—r, p’<p’. Then 
it can be easily proved that all (n, p)’s are uniquely determined in terms of the given 
initial values q(t,), 9 (t,), in a way quite similar to that performed in linear theories, and 


we get 
q” (to) =hn (q(t), 9 (to))s (2-15) 
q(t) = dn (q to)» 9 (fo) ) to) "/n. (2-16) 
Though the extension to systems composed of particles more than one is not so simple as 
in linear theories, the characteristic feature of the proof remains unchanged and the conclu- 


sion is the same as that of one particle systems. 
Here, we illustrate the situation by the following especially simple case derived from 


the Lagrangian 


L=1/2 3 G2—w8 92) + (€/2) 1% 92° (2-17) 
i=1 
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The equations of motion are 


ra 1 2 = i) d' dt! ie 
Giro, % Ke/2) /dt* qo (2-18) 
Gots G=€ qe qn ‘ 
I: results also from (2-18) that 
n+ 
n +2 9 n V(n+dy A(r) (n+4="), > 
qi a + wy, qi _ (€/2) >i( r @ qo 0, (2-18)/ 


n 
Gear =e MOye a —e€e>}(*) qe” Gece =0. 


r=v0 


Our aim is to prove that all the higher derivatives qi®’s (k2=2, i=1, 2) can be uniquely 
determined at a given time t=‘) for the prescribed values of gilt), Fit) C=1, 2). 


Proof : 


Assuming the expansions 


o oo 
) \ , yo 
Ga = ans cae as — pa Je ae 
m= ma" 


Ge, 
with 


j — =. 
Apa 0, ( = 1), 


Im 


we get from (2:18)’ 
An+2,0 ac or Ano = 0, 
Bn +2,0 se Ws Bn,o =), 


Then @, 0, no can be uniquely determined by 9;(f) and q(t.) (i=1, 2) for all n. 
It holds also for a,,,, etc., 


9 4 es 
An+2,.m ria Aan im (4/2) >) ("5 ) Pr. es m-1-1— 9, 
ri 
Rueitn + Wy” Bom >i C) Boe Anpa=r, m-1-1= 0. 
r, 
For n=0, m=1, the above equations give to a, and ,, the following values : 


4 

a= (1/2) 1G) 2,0 Baro > 
r=( 

Por= Poo Ay + 


In this manner, all a@,,, /2,,’s (mn = 2) may be deduced successively from the above equa- 
tions, and substituting these values of an,, 8,,’s, into the corresponding equations with n=0, 
m=2, we can determine a. and (3) and also @,., ,9’s in quite a similar way as all ay, 
Bni's (n>2) were determined from a@,, and ,,. Applying this procedure successively, we 


can prove that all a,,,, f,,,,’s can be uniquely determined. 
Finally we get 


gs” (to) Je (9, (6); Jo (ty) ; G1 (to) > EA Di ra Pe = I, (2-19) 
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qs(4) =D) bin (t—6)"/n 1. (2-20) 


In the above discussions the validities of the expansions (2-7), etc., of all higher 
derivatives g%’s in the power series of €, have been assumed. The convergency of these 
power series presents very difficult problems in non-linear theories and, in general, restricts 
the initial values to be prescribed at an instant. If any one of those power series in € 
does not converge for a value of ¢, and initial values given at that time, this point of time 
is, as was noted in the earlier part of this section, either a singular point of the solutions 
under consideration which is in general movable except in linear theories, or it lies out of 
the region in which the perturbation theories with respect to € are valid. We will discuss 
in the next paper these problems in detail and also the physically interesting problem whe- 
ther each solution, (2-11), etc., obtained above is equivalent to the general solution of 
the second order differential equation of some kind, respectively, in other words, whether 
our way of attributing the gradient field to the space is equivalent to that given by some 


second order differential equation. 


(c) Theories of derivative couplings of the same order 


When the order of the derivatives contained in the interaction terms of equations of 
motion is the same as that in the free equations of motion, it is self-evident that the solu- 


tions with the same degrees of freedom as those of the free system exist, hence there is left 
to be investigated only the convergency of the perturbation theory, intimately connected with 


the singularities due to the presence of the derivative couplings. 


(i) Linear theories 


Let us consider the following example : 
G tw* q=€ f(t). (2521) 


This equation has the singular points t,’s, deduced from 1—f(t,)=0. Of course 
they vanish if <¢ is put equal to zero. The Taylor series of a solution of (2-21) developed 
at a point, f, other than ft, and -tco, has the convergence radius |tan—t)| where fan 
is the singular point nearest to f. It is also obvious that there does not exist any solution 
which permits the perturbation calculation with respect to €, for values of 4, satisfying the 
relation |€f(f,)|>1. This is only the necessary condition but not a sufficient one for the 


perturbation theory to be valid. 


(ii) Non-linear theories 

For example, we consider f which depends not only on ¢, but also on q and q in 
(2-21). In this case, the necessary condition lef(q, q, #)| <1 for every value of ¢, may 
lead to conditions for the initial values of q and q. If f is some polynomial of q and 4 
it may be easily concluded that q(¢), and q(t) themselves should be bounded at every 
point for all initial values of them. Especially for f which is a function of q only, 


we can easily obtain one intermediate integral, and determine the movable interval of q 
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from it. Then we may explicitly write down the condition that the initial value should 
satisfy for the perturbation theory to be applicable. 

Concluding this section, it should be mentioned that between the theories with higher 
derivative couplings and the ordinary ones there is such a remarkable difference that in the 
former the higher derivatives, q”’s im general, are expressed as infinite power series in 


the coupling constant while they are expressed as polynomials in the latter. 
§ 3. Non-local mechanical theories 


In this section we extend the previous discussion to those systems with non-local inter- 
actions. 
(a) Linear theories (cf. Fig. 2) 

We consider the following example : 


G+o’ q=€\_7 f(t, #) q(t’) dt’, (3-1) 


where f(t, ¢’) is continuous and differentiable up to the infinite crder with respect to ¢ and 
t’ and damps rapidly enough for |f—?¢’|>1. Assuming the following Taylor expansion 
with the full convergence radius in the domain, (—T, T), 


q(t) Seats (t,) (¢—t)*/n |, (3-2) 
poche stiyeand (2) 
§ (ti) ke? g (4) = ED) Kin(t) g(t), (3-1) 
peers 
: 


Ky n(h) = flty ’)(@—t,)"/nt de’. (3-3) 


T 


Differentiating (3-1) k times, we get 


T 
qit*® (t,) +0°q (t)) =<| |\d'F(t, t’) /de*| q(t’) dt! 
=a", t=lo 


= lt Ky.n(to) 9 (to), (248) 
where 
Kan (t) =| fC 2) (= 6)"/mt de (3-5) 
Assuming the following expansion and (0, pP)=(1, p) =0, (p= 1) 
oe (t) = 2i(, p) oP; (3 6) 


we can determine all (n, p)’s by (0, 0), (1, 0). 
Proof (cf. Fig. 2) 


From (3:4), (3-6), we get 
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(k+2, p) +a°(k, P) = Ki n(n, p—1). (3-7) 
It reduces to 
(k+2, 0) +07(k, 0) =0 


for p=0. From this, we can determine all (n, 0) by (0, 0) and (1, 0). For p=1, 
it holds also 


(28) =u ah n(n, Os 
Then all (n, 1) can be determined. Repeating the similar procedure for arbitrary p, 


we can determine all (n, p)’s. (Q. E. D.). 
Then, finally we obtain the solution 


q(t) =Fn(q (to) > 4 (t0.)) = 4n9 (to) +8n In (to). (3-8) 


The extension to systems composed of many particles can be easily done by consider- 
ing q and K,., etc., as matrices. 


(0, 0) 

(580) 

(2, 0) (2; 1) (2, p—1) 

(G5 0) (Ge 1) G, p-}) 
; G2. p SY (n—2, p) 
. - (n—1, p—1) ay . 
sO n, 1 (n, j=) n, p 

ay ee (n+1, p—1) (n+1, p) 


Fig. 2 


(b) Non-linear theories 


We consider the following example : 


gtwq=sflt t') Q(q(t’)) dt’, (3-9) 
where Q is a function of 4 and is continuous and differentiable up to infinite order, and 


we denote it as 
reece 
We assume also the following expansion with the full convergence radius, in the domain 
fT); 
g(d) = Sg" (th) (t=) "/n. 
Then we get 
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Got gE DICe hg Gide fa does Caw 


where C 1S om, afe constants dependent on ¢, and the summations are to be taken for each 
2 r 


My, No, n, and r, from 0 to infinity. Differentiating (3-9) k times we get also 


nae +? g® —_ Pic q™ gq” 36 “gi”, G3 * 12) 


nyng'* Ny 


Assuming 
=e p> (O P)=Cs~)=0, (PZ, 
and substituting this into (3-12), we get 
(k+2, p) +w*(k, p) 
HSIVICH (Me Pid Oy Pr) Op ppt D) 


MLyPlor* 
P}...P, ue 


by equating the coefficients of ¢” in both sides. It can easily be seen in (3-13) that 
each p; of (n;, p;) contained in the right hand side is surely smaller than p. It can be 
proved, in exactly the same way as was performed in (a), that all (n, p)’s can be deter- 
mined by (0, 0) and (1, 0), and we have the solution 


Ges (to) =h, (q(t); 4G (t)); 


: (3-14) 
q() =SYon(Gto)s 4 (m)) (#4) "/at. 


The extension to systems composed of many particles may also be done in a similar way ; 


we illustrate the method by the following special example : 
§, toy Ti — a j _rf(t—t') qe (t’) dt’, 


Gotwy = —é (_7f(t—e') 4, (t') dt'qo(t), 


where f satisfies f(t—t’) =f(t/—t) in addition to the previous condition. Also the follow- 
ing Taylor development with the full convergence radius in the domain (—T, T) is 
assumed : 


(3-15) 


qe(t!) = D390" (fo) (fo —2)"/nt, (i= 1, 2). 
Then we obtain from (3-15) 


Grito? a= — ete ae Pala ere 
nm o™m 

*. Se Saya 

Jot, q2= =F n ge Jo» 


with 
Kim (to) = § 2 ld4f(e—t’) /de*|,015 (—t/)"*™/n!l m! de’, 
DCG ea oe \d*f(t—t") /dt*|por,(ty—t’)"/n! de! 

and after k times differentiations, we get also 


(k+2) 2, (%) — IS rk 
N Oy Ge == eS ano a, 


nom 
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es: +," qo = ese Si> te) E, qi” qo erat 


Assuming 
gQ?=die"(n, p)i, (0, pP)s=(1, p):=0, (p21), 
we get 
(k+2, p)itor(k p= — SEK m (M, Pi) 2(n, po) 9 (pitp,—p+1), 
(E+ 2) p) s-F as (kip) = BSS) Li(n, pii(k—r, a ie 


From (3-16)’ we can prove that all (n, p),’s can be determined by (0, 0), (1, 0); 
following the similar reductioa procedure as was made in linear theories. Finally we obtain 


the solution 
gi (ie) == Dia (91 (to), Gilt); qo(to) 5 Ga(to))» 


fos) (3-17) 
qi (t) =>) Bin (t—t)"/n iB 


It should be especially noted in non-local theories that the Taylor expansions, (3-2), 
etc., with the full convergence radius were assumed. Accordingly, if these higher deriva- 
tives (formally obtained here) have not any finite and definite value, we can not conclude 
anything from these investigations. This difficulty may however be avoided by considering 
the non-local interactions as the limiting cases of the infinite order derivative couplings. In 
any case, the convergency problem should be treated carefully. This will be discussed in 
more detail in the next paper with the physically interesting problem whether each solution 
(3-8) etc., obtained here, is equivalent to the general solution of some differential equation 


of the second order respectively. 


§4, The propagation characters of wave fields 


If we consider the initial value problems of hyperbolic partial differential equations or 
equations of motion of wave fields, new discussions should be added to those previously 
made about ordinary differential equations, on what surface the initial values of field variables 
are prescribed. As is well-known in theories of hyperbolic differential equations,” there 
exists some discontinuity surface —the characteristics—beyond which the highest order deriva- 
tives appearing in field equations change their values discontinuously. This leads to the 
finite propagation velocity of the wave front or the existence of “the domain of dependence”, 
and also to such a characteristic initial value problem that on the characteristics the degrees 
of freedom permitted to be prescribed are less those in the general case. Accordingly it 
may happen that the characteristics* of field equations is shifted from that of free equations 
—in general, Minkowski’s light cone—due to the presence of the interaction terms contain- 
ing derivatives of field variables whose highest order is not lower than that of the free 


equation and this causes the essential difference of the propagation character between the 


Ms , 3 s ae + 
*) In this paper, the term “ characteristics ” is often used in the meaning of the “ characteristic cone. 
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free equations and the total equations. On the relativistic stand point of VIEW the pro- 
pagation velocity of the wave front not equal to the light velocity c may give rise to the 
ether theory. It is surely true in linear theories (in the following, the term “ non-linear ”” 
(or linear) means that the coefficients of the highest order derivatives contain the field 
variables (or not)). In non-linear theories, it does not necessarily lead to that difficulty, 
but may give the different propagation character according to prescribed initial values. 
However, this peculiar feature of non-linear theories presents the grave difficulty for the 
quantization of these fields, because of the observable nature of the domain of dependence 
which varies in accordance with the quantum states of fields. 

In the remaining part of this paper, the propagation character of non-linear field 
theories and field theories of interactions with higher derivatives are investigated on the 
basis of the characteristic theory of partial differential equations, and the results will be 


utilized in the next paper to discuss the perturbation theory of non-local field theories. 


(a) Non-linear field theories 


We consider the following example of the non-linear neutral scalar meson field, whose 


Lagrangian is given by 


L=L,(U) +L,(¢) (4-1) 
with 
U=1/2(by byte? Bs $4=26/Am, 
where L, and L, are the arbitrary functions of their arguments." Field equations are 


LT, By, Sy Ouv t+ Lo 4, s $,—Ls=0, (4-2) 
and the equation for the characteristics Y(x,), are 
yi Pu Otly (Oy, $.)°=0. (4-3) 


(in the following, x,=ict and we use the dummy index and L,’=0L,/9U, etc.) In linear 
theories it holds obviously L,/’=0 and we have Minkowski’s light cone 9, ¢,=0 as the 
characteristics, no matter what the functional form of L, may be. If L320, ¢, 6,30, 
it gives usually the velocity of the wave front different from the light velocity, and we can 
classify these cases into the following two kinds : 


(i) Ly''/Ly' <0, accordingly 9, %.>0, 
sublight normal velocity, 

(ii) L,’/L)/>0, accordingly 9,9, <0, (4-4) 
superlight normal velocity. 


, f uty iad 29% : 

The normal velocity is different from the ray velocity and of course not the Lorentz invariant 
conception. Ffowever, it has the invariant meaning whether it is greater than the lisht 
velocity or not. i 


In the following special form of Lj, the so-called Born type,” 
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bret i aA Bi (4-5) 


L,, gives the sublight and L,_ the superlight velocity respectively. However this result 
does not mean that there does not exist any wave propagating itself with the light velocity. 
Really, it can be easily shown that those waves invading into the vacuum proceed with the 
light velocity.” 

Taking another special form L,=log(1+2U), (4-3) reduces to 


(lsF20) 0. Pu—2(G, d,)°=0. 
In the special case of the two dimensional space-time, it gives the following condition for 
the real solutions of © to exist: 

1+¢7+e Pf = 6. (c= 1) 


If the above condition is not fulfilled, the field equation becomes elliptic and the concep- 
tion of the domain of dependence, or the causal relation, is lost. Among non-linear field 
theories there do exist, as is obvious in this example, theories which do not satisfy the 


causality relation even if they are local and entirely invariant under Lorentz transformation. 


(6) Linear theories 


In linear theories the shift of the characteristics from Minkowski’s light cone surely 
leads to the ether theory. We can really find its illustrative example in the theory of 
electro-magnetism in a moving medium." Here, we illustrate this situation by a system 


of spinor field coupled with the external field, whose Lagrangian is given by 
L=$* (7 0ute) + (9/2) (PO. — (On 97) #) Ay. (4-9) 


(where A, (x,)’s denote the external field, and in the following discussions the coupling 
constant g is assumed to be sufficiently small.) 


Field equations are 
(Tp tn) P+igd, Io + (9/2) (9A4,/Ox,) $=0, (455) 
and the characteristic equation is 
det| (7, +igA,) P.|=9.- (4-6) 
Restricting ourselves to the special case of the two dimensional space-time, we obtain 
the following hyperbolicity condition : 
AeA, (1/9), (Ap—t4s) (4-7) 
(Gaaco 1) 
i.e., the original field equations (4-5)’ can be hyperbolic if and only if (4-7) holds. In 
the above example, the velocity of the wave front depends on the external field and accor- 
dingly the system referred to the external field has the special meaning. However, when 


the A,’s are not the external fields, but 4-vectors composed of i), the velocity of the wave 
front depends on the given initial values for ¢, and the spinor fields obeying such a type 
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of Euler’s equation have the peculiar propagation characters which have never been represent- 
ed by linear spinor fields in the meaning employed here, for example, satisfying the follow- 


ing equation with the arbitrary function f of ¢* Pp: 
Hu wteyotg f(y? f)P=0. (4-8) 


(It may easily be seen from the preceding results that the characteristics of the equation 
(4-8) can be given by Minkowski’s light cone and so far as the discontinuities of the 
higher derivatives at the wave front are concerned, it may be similar as the free Dirac 


equation specified by putting // equal to zero in (4-8).) 


§5. Konopinski-Uhlenbeck theory” 


The shift of the characteristic cone as was discussed in the last section may often be 
realized in theories of interactions between spinor fields when the first order derivatives of 
Fermion wave functions are contained in the coupling terms of field equations. However, 
these equations under consideration have the same degrees of freedom as those of the free 
equations and should be distinct from the equations with higher derivative couplings whose 
degrees of freedom are not equal to the free equations, in the same way as was already 
analysed for in mechanical theories. We consider the following Konopinski-Uhlenbeck 
theory applied to the theory of the f-disintegration, as an example in this case. 


According to Fierz’s formulation,’ we start from the following Lagrangian 
L=V (7, Op tM) E+E (7, I, tN) OTP yp A, +m) op 
+4 (7. Ad btg(E* 7, P)$* 09/0x,—G 6° /Ox, (PP*7, 7), (5-1) 


and the Euler’s equations 


0, Pty, -2*M+g (0, *)¢ Dt 7,=0, C52 727 
vp On P+NP—G(O, o) Yr, F=0, (5-2-2) 
Ono" ru—Pim+g (9,9") (P* 7, 7) =0, ane 
O80 7,.+9(0. 87, Oe +g(F" 7, Oy Oe, (5-2-4) 


ta? Xi P) 9, )* =0, 


’ ; : 
where, Y, Y, & and ¢ are the wave functions of proton, neutron, electron and neutrino, 


respectively, and ¢*=¢*y, etc. Transforming (5-2-4) by using (5-2-1), (5-2-2) into 
On 8* (44-9? (%* 1, P))PP* + 9° (E71 F) G9") 
+9(F* 7, Po, d* + (terms not containing any derivative) =O, 


we obtain the characteristic equation 


i a 
det D==| 7 Po 0 0 IPP" Pe =o (5-3) 
0 Tw Pu 0 —9 $7, EY 
0 0. Tue 9(P* ry F) Py 


0 ® 9 bn D) of aa ee 


a 
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with (ia) ik=Ju 5 (Y; bi), 
j= PE 7, 0 Oy, 0). 
Using further abbreviations 


GP yr, Fo,=s  0= tI) Pw 
GP 7 D Gr.=5, Jp o,=T1, 


we obtain 
Gu Pp=0 (5-4-a) 
or 
det | [?-+s55 I's+sd |=0. (5+4-b) 
af Po 5 O+ss 
Calculating the determinant, we obtain finally 
I’—ss=0, 
or 
Pu Pu—F Py Pv Py Pr=9; (5+4+c) 
with 


Pu=Orn, Fe, fr=P* 7 @. 
The equation (5-4-a) gives the usual Minkowski light cone, but (5-4+c) gives a peculiar 
character for the wave propagation which depends on the wave functions of the heavy 
particles and makes the domain of dependence observable and the quantization essentially 
difficult. As is obvious from the characteristic theory, when the initial values of VT, 0, 
and ¢ are prescribed on the surface o(x,)=0, which does not satisfy (5-4-a) and (S- 
4-c), the necessary condition for AV /dc, AP/dc, etc., to be expressed as the power ceries 
in g is that the expression 
(oy opAg Pp Pv oy) ? 


can be developed as a power series in 9. 
$6. Field theories with higher derivative couplings 


When the order of some derivative contained in the interaction terms of field equations 
is higher than the highest one appearing in the free equations, the characteristics may be 
determined by the interaction terms. Here, we illustrate this situation by the following 


typical example : 
L=1,+9 $* $-L1"6, 
where L, is the free Lagrangian of nucleon (with mass m) and neutral scalar meson (with 


mass K). 
Euler’s equations are 


520 T. Taniuti 


(7,9, +m) +99)" 6=0, 
(T]—«) 6-9 1" (of) =0. (61) 
Introducing the curvilinear coordinates ¢, ¢,, E,, €5, we can rewrite (6-1) as follows: 
Lu Gy 06/89 + 7p 2, pO /05, + mp 
= — 96} (Qop 8°/OG2+2Q exe O° /IGOE s+ Qe ize 9°/OF; OF) "4, 
Qep B°b/OG? + 2Qe:, 9° /AGIE; + Qe ie, 9°b/IF, OF,—m" G 
= (Qep 8°/OG" + 2Q ex; 0°/AGIE. + Qiz 8°/9F; IF x)" (P*H) (6-1)! 


where Qin ty Ow 
It can further be shown that the following equations hold : 


Bh /OG"™ +9 (Tu Pu) PiQeo” | 0" /OG™"' +L,=0, 
4 


-e (,* Oh /AG*" + hy af” ,* /O¢"") +M=0 F 


A= 
if Qe, (6-2) 


where L; and M are functions of field variables, their derivatives, and ¢, ¢; etc., but do 
not contain any derivative of ¢/; and @ with respect to @ whose order is higher than 2n 
and 4n-1 respectively. Then, we may define the following equation for ¢g as the chara- 
cteristic equation : 


Qre=Ln $u=0 (6-3) 
det | 1 0 0 0 0 Vip $)1P%. j=0 
0 0 0 0 In Pe Pu 
O if 60 1 0 0 Ii Ys Su 
0 1 Iu Ms Pe | (6.4) 
0 0 1 0 GP" Hu) Su 
0 0 0 1 0 0 I(S* Kudo Pp 
0 0 0 0 1 0 IS" Tw)s Pu 
0 CP POSH 4G ee OS Ten 
Pi* Go" hy* . h,* gh he Ys Ys 0 
or, solving (6-4), we get 
IS" re) P.=0. (6-5) 


The equation (6-5) seems to indicate the existence of discontinuity surfaces for higher 
derivatives different from Minkowski’s light cone given by (6-3). It should also be noticed 
that the degrees of freedom of the original equations are not equal to those of (6-2), ice., 
4n—1-+2nX4=12n—1, but are to be restricted by the equation (6-1) itself. However 


these solutions under considcrations would not be expanded, in general, in power series in 
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g, if all degrees of freedom were given independentby of gy. For the purpose to obtain 
those solutions which can be expressed in power series in 7, we investigate here only the 
problem: how can all higher derivatives be given by the same degrees of freedom as those 
of the free equations ? 
This can be answered in quite a similar way as was done in mechanical theories. 
After k times differentiations of (6-1), we obtain 


Tu Pu Or p/Oge) +7 pS an (OG /OG*9S,) +m (3% /O9") 
= —9 (7) (0h /dg*") (8/997). (Qre 9°/OG?+2Qex, F/B, 
+Qeixg 9°/05; O52)" 9, 
Ov, (a**?g /dg***) +2Q2:; (0**74/ag**! 0¢;) 
+ Qe sxe (0°74 /96s OF, OG*) —K?(9*9/d9") 
=9 (8°/89*) + (Qee F/O? +2Qn, F/O 95, 
+Qrirz 8/855 O5,)"(P* 9). 
If d, sf and 34/0¢ are differentiable with regard to ¢,’s up to infinite order, it can easily 
be shown from the above equation that all higher derivatives of ¢/ and ¢ can be expressed. 
as the power series in gy at a point (9, €,) in the 4-dimensional space-time by ¢(5;), 
d(§,), 06/d¢(E;), and all their higher derivatives with respect to €,’s which are to be 
prescribed on a 3-dimensional surface ~=const. 
When any derivative thus formally obtained in the infinite series with respect to 7 has 


not a definite and finite value, we can conclude that the point (¢, €;) may be a singular 


point, or the surface, Y=const, is one of discontinuity or the perturbation procedure can 


not be applied. 


— To be continued — 
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Possibility is discussed to explain the binding of A° particles in nuclear fragments in terms of the 
interaction which produces the reaction p+ —>A°+ 6°. The binding energy of a A° in an infinitely 
large nucleus is found to be about 2.3 Mev, while, for the fragments of a finite radius, the lower 
limit of the mass number A to bind a A° in them is found to be 4'/3>2.9. 


$1. Introduction 


In 1953 Danysz and Pniewski’ observed a remarkable coincidence of two events recorded 
in a G5 photographic emulsion of 600/ thick, which had been exposed to cosmic radiation 
at an altitude of 85000 feet. It consists of two stars. The centre of the second star 
coincide with the end of the track of a heavy fragment ejected from the first star. The 
range of the fragment connecting the two stars is 90s, and the most probable value of its 
charge is about 5. The initial kinetic energy of the fragment, estimated from its range 
and charge, is of the order of 60 Mev, while for the total visible energy released in the 
second star they found a value equal to or greater than 120 Mev. They interpreted this 
event as the spontaneous disintegration of the A° particle, or of similar charged particles 
which may be considered as the nucleons in excited states, which the fragment contained 
as one of its constituents. 

Since that time, more than ten events of this sort have been observed.*~". For the 
cases where the momenta of the charged star particles of the second star are balancing, we 
may think that the second star ejected no neutral particles. For these cases we can obtain 
the total released energies in the second star, or the Q values. Therefore, we can know 
the binding energies of the A° particles in the fragments. Some examples of the experi- 
mental values are shown in the following table. 

Owing to the Brookhaven Cosmotron experiments, we have now reached a rather definite 
knowledge concerning the way of production of A° particles. Fowler and others’ showed 
a A° and a 4° produced in pair when the hydrogen at the pressure of 18 atmospheres 
was exposed to a beam of 1.5 Gev pions from the Cosmotron. The total cross section of 
this reaction was estimated to be about 1 mb. Therefore, we must think that there is a 


reasonably strong interaction between the proton, the pion, the 1°, and the 0° corresponding 
to the following reaction : 


ptz Ae 40°. 
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DZS 


SS eeeeemeemeeeeseeeeeeeeeeeeeeeeeneeneeeeeeeeeeee 


Second star Q (Mev) B. E. (Mev) 
; 4Het — 8He+pt+a7 48 + 4 11-7 324 

Paris®) or 

*Lil — SLitp+aq 35 + 4 2.8 + 4 
Minnesota® NI > B+ p--p 168 + 11 G8) 35 Hi 
Milano® 8Ht > 83He+n7- 41.7+1 1+1 

8Bel > 4Het+%He+n 170 + 3 4435 
Wisconsin®) or 

Bet > 4He+4He+n 176 + 3 —1+5 
Brookhaven!) 

Mes TE; 4Het > °*He+pt+n7 33.8 4 

and Rochester 
Torino!) 3H? > §He+n7 42.06 + 4.2 0.2441 


From this reaction, however, a force results that acts between the proton and the A°, 
mediated by the pion and 6° pair. It may be a matter of interest to consider whether 
this force is strong enough for a A° to be bound in the nuclear fragments. 

In the following sections I shall treat this problem briefly, as I think there may be 
one of the starting points for the quantitative theory of new particles, or, in short, for the 
megalomorphism, in the analysis of the bound A® particles in nuclear fragments. In this 
article the force acting between neutrons and A° is not taken into account explicitly, which, 


of course, will play an important role in more detailed discussions of these problems. 


§2. Calculation of the binding energy 


According to the Cosmotron experiments, a A° and a @° are produced in pair by the 
collision of a proton and a negative pion. The total cross section of this reaction is estimated 
to be about 1 mb for the pion energy of 1.5 Gev. Assuming the @° particles to have 
spin zero, and the A° particles to obey the Dirac equation, let us denote the interaction 


suitable to produce the reaction by the following Hamiltonian : 
t= a\ (O/140P+ MOPOA) a2, (1) 


where g denotes a suitable interaction constant having the dimesion of length, On Linea 
and P the amplitudes of 6°, m-, A° and proton fields respectively, and O an operator 
operating on the spinor components. Using the Heaviside units for the pion and the ae 
fields, [J and © are written in the form: 


dE = be V22E,: (a,—6,*) et er 2 


=She/ V20E, ‘ Ce —o) ee ? 
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(s— O=Sbe/ V2 YE,: (c, Fc 5h) tor, 


where 2 denotes the normalization volume, a, and 6, are the annihilation operators for the 
negative and the positive pions of energy E, and momentum P, and —P, respectively 
(P,=hck,), c, are those for the @° particles of energy E, and momentum P,. 

Starting from the interaction (1), one can derive a force acting between the proton 
and the A°, mediated by the pion and 0° pair. Let us compute the potential of this 


force in the second order perturbation corresponding to the following diagram. 


p Replacing AOP and POA in Eg. (1) by respective delta- 


x functions, a quite elementary calculation leads us to the 
8 following result : 
Bigger ~. 4 
BM sc! Pty Seas | dice dh, —— 
x 4 (27)° pe 
+i(kg—-k,)r -i(kg-k,)r 
x| oo | ) 
A E,+£,+4m E,+£,—4m 
where r is the distance between the proton and the 4°, 
B= VBE bm 
dm=m,—™m,, 
and 
Pe bokis 
Paper 


my, mz, my, and m,, denote the masses in energy scale of the 6°, the pion, the A° and 
the proton respectively. Assuming the decay of A° into a proton and a 7% to give a Q 
value of 37 Mev, 4m has the value of 177 Mev. 

As the experimental value of my is about 500 Mev, one may neglect the 4m compared 
with E, in the denominators of the equation (2). Then it reduces to the following form : 


VO g° [ah (dhe t cos(k,—k,.)r 
(27)*) E,En Beh, 


(be)* *g? | E,E. cos he, -F cosk.-r 
et ae sail - dk se dk... 3 
2eU(er)/e0, Kean Be ~h GE® . 


In order to compute the integration approximately, one may substitute E,E,/(E,+E,) by 
its saddle point value mym,,/(m,-+m,). Then (3) reduces to 


Gs (*gtxa)r 


V(r) Se. gy mM 
2°" my+m, r 


, (4) 


where 
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Kg=m,/be, 

Re son) (lies 
Using the potential (4) between the proton and the /°, let us compute the binding 
energy of a A° in an infinitely large nucleus. When the nucleus is infinitely large, the 
A® in its ground state has no kinetic energy. Therefore, in order to know the binding 


energy, one has only to obtain the potential energy. And the latter is computed by the 
following equation : 


BAS -|"o) ede. (5) 


where (1) denotes the proton density in the nucleus. Inserting the equation (4) for 
V(r), and assuming ¢ to be constant, (5) reduces to 
g’? myn, 


2°x my tm, Ky tKkn 


B. E. = 


Assuming ¢ to be about «,°(=R™”), this equation reduces to 


Be aN 9M x 
ee se pace ent 


where R denotes the Compton wave length of the pion. Inserting in this equation 


m,,=140 Mev 


and 
mym,,/ (mg +m,) ~1/6, 
we reach the following relation, which is very easy to remember : 
B. E. in Mev~ (g/R)”. (6) 
Let us now compute the cross section for the A° and @° production by the proton pion 
collision. In center of mass system, the transition matrix element for this reaction is found 
to be 


Guo. U4 
De ee Ai oe 


Ay= 


Therefore, the transition probability is 


tf = é Cg PE x 
OE ES 


where P, denotes the momentum of the A° (or that of the 0°). So the total cross section 
for this reaction is 


o=(9'/47) (EnE,/W”*) (P,/P:) , (7) 


where P, denotes the momentum of the proton (or that of the pion), 
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WHE, +En=Ent Eo . 


Inserting in the equation (7) the relation (6), one has 


wk y EnEy Py <B.E. in Mev. (8) 
Att W tol Py 


According to the Brookhaven Cosmotron experiments, o 1s estimated to be about 1 mb for 


the pion energy of 1.5 Gev. For 1.5 Gev pions, one will have 
E,E,/W°=0.38, 
P,/P,=0.72. 
On the other hand 
R°=20 mb. 
Inserting them in the equation (8), one obtains 
o =0.43 XB. E.~1 mb, 
and from this equation 


B. E.=2.3 Mev. (9) 


§3. Discussions and conclusions 


The value of the binding energy obtained in the preceding section is that when the 
nucleus is infinitely large. When the nucleus has a finite radius, we must take into ac- 
count the zero-point oscillation of the A° particle in that nucleus. In this case, the value 
obtained in the preceding section denotes the depth of the potential for A° in that nucleus. 
In order that the bound states of A° exist in the square well potential of depth V,=2.3 
Mev, the well radius Ry must satisfy the following relation : 

Va Ry> 7/2, (10) 
where 
a=2m,V,/(cb)’. 
Inserting in it the suitable numerical values, one has 
a=1,.32 X10" cma. 
Therefore, we find the following condition for Ry: 
Ry> 4.3 X 107" cm. (45) 


From this relation, one can derive the lower limit for the mass number A of the fragments, 
which can bind the A° particles. If one denotes the radius of the fragments by the 
formula for the radius of the stable nuclei of mass number 4, 


Ry =F 1A’ ee 


—> Number oj qvents 
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19S 11591074, 
(11) reduces to the following relation : 
Ais 2.9; (12) 


Fig. 1 shows the charge distribution of the 29 nuclear fragments observed by Fry 
and others ™. Though we cannot compare this curve with the relation (12) directly, it 
seems that the condition (12) for A is a little too severe, and that in practice A° particles 
can be bound in a fragment of smaller 4 than (12). However, considering the crudeness 

of the computations derived in this 
article, one might think that the results 
a6 are reasonable, and that it is correct in 
principle to consider the binding of A° 
9 particles to be explained in terms of the 
interaction suitable for the reaction p 

: tte dO. 

In this article the production of 
A° is treated as a one-step reaction. 
6 However, it may be a two-step reaction, 
such as, first the fusion of a proton 
and a pion into a composite, and next 
the dissociation of the composite into 
nA mandiuawl conln this. case, tne 


force acting between nucleons and A° 


w 


is mediated by @° only.’ However, 
in this case such a reaction is expected 
that a nucleus absorbs a K_ particle 
and a A° is emitted associated with 
no other particles. No events of this 
sort have yet been observed. And also 
Bicat such a reaction is expected that the 
6°, produced in pair with a A° by 
the pion bombardment of a nucleus, instantaneously captures a nucleon in that nucleus, and 
transforms into a A° ; therefore, as the results, the 2 ° production is observed. This reaction 
is energetically possible for the Cosmotron pion beam. It may be a matter of interest in 


future to search for the events of these sorts. 
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In this paper we treat dipole interaction energy of a BaTiOs crystal in tetragonal ferroelectric type, 
and next treat the energy when we assume the crystal takes antiferroelectric forms of checker-board 
and stripes types, and another unstable form. By comparing dipole interaction energies of the above 
four configurations, we can consider the relative stability of the four types. 


§1. Introduction 


A crystal of barium titanate belongs to a tetragonal system at room temperature, and 
shows ferroelectricity. It is composed of many domains that are divided by domain 
boundaries. Two sorts of domain boundaries were observed, that is, one is a 180°-type 
boundary and the other is a 90°-type boundary.”” The former is one between two domains 
that polarize spontaneously antiparallel to each other, and the latter is one between two 
domains that make right angle to each other. 

W. J. Merz found the domain structure of 
a crystal of barium titanate as shown in Fig. 1”. 
Straight lines in the figure show domain boun- 
daries, many of 180°-type and two of 90°-type. 
The head of one domain is connected with a 
tail of another by a 90°-type boundary, and 
condition of continuity of the normal component 
of polarization is satisfied there. 

In a study of domain-boundaries, we meet 


the problems about the origin of ferroelectricity 


of a crystal. In other words, energy of a domain- 


1c.) wl 
boundary is nea related to difference between energies of antiferro- and ferroelectric con- 
In this paper, we shall try to calculate the local fields for ferro- and antifer- 
We shall use coefficients S,(l, m, n) of dipole field calculated by Mce- 
Keehan,” Luttinger and Tisza... We also calcuate here by an approximate method Sl, mt, 


that were not calculated there. Those are S,’s where some of [, m, and n are 1/4. Then we 
J. C. Slater,” and derive 


figurations. 


roelectric states. 


make the Lorentz correction using above S,’s by the method of 
the internal electric field in a few types of spontaneous polarization of ferro- and antiferroclec- 
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tric configurations taking account of all ionic displacements. The object of this paper is 
to discuss the state of the domain-boundaries and derive their thickness theoretically. 


§ 2. Coefficients of internal electric fields by an 


array of electric dipoles 


Within a domain we may adopt internal fields of an 
infinitely large crystal. In a domain boundary an approximate 
method will be used later on. McKeehan,” Luttinger and 
Tisza” calculated already coefficients of dipole fields for a 
simple cubic lattice, that is, §.(0, 0, 1/2) etc, where S_(I, 
m, n) means a value modifies the Lorentz correction at a 
point (/, m, n) in a simple cubic lattice composed of unit 
dipoles directed to z-axis, as in the following example : 

In Fig. 2 coordinates of B are (0, 0, 1/2). So the 
Fig. 2 electric field at B is given by 


a 5.(0, 0, 1/2)| P. 
3 47a 

Here —E is the gradient of electrostatic potential in the crystal by applied electrodes, and 
P is polarization, and €,=10~°/(367) farad/metre. 


Some of S,(l, m, n) are shown below. 


symbols 


iL PA divided by 42 
S.(0 0 0) ) 0 = 7 
S,(1/2 0 0) —15.040* — 1.1968 —q/2 
S.(0 0 1/2) 30.080* 2.3937 q 
S,(1/2 1/2 0) — 8.668* — 0.6898 —p 
2(0) 1/2 1/2) 4.334* 0.3449 p/2 
Sg(L/2 1/2. 1/2) 0 0 - 
S,(1/4 0 0) — 65.2225** —5.1902 ? —n/2 
S.(0 0 1/4) 130.445** 10.3805 n 
S,(0 1/4 1/4) 12.329*** 0.9811 m 
S.(1/4 1/4 1/4) 0 0 = 
S,(1/2 1/4 0) —11.163 — 0.8883 —l 
S,(0 1/2 1/4) — 3.036 — 0.2416 —k 
S.(0 1/4 1/2) 14.199 1.1299 j 
S,(1/2 1/2 1/4) —4.044** — 0.3218 =i 
S,(1/2 1/4 1/2) 2.022** 0.1609 1/2 
S,(1/2 1/4 1/4) — 3.661 — 0.2914 —h 
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Values marked with * are obtained by McKeehan”,** by H. 
SE ak ae eRe Oe Takahashi” and *** by Luttinger and Tisza.) Values of 
2, Sa eee 5,(0, 1/2, 1/4) and S,(1/2, 1/4, 1/4) are derived from 


5 eG ure [,(0, 1/2, 1/4) and F,(0, 1/4, 1/4) calculated by Mc- 
ae — Keehan”. 
i Reig Unmarked values in the above table have been obtain- 


ed by the following method.**** Suppose we have to find 
S.(1, m, 1/4) for instance. We divide whole lattice-points in 


Bir. ree ae two parts—a part near (/, m, 1/4) and a part outside the 
a Fig. s re former. Hereafter contributions of the two parts to S, we 
shall denote by S, and 5S,” respectively, namely : 
SL m, 1/4)=0, Ul, m, 1/4) +5f" (l,m, 1/4). iin) 


If we consider a sum of dipole fields at a point M(/, m, 1/4) in Fig. 3 taking a proper 
number of lattice points surrounding MM, it is proved that S, approaches S,. In other 
words, 5, has much greater influence on S, than S,?" does so. A value of 5S" may be 


out 


obtained by direct calculation, whereas that of S,’” is got as follows. In Fig. 3 two points 
A(l, m, 0), BCL, m, 1/2) are dotted, and M is a middle point of AB. Values of S, (J, 
m, 0) and S.(l, m, 1/2) are the known quantities. By using these values : 


50, m, Oop” , m, O)ers.” (Lim, 0) (2) 
S.(l, m, 1/2) =S52" CL, m, 1/2) +52" (L, m, 1/2). (3) 


S"(1, m, 0) and Sj{"(l, m, 1/2) are obtained in the same way as S,"(/, m, 1/4) within 
the region in Fig. 3. So we get Sa, m, Geand SACL m, 1/2) from equs. (2) and 
(3). Then S?“(l, m, 1/4) is derived approximately from an average of S“(/, m, 0) 
bad 52" (1, seghd /2))x 


StU ml Aga 2 |S (Lem, 0) tS. suerte 1/2). (4) 
Finally we get the next relation from (1) and (4). 
SUG 31/4 i SA 18, BAF) 2S" Ly i500) S94 ney] 2 eS ) 


Deviation of S,(/, m, 1/4) thus obtained from a true value is expected to be smaller than 
a half of the difference between S,°“(l, m, 0) and 5,“ (I, m, 1/2). Therefore it is advis- 
able to choose the lattice points that make S,(/, m, 0) and Soe ally 2) neatly, 
equal. This method is also useful to calculate the values of S,(/, 1/4, ) and S,(1/4, 


m,n). 


**** The values of S,(1/2 1/4 0) and S,(0 1/4 1/2) may somewhat differ from the true ones, but it 
is expected that these correction may not affect the arguement about the relative stability of various configura- 


tions in the later sections. 
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§ 3. Internal electric fields in some of configurations of 


spontaneous polarization 


BaTiO, has a crystal structure of perovskite 
type”. It consists of five sorts of sublattices, so 
we have to take into account all of them in 
calculating the internal electric field. To begin 
with, we consider the internal electric field of 
the substance composed of five sublattices in a 
state of spontaneous polarization. The state is 
realized when the field is so strong that free energy 
of the system becomes lower in this state than other 
wise. In 1950, H. Takahashi pointed out that 


attention must be given in this case not only to a 


Ba: corner 


Fig. 4 Ti: body centre 
O: face centre ferroelectric state but also to an antiferroelectric one.” 


(b) (Ti-Oa-Ob;) (c) (Ti-Oa) antiferro. (d) (Ti-Ba-Ob,) 


antiferro. (stripes) (checker-board) antiferro. 


Fig. 5. show the sections of the crystal perpendicular to caxis*, where (+) and 
(—) indicate the state of polarization in the positive and negative directions of c-axis* 
respectively. (a) is a ferroelectric type and (b) (c) (d) are antiferroelectric ones. In 
case (a) all sorts of ions are polarized. But in case (b) only Ti, Oa and Ob,; in case 
of (c) only Ti and Oa; in case of (d) only Ti, Ba and Ob, are polarized. In this article 
we name (b) the stripes type and (c) the checker-board type for the sake of convenience. 
(c) may be considered as the limit of a domain configuration where the thickness of each 


domain has become as small as one lattice constant. 


Ferroelectric state 


First of all we shall treat a ferroclectric case which is actually found in nature. 
Hereafter let u, v, w, x, and x, stand for polarizations caused by electron clouds of 


Tibaw@a i i : 
; : , Ob, and Ob, ions respectively ; whereas up, Vp, Wy, Xj) and x, correspond to 


ue : : . 
c-axis corresponds to the line connecting Ti and Oa ions and also to the direction of polarization. 
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polarizations caused by displacements of the five sorts of charged ions respectively. We now 
describe local fields as Fy, Fyq etc.; polarizabilities of electron clouds around the ions as 


Api, Apq etc.; volume of a unit cell as c. Then 
U=Ay,ft-Fy, V=Az,/c-F a 
Pee try, Mes pg tg =O, / 0 Foes: (6) 
Internal electric fields acting on the five sorts of ions are given as follows: 
PoE k' a, Fre Ek sn 
Pog on fone on Ul, 2), Wa) 


where —E means a potential gradient between applied electrodes and E’s are electic fields 
produced by polarization of the crystal. Here 


/ / — wn 
FE on=E ‘osm Fo, =Lop29 X= XQ Xj = Xa (8) 


are satisfied when the external field E is applied in the direction of a-axis. Now E’s are 
formed by superposition of the internal fields due to five sorts of sublattices : 


Epi =1/&)* {1/3 + up tu) +1/3- tv) + (qt+1/3) (mo +7) 


+ (—9q+2/3) (m+%)}, (9A) 
E! pa=1/Eq* {1/3 + (uo +u) +1/3+ (vg +v) + (—p+1/3) (Hm +w) 
+ (p+2/3) (m+%)}; (9B) 
Ea’ =1/E 9° {(q-+1/3) (Hou) + (—p+1/3) (Mtv) +1/3+ (mo +m) 
+2(q—p) m+ (p+2/3) %+x)}; (9C) 
E!on=1/Eq° {(—q/2+1/3) (wo tu) + (p/2+1/3) Wot+v) + (p/2+1/3) (+m) 
+ (—p+2/3) (% +x) — (q—p) x - (9D) 


We can denote here Eps,’ and E,,:’ simply as E’,, owing to the relation (8). 

In equ. (9A) a term of the local field that acts on a Ti sublattice due to displace- 
ment of Ti itself (containing no polarization of electron clouds) is 1 fegel/ ou) in agree 
ment with J. C. Slater’s result®) in spite of the fact that his result has been criticized by 
Cohen” ah Megaw.". This is proved as follows 7 
In the first place we consider a state that has no polarization. Let us suppose the tena 
in this state to have the same lattice structure in shape and dimensions as one in the 
natural state of spontancous polarization. The former state (no polarization) can be trans- 
formed to the latter by shifting the ions from their initial symmetric positions. Here Me 
must pay attention to the fact that the local field acting on a Ti sublattice due ee shift 
of Ti itself is caused actually by the other four sorts of dipole lattices due to shifts of Ba, 


*) This proot is quite the same with that stated by Y. Takagi in International Conference on Theo- 


retical Physics in Kyoto, September 1953. 
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Ob, and Ob, ions observed from coordinates fixed to a Ti sublattice.°” So concerning 
the local field the effect of a Ti sublattice on Ti itself is quite equivalent to that of shifts 
of the other (Ba, Oa, Ob, and Ob,) sublattices in the opposite direction. Since charge 
patio of “Ti, Ba. Oa,.Ob and. Obi I: ly 2p egies —1/2: —1/2, the local fields 


acting on Ti caused by various sublattices are described as follows : 
Field by Ba 1/€°1/3- (—u/2)- 
Field by Oa 1/€y* (q+1/3) (u/2)- 
Field by Ob, = 1/& - (—9/2+1/3) (u/2)- (10) 
Field by Ob, — 1/&)* (—9/2+1/3) (u/2). 


Superposing these four values, we get a result 1/&,-1/3-uo, which agrees with the corre- 
sponding term in equ. (9A). 

In the same manner the local field acting on Ba, Oa and Ob due to the shifts of Ba, 
Oa and Ob themselves are 1/&)-1/3-v)*, 1/&)-1/3> “wy +2/E,* (q—p) m** and 1/E)- {(—p 
+2/3)x,—(q—p) x} *** as in equs. (9B, C and D) respectively. ((11), (12) and (13)). 

When we put E=0 in equs. (6), (7), (8) and (9A, B, C and D), reletions between 
the ionic and electronic parts of spontaneous polarization are obtained. The former (up), U9, 
w, and x,) are composed of dipoles that are the product of shifts and charges of ions re- 
spectively. The latter (u, v, w and x) are composed of dipoles caused by deviation of elec- 
tron clouds due to the local fields. Solution of u, v, w and x expressed by uo, Up, w) and 


x) is written as follows : 


(14) 


If we adopt as numerical values c(volume of a unit cell) =64X107% «4, ap/Ey= 
2.34% 107 | Sic), nap E2442. 0010 Tele warg/ Esse 30,0110" Ne. cl anh aqareh erectranis 
polarizability of each ion), the matrix 7 is described as below: 


Tun Tas Tow Tue 0.1974 —0.0060 0.3857 0.0031 
7 |= a ee ce oo — 0.0630 0.4130 0.1355 0.1516 
Vantee lie. Tawi ox 1.9090 0.0641 3.6735 0.2084 
ae Vu Tov Taw Vow 0.1014 0.4682 1.3615 —0.6907_ 


(15) 


Antiferroelectric states 
i) stripes type (Fig. 5 (b)) 


* The sum of 1/€-1/3-(—2u0), 1/€0-(—p+1/3) v9, 1/Eo* (p/2+1/3) v9 and 1/é (p/2+1/3) vo. 


¥ Sel sum of 1/&)-(qg+1/3) (2), 1/Eo: (—p+1/3)m, 1/€(p/2+1/3)(—wo) and 1/€o(p/2 +1/3) 
ys 


*** The sum of 1/&-(—q/2+1/3) (2x9) and 1/€0- (p/2+1/3) (—x0). 
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Now our next task is to treat the antiferroclectric state of stripes type. In this case 
we have to watch the behaviour of only Ti, Oa and Ob, ions since there exist no local fields 
acting on Ba and Ob, because they are midway between two antiparallel dipole layers. For 
each ion we have to take into account eight sublattices (twenty-four in all for Ti, Oa and 
Ob,). They are superlattices having double extent in length campared with the original 
Mnitvcell. So n=S,(0, 0, 1/4) etc. appear in the expression of the local fields as follows : 


E'p,=1/€): 1/8 {(q+p) (up+u) 1 2( 2-1) (m+) 


+ (—n—i+2j +21 (m4 +9}, (16A) 
E’;.=0, (16B) 
E' oa 1/Eo*1/8+ {2(n+i) (uy tu) + (q+p) (m+7) +4(m+4) (x +x)} 
+1/&,-2(q—p) %, (16C) 
Eon, =1/E-1/8- {(—n—i+2j +21) (uu) +4(m+h) (m+y) +(q+p) (%+x)} 
IVE g= png (16D) 
[ce alt (16E) 


Here again attention must te paid to the terms representing the local fields acting on Ti, 
Oa and Ob, caused by shifts of the same sorts of ions respectively. Now Ob, sublattice 
splits into two sublattices Ob,(+) and Ob,(—) in Fig. 5 (b). For example we can 
deduce the term containing x, in (16D) by means of the same treatment with Y. Takagi." 


Fields by Ti, Ba and Oa acting on Ob, caused by a shift of Ob, itself are the same as 
the ferroelectric case (13). Field acting on Ob,(+) produced by Ob, (—) proves to be 


Bp 8 — 12-9 1 1/3) (— 2) + (pt 173) (2m) 
(1/2 p- 1/3) (= 2x9) 21/35 (—2%)} 
=1/&)-1/8- (q+p)»—1/-1/3>% (Gile,9) 

Field by Ob, is 

1/€,° Capel /3) (—%). 
Summing up the five fields produced by Ti, Ba, Oa, Ob,(—) and Ob,, we get a result 1/€,- 
1/8: (q+p)%—1/&-(q—p)x as found in (16D). Carrying out the similar calculation as 
to Ti and Oa, we can obtain the results 1/€,-1/8-(q+p)u in (16A) and 1/€,- 1/8-(q+p)™% 
+1/&)-2(q—p)™ in (16C). 


From equs. (6) and (16) the solution of u, » and x is written as below :* 


Pied Uy v=0, 
Wy — 7 Wo ; (18) 
_% dlls | X10 % =O. 


* In Eq. (19) r/uu is affected most severely by gq, and is almost invariable for a little change of j 


and / etc. 
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— 


int Pgh phage! 2e’aq! pf ostg 69> 7008798 Y 0-007 
ie = ae Kies Tin =| 1.8797 3.2627 0.1053 ‘ (19) 
Faves ate ip xix L 0.1140 1.3751 — 0.7192 


ii) checker-board type (Fig. 5(c)) 
In this case only Ti and Oa ions are shifted. Then 


E'p,=1/€):1/8+ {(2q—2p) (wou) + (2n—2i+ 4k) (m+7)}, (20A) 
E! oa=1/€)+1/8+ {(2n—2i+4k) (uy tu) + (2g—2p)v+9 (2q—2p)™}, (20C) 
El = 0 (20B), Es, =O (20D). 


Here the terms containing u) in (20A) and », in (20C) can be deduced in the same 
way as that already mentioned. 


Solving equs. (6) and (20), we get 


’ _ e pO; 
Peel or chloe la tee ts ee 
be Jefe Ltt 288 ko ce 
iii) (Ti—Ba—Ob,) antiferroelectric state (Fig. 5 (d)) 


In this case only Ti, Ba and Ob, ions are shifted. Then 


Lae Bey: 1/8- {— (q—p) (uy+u) +87’ (v) +0) + (—a-+i— 27-421) (Ss) ts 
(23A) 


E'pq=1/€)°1/8+ {8r' (vy +u) — (q—p) (vy +r) +4(m!—b+4’) (xo+%)},  (23B) 
E! on =1/€y°1/8+ {(—n+i—2j +21) (up tu) +4(m!—h+h’) (vy +0) 
— (q—p)1—9 (q—p) xo} 5 (23D) 
E'o,=0 (23C), Eo = 0 (23B), 
where r’=1/47-S,(1/4, 1/4, 1/4) =0.8451, m’=1/47-S,(0, 1/4, 1/4) =2.5084 


and h’=1/47-S,(1/2, 1/4, 1/4) =0.2068 which were calculated by Luttinger and Tisza.‘ 
Solving equs. (6) and (23)’s, 


e Uy w=0, | 
v= T | % (24) | 
Ks Xn X= 0. | 


Ps Tan Tm Te 0.0516 0.0072 —0.0083 
T=] Tm Tm Tue |=] 0.0777 0.1886 0.0990 J. (25) 


Vatu lxte Tote — 0.5518 0.6114 = 017630 
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§ 4. Stability of ferro- and antiferroelectric states, and its 


relation to the domain boundaries 


Looking over the result of calculation in sec. 3, we can readily find out the fact that 7,,, 
(=0.1974), 7/u, (=0.1969) and 7/4, (=0.1969) are nearly equal in magnitude. This 
indicates the fact that the local field is the strongest in the case of the ferroelectric state, 
though only slightly stronger than in the case of the two antiferroclectric states. A quite 
similar result has been independently obtained by Y. Takagi’. The two results agree with 
each other regarding that the ferroelectric state is the most stable one when Ti ion is 
shifted in the spontaneous polarization, while they are in contradiction to Cohen’s result”. 
Here we have regarded the electronic polarizabilities of the three sorts of oxygen (Oa, 
Ob, and Ob,) to be the same, but this point should undergo a more thorough investiga- 
tion. The shifts of the ions in spontaneously polarized state were studied by H. T. Evans 


™) So when we do not 


with X-ray, and the largeness of shifts of oxygens were reported. 
take into account of the oxygen displacement, complete explanation of ferroelectricity cannot 
be attained. To study this effect we need to consider the other coefficients 7’s in addition 


tO Tus Troe and 7/44. The detail will be discussed in a later paper. 


+4 [+ + toh 
+ {+[+[+]+|+ 
(a) stripes antiferro. (b) dipole configuration 


Fig 6. near the 180°-type 
boundary 


Now we shall call your attention to the fact that our results have an intimate relation to 
the study of the domain boundaries of a BaTiO, crystal. Attention must be paid to the fact 
that the stripes type antiferroelectric state corresponds to the limiting case when a domain 
is only one lattice thick and accordingly there occurs abrupt change of polaization be- 
tween two neighbouring domains. The closeness between 7,.,(=0.1974) and 7m 
(=0.1969) suggests us that the 180°-type boundary in BaTiO, is much thinner than 
Bloch wall (thickness some hundreds of lattices) in ferromagnetism.” In BaTiO, the actual 
calculation shows that the 180°-type domain boundary has no thickness at all when only 
Ti ion is shifted and is two lattices thick when Ti and Oa ions are shifted (the both 
cases are for room temperature). The details of calculation will be published later on. If 
we consider the shifts of all sorts of ions, the situation becomes more complicated and the 
boundary is supposed to be still a little thicker. 

Let us now turn our eyes to the (Ti-Ob,) antiferroelectric state (Fig. 5(d)). Although 
this configuration is quite unstable, the calculation about this state will be useful in discuss- 
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Fig. 7 (a) dipole configuration near 
the 90°-type boundary 


(c) parallel component 


ing the 90°-type domain boundary. Fig. 7(a) shows the dipole configuration near the 
90°-type boundary, and (b) and (c) are normal and parallel component of polarization 
respectively with respect to the boundary. Here the normal component may be omitted 
from the consideration because it is constant owing to its continuous property at the bounda- 
ry. Comparing 7,,(=0.1974) and 7‘/'(=0.0516), it is found that the latter is about 
a quarter of the former. The smallness of 7(// is supposed to suggest us that the local 
field would be considerably weakened if two domains are brought close together putting a 
very thin 90°-type boundary between them. So the 90°-type boundary may be destined 
to become thicker than the 180°-type. The numerical calculation for the 90°-type bounda- 
ry will appear in a later article, showing its thickness to be several lattices at room tem- 
perature. To discuss the temperature dependence of the domain boundaries is an interest- 
ing problem. The discussion of Rochelle salt and KH,PO, was done by T. Mitsui, Ji 
Furuichi,"”” W. Kanzig and R. Sommerhalder.'"” It is expected that the above results about 
the domain boundaries are almost valid in general except near the Curie temperature. 


§ 5. Conclusion 


In a noticeable article, H. D. Megaw stressed the important role of valence bonds of 
Ob ions to realize the ferroelectricity."". However we have deduced the predominance of 
the local field strength in the ferroelectric state over that in the antiferroelectric one by 
considering the dipole interactions among the ions of BaTiO, (a dipole model) alone. Our 
knowledge seems to be insufficient to decide which model is better suited to describe the 
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nature of BaTiO,. It is true that the nature of barium titanate cannot be expressed com- 
pletely by one model alone. There are so many factors (dipole interaction, valence bonds, 
ionic radii, etc.) that contribute to its nature that one cannot content himself with a view 
from one side. 

In a later paper by using the two types of antiferroelectric configurations we shall treat 
dipole interaction within a domain boundary, and also van der Waals’ and overlap energies 
among ions. According to this calculation, assuming that only Ti ion could be displaced, 
thickness of a 180°-type domain boundary is found to be negligible at room temperature, 
that is, we find quite abrupt change of polarization from one domain to the next one. But 
when we allow displacements of both Ti and Oa ions, the thickness would become two 
lattices at room temperature. In case of 90°-type the boundary would be still thicker. 
When we take account of displacements of all ions in any of these two types of boundaries, 
it is expected that the boundaries increase its thickness to some extent. 
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The explicit forms of the Clebsch-Gordan coefficients, (j; 5/2 my mo|j15/2j m), are given. 


The Clebsch-Gordan coefficients, (j; jy m; mej; jojm), were already given in their ex- 
plicit forms for j,=1/2, 1, 3/2 and 2 by Condon and Shortley,” for j,=3 by Yamada 
and Morita.” Their numerical values were also tabulated for all the cases of j, <4 and 
jes {<< 9/2 by Simon.” 

Here we shall derive the explicit forms of the Clebsch-Gordan coefficients, using the 
formula in reference 1 p. 75, 


(js fo my mo| jy joj m) =O(m, m,+ my) 
-/ G+i—i)! Grit)! Gitie—p! Gt)! Gam)! Qj+1). 
G+Ati+D! Ga—m)! Gitm)! Go—ms)! Go+me)! 
(RE (jtjochon 2b Geta) | 
Cision at zh Cet: jiraje im)! 
and eq. (16) in reference 4, 


Cirfe m, My ) ==0 (m1, m,-+m,) 
-¥ (2741) Gitp—p)! GtpA—io! Gtie —W'/ Git hs +j+1)! 
Seat ¥ Git)! Gummi)! Gotme)! Ga=m)! Gtm)! Gm)! 
é a! Citj—j—2! Gi-—m—2z)! Got m—O! G—fptm+o! G—j,—m+o!. 


(2) 

In order to minimize the number of terms in the summation of x or z, it is advisable 
to utilize eq. (1) for j=j,—4 and eq. (2) for j=j,+4, (40). The results are given 
in the following table. 

The presentation of (j, 5/2 m, m,|j,5/2jm) in the tabulated forms seems to be more 
convenient than the numerical presentation in decimals” given by Simon, when one should 
calculate certain equations which contain the Clebsch-Gordan coefficients as factors. In this 
case one can evaluate the values of the Clebsch-Gordan coefficients in a form of fractions. 


Another advantage of our presentation over Simon’s is that the restriction to the magnitudes 
of j, and j is absent. 
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Gi ye m, ms] ji 5/2 jm) 


J=fit5/2 
mo=5/2, (jitm—3/2) Gitm—1/2) (jit+m+1/2) (ji+m+3/2) Gitm+5/2) 
(2j1 +1) (27; +2) (2j1 4-3) (2j1 +4) (271 +5) 
mo= 3/2, V5 ,/ Gi=m+5/2) Gitm=1/2) (jrtm+1/2) Gitm+3/2) Gitmt5/2) 
(2j1 +1) (2j1+2) (2j: +3) (2j1+4) (2j1+5) 
ms=1/2, Vi0y/ (Gji—m+3/2) (ja—m+5/2) (ji tm+1/2) (j1:+m+3/2) Gitm+5/2) 
(2j1 +1) (2): +2) (2j14+3) (214-4) (2j1+5) 
m= —1/2, V0 (ji—m+1/2) Gi-m+t 3/2) Gji—m+5/2) (fst m+3/2) Gitm+5/2) 
(2j1+1) (2): +2) (2): +3) (2): +4) (21 +5) 
mee 52, V5 jam m—1/2) (jy—m+1/2) (fi—m+3/2) (js —m+5/2) (fj: +m+5/2) 
(2j;+1) (2/1: +2) (2), +3) (27; +4) (27; +5) 
m= —5/2, ham 3/2) (fi—m—1/2) (fi—m+1/2) Gi-—m+3/2) Gi-—m+5/2) 
(2); +1) (2), +2) (2): +3) (21 +4) (2), +5) 
j=fit3/2 
eT, V5 yf Gi—m+5/2) Gitm—3/2) Git+tm—1/2) Gi+mt1/2) Gitmt3/2) 
; : SION 2) Bit) 
TE Nerds a gatas a Fe ACTED TEE ED 
bi i 45m—5/2)V2 ,/ Sarmt3/2) Gitmt 1/2) Gitm+3/2) 
ages a ee 2a (2jr #1) (2j1 +2) (21 +3) (21 +5) 
Lae “4.5 Oy (ii—m+1/2) (jr—m+3/2) (jrt+m+3/2) 
eel e i et) ie 2A +1) (2142) +3) Ga+5) 
pat (j—m—1/2) Ga— m+1/2) (j;—m+3/2) 
ay oh (jb 5m+ 15/2) 91 Qj (2jr +1) (2j1 +2) (21 +3) (271+5) 
hes Vs ,| Gi=m=3/2) Gizm=1/2) (ji—m+1/2) Gi-—m+3/2) Gitm+ 5/2) 
m=—5/2, V5 of Bait D (Zr +2) r+ 3) G+) 
j=fit1/2 
_ — | Gy—m+3/2) Gi—m+5/2) (j+m—3/2) Gr tm—1/2) Gitmt1/2) 
m=5/2, VIO r=) +) Ct3) +4) 
¥. oe = | Gi-mt3/2) Gitm—1/2) Gitm+1/2) 
=3/2, (jr Sm+9/2)V'2 G—DaatD) a+) ar) 
oe Sa (ji+m+1/2) 
gl SI Ee a Met 8-+3/2) 4) (2j1—1) 2js (jr +1) (21 +3) (2 +4) 
\) sab Re. Gi—m+1/2) 
m= 1/2, (—22+ 4m 10m! 3 -+8m+3}2) 4 @jr—1) Ir A+) Zi t3) Zt) 
(ji—m—1/2) Gi—m+1/2) (ji t+mt3/2) 
my=—3/2, (rt Sm+9/2)V2 aoe 9s Fay (yy F3) (FA) 
ds — | Gjy—m—3/2) (ji—m—1/2) (ja—m+1/2) (jtm+3/2) Gitm+5/2) 
m= —5/2, V0 |= Qjr—1) 2 (Zr) (Gr +3) Qrt+4) 


e512, _Vi0y. (a= 
m= 3/2, (j+5m—7/2)V2 wl 


mo=1/2, (24:7 —-4j1m— 10m? +2); +4m—3/2) 


m+1/2) (ji—m+3/2) Gi—m+5/2) (jrt+m—3/2) -+m—1/2) 
(2j1—2) (2jr—1) (2jr +1) (2jr +2) (2p + 3) 
(Gi-—m+ 1/2) (ji—m+3/2) Git m—1/2) 
(2j:—2) (2j1—V) (2jr +1) (2 +2) (2 + 3) 
(Gi-—m+ 1/2) 
(2j;—2) (21 —D) (2 +1) (2 +2), (2 + 3) 
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3 7 F (jitm+1/2) 
m= 1/2, (—2jt—Sim-+ 10m? 2) +4312) Qj—2) G—V) Qi +1) G+ 2) GiF3) 
: = G m—1/2) (jrt+m+1/ /2) (j: + m+ 3/2) 
m= —3)2, (—jrtSm+7/2)V2 NF) i —1) (td) GFZ) +3) 
G 3/2) (jy —m—1/2) (jy tm+1/2) (jrtmt3/2) (jtmt5/2) _ 
m= —5[2, VIO" i= (j,=2) G1) Gat (+2) (Zr +3) 


j=ii—3/2 . Sp 
Ga m— i/2) (j,—m+1/2) (fa— m+ 3/2) (jy—m+5) 2) jitm—3 
masl2, v5 fhm 2.3) Gi Br+1) Bs +2) 


m—1/2) (j;—m+1/2) (j;—m+3/2) 
(2j1 — 3) (2js—1) 2fs (21 +1) (2) +2) 
/ Gi —m—1/2) (j) —m+1/2) (ji tm—1) /2) 

(2): — 3) (2j; —1) 2j; (2j; +1) (2j2+2) 

Gi= m—1/2) (j,+m—1/2) (fi: +m+1/2) 

ma eae Sorat) 8 v (2): —3) (2 —1) 2fr (2 +1) (Zs +2) 
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anal j.—3) 2-1) jr Bt 1) (jr +2) 


m=3/2,  (—3j,—5m+9/2) af Gig 


my=1/2, (ji+5m—3/2)V2 


j=hi—3/2 
amsi2, inher Ale) Ci ams i Cee m+1/2) (ji—m+3/2) (js —m+5/2) 


(2): —3) (2j,—2) (2j;-1) 2f1 (271 +1) 
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In the perturbation method which is called “sound approximation” in Quantum Hydrodynamics, 
the invariancy of each same order term in the Hamiltonian is studied in detail by the gauge 
transformation. For a special case, where the fluid is nonviscous and incompressible, the eigen value 
problem of the Hamiltonian which includes only the rotational part of the fluid velocity is calculated. 
The energy spectrum of the lowest state of the roton is given by Ziman’s method for this special 
case. The expression of the energy spectrum of the roton does not diverge or contain any additional 
constant term while Ziman’s result does. The discussion to explain the diference between these two 
results is given. 


$1. Introduction 


In his paper’) on the theory of liquid Helium II, Landau has introduced the concept 


> 


of Quantum Hydrodynamics. He related the “ phonon” to the irrotational part of the 


329 


velocity field, and the “ roton” to the rotational part. He treated the roton as a kind of 
excited particle, ~nd used it to explain the deviation of the specific heat of Helium from 
the T?— law. However, Landau merely assumed a roton-like spectrum and did not furnish 


us any theoretical calculations to prove his assumption. In the previous” 


papers, the 
author was able to quantize the rotational as well as the irrotational part of the fluid 
velocity by introducing Clebsch’s transformation. In this formalism, the fundamental com- 
mutation relations are explicitly given, and other associated commutation relations can be 
easily derived. Nearly at the same time, almost the same type of papers had been published 
independently in Europe. By using a similar method, Kronig’) and Thellung’ obtained the 
energy spectrum of the phonon. Ziman’ extended this method and obtained the energy 
spectrum of roton which is identical to the one assumed by Landau. 

. Ziman’s expression for the energy spectrum of the roton contains an additional infinite 
term. He regards this infinite term as arising from the fact that one is treating the 
liquid as a continuous medium disregarding its corpuscular property. Therefore, he cuts 
off the high frequency components when he performs the summation with respect to the 
wave number vector, so that he gets a finite constant term in his energy spectrum of the 
roton. His reasoning seems somewhat vague to the author. Because in his calculation, he 
selects only one term out of the fourth order Hamiltonian which includes also the phonon 
part in addition to the roton part that he is concerned with. In the present paper a 
reasonable account for this problem is given with the aid of incompressibility condition. 


5 ; ‘ : ne 
In section 2, the gauge transformation which was developed in the previous paper” 1s 


544 lak Ales 


< 


modified to a form suitable to the usual perturbation theory, which is called the * sound 


approximation.” Section 3, includes a classical reduction of the equation of incompressible 
fluid and its modification in quantum theory. The calculation of the lowest energy of the 
roton is given in detail, A canonical transformation of the original Clebsch’s theory is 
given in the appendix. 

It should be pointed out that the present discussion excludes any consideration of 
“thermodynamics.” In the previous paper’, a parameter in Clebsch’s transformtion was 
replaced by the entropy in the adiabatic process. However, it is not clear at present why 


the entropy is directly related to the rotational motion in this adiabatic process. 


§2. Gauge invariancy 


When we apply the perturbation method in order to get the eigen-value of the Hamil- 
tonian in Quantum Hydrodynamics each same ordexs term must be invariant under the 
influence of the gauge transformation as well as in Quantum Electrodynamics. This means 
that the way of the division of the Hamiltonian is not necessarily arbitrary when the gauge 
transformation is given. 

Now let us see the case of the Hamiltonian in Quantum Hydrodynamics. This 
Hamiltonian is given by 


D=p/2- (79)? +1/2-pd(y4e+t (r/)y) +1/80: ret (PR) 7)’, 


where p is the density, ¢ is the potential, 7% and yt are the parameters which denote vortex 
line. This Hamiltonian is essentially nonlinear, so that this is generally linearized by using 
the condition p=p,+p'. py is entirely constant with respect to space and time, while ’ 


j 
is a small deviation which is not constant. The Hamiltonian is usually divided into the 


followings : 


p=|ae{2 po(79)+— = (o—0')}} 


+fee{ 1 rscerer cv) 


1 ° 
+ | ac{ ret Pea) bde + wa : 
8 
Phonon is derived from the first term, the second term is the interaction term, and 
the third term is the roton part which was selected and calculated by Ziman. 
The field variables $, 7 and / are mutually related through the gauge transformation, 


and when they are changed into the new ones, 


each term must be invariant undet this 
scheme. 


The gauge transformation is given by: 
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7 =7+0:00/d0 

2! =p—p-d0/d7! 

9 =9+7/dw/37/—o 
0-0u/8p+ 7/00/07! =0, 


(3-1) 


where the last relation means that the generating function w is the function of //p. (% 


=A see: Variational principle in Hydrodynamics)”. Velocity » is written as 
v= —dd—7/ p+ Ap 


which is invariant under the transformation (3-1). In the “ phonon approximation,” 1 /e 


is usually linearized as 


1/p=1/ po {1—(ol/00) + (el / pa) 
Then we have 


v=v,+ Py 
where 
t= —PP—1/Po°G7 B 
and 


0,= —1/Po- {—0'/ Pot (0"/0)°— 1} A 


Under the transformation (3-1), v) and v, must be invariant respectively. 


The calculations are given as follows. 


0 


—v,’ =e’ + a A 


Ow ) 1 Ow Ow 
= 7 * é =< 
=p(b+7 BOW ag (n+e Nae Parl 


7 : Ow o = Ow 
—pr ne x! —fvua tte ——[ pL 
=r$+—L pete Wi5t) a ne ae 
/ Ow ) po! Ow ( Ow : 
ee + Ple— : 3 i); 
oe, 


Using the last relation in (3-1) the gradient of the generating function w becomes 
po=d0/dpe-p pt dw/On! «py + 90/97 e 
=0/dp-ppt+aw/dy! py! —7'/0:90/9y! PP. 


Substituting this into the foregoing result, we have 


pad 0 
pe eer # {30 py x'p( 22) Sed 
UD V+ 0 ar Vi 7) V a p On! | 


This is rewritten by the aid of (3-2), that is: 
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/ id if 
—v,! =— 0+ 0'/Po° {yor (4 -dw/9n )} 
if i 
=—MT/P /pVb—-o )- 
: OE saa! age : tm 
In order to require the invariancy of Wp, it 1s sufficient to conclude d’=¢. 

From this, an important conclusion that “ phonon ” is invariant under the gauge 
transformation comes since the first term in H is invariant. UD is originally gauge invariant, 
so that v,=v—v, is also true. From this condition, an arbitrary function w is somewhat 
limited because it must satisfy 

7! -0w/07/—w=0 
and 


p: dw/de+ ‘10 
From these two relations, w may be chosen as 
w=r'/o-€ (1) 


where € is an arbitrary function of yz. 


§ 3. Rotational motion in incompressible ideal fluid 


Ziman sclected the third term out of the Hamiltonian, and calculated the roton 


spectrum. However, this term is only one of the terms in the fourth order Hamiltonian 


4 


which contains the other term proportional to e“. Furthermore, the interaction term is in 


the third order Hamiltonian, and necessarily includes the variables of the rotational part. 
In the case where the fluid is incompressible, there remains only Ziman’s term, although 


? 


the “ phonon” vanishes. Let us think about this extreme case. 


The field equations in compressible ideal flow have already been in the previous paper’. 


They are: 
b+ Aje+1/2-v°+P/p+U(p) =0 (3-1) 
d0/dt+ div pvp=0 (3-2) 
07/9t+ div 7v=0 (3-33 


Op/ot+v-pyu=o0. 


In the case where the fluid is incompressible, these are changed into the followings respectively: 


b+ Att fw? + P/)+U(,) =0 (3x5) 
div »>=0 (3-6) 
0n/dt+v-pn=0 (3-7) 
0n/dt--op p=0. (3-8) 


The last two ones can be combined into the one equation 


Ow/dt+v-pw=w-po (3-9) 
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where w is the vorticity and is defined by 
w=rot v= 1/7 UXPn.- 


The equations (3-9) denotes its change of the vorticity behavior in the incompressible 
ideal fluid. (3-5) and (3-6) are seemed to be the kinematical conditions to complete 
the Euler’s hydrodynamical equation. 

There is another conventional formulation in this case, since (3-6) means that veloctiy 


field can be represented by the rotation of a vector. Therefore, 
v=rot A. (3-2 1d) 


The total kinetic energy of this fluid is given by 
B= l(t v roe Ads = 00 \ao-Adz Gri) 
2 i, 2 


where every field quantities are assumed to disappear on the boundary. 
Taking the rotation of both sides of (3-11), we have 
w=p div A— JA. (3211) 
Assuming that div A=0, there appears a Poisson equation 
4A=—w. (3-13) 


The vector potential A is represented by 


Pah AOD (3-14) 


J ir—r’| 
Substituting this into (3-12), we get 


H=— \\ gor) an Miter (3-15) 


This means that vortex lines interact with each other by the law of the force which is 


proportional to the inverse of the mutual distance. 
We are going to see that if we insert the representation (3-10) into (3-15), the 
equations (3-7) and (3-8) are introduced from the Hamiltonian (3-15) by the method 


of variation. 
The canonical equations which are related with the rotational part are: 


n= —0H/op pp=0H/07. 
Since w’ (7X77) =77: (w' Xp), H may be written as 


/ 
li/= can pads | Oe XP dz’. 
87 


Mirren! | 


Then 


0H _9H_ 0 ( 0H ) 
On On “~ Ox, \ 0(07n/9x:) 
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= = | div ( ae ae \de! 


= {div ree XT Jae’. 


|jr—r’| 


By the aid of the relation 


y/ : 
din (“Boe xrp) 
neers 
of 
=p u-rot’( —— ~~ 
Vi ( | r’ 
The foregoing result becomes 
N / 
OE eee eee rot | i a dr’=—wv-pyu. 


a) 47 —r'| 
where the last result has been obtained on the basis of (3-14). Then we get 
p=0H/dn=—v-pp. 
By the similar calculation, the other canonical equation 
7=—0-[y 
can be easily obtained. 


Once we have gotten these two equations, it is easily seen that Euler’s Hydrodynamical 
equation will be established by referring to (3-5) and (3-6). 

The formalism up to now is classical. Now let us consider the quantum mechanical 
one which is based on the foregoing discussion. Instead of 7% and y we shall use ¢ and ¢/* 
operators derived from a canomical transformation given in the appendix. 

Vorticity w is now defined by 


w=b/2i0- (po* Xxpp—ryxry*). 
¢ and /* are expanded by the method of Fourier series in the box of volume V. 
eel hele i AME Bet AALS Sk Biche (3-17) 
where 6), and bj satisfy the commutation relations 
[byb|=OCKK’), — (b,.bj.] = [b%5*]=0. 
Vector potential can be described by using (3-14), (3-16) and (3-17), that is: 


b \ tre (Kk, x< k. ») 
Ars) =— ST ovine era) 
rs 2i0V ite |, —k,|? — (bE. bia + brah a 


= b ‘ ei" r\ KxXk 
= a va Pae ‘3 K2 ) (bi bn +b; b*) 
10 Le 
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SabV 21g V ee Ae 
Kk 


where K=k,—k, and Ax is given by 
Age = SK X b/K*- (bij re +b bf) (3-18) 


Since K-(K Xk) =0, there are only transversal components in this expression. The total 
Hamiltonian is given in terms of A. 
Bile f fia fo ere 
H= 8 re Ad: =f | (4A) i OA A 


8 f Ny KC 


By the definition of A,,, A_y is simply related to this, namely: 


Ab Spee Bg eta t bus bh) 


=->) ¢ oe Cay ee 
= — Ax. 
The total Hamiltonian is, therefore, given by 
H=6"/89,V->)(K)"Aq Ake 


There is no need to symmetrize this result. The commutation relation between the vector 


potentials is calculated as follows : 


/ 

[An Az] =4 sy RX) EXE) 150, Kb) — K’) bith, — OK, I’) 5H —acbn— nc 
kk K°K” 
Therefore, we can get a simple relation 
[A,, AF] ==(0) ° 

Substituting (3-18) into H, and representing this with the operators 5, and bj, we can 
obtain 

2 : / 7 

H= E > ULAR) Ce. {4b bj — bn — KOK 

8 VY Kkk! a 


+.40( Ke, Bh!) bp + OCK) (26% bp 7 + 26% 2b 1} « 


It is easily seen that the last three terms in the small bracket should disappear. For 


example, let us consider the first term of these : 


CROCE ICE Xe)" 5 (K) Bh bac 
keine | K|° 
Him 3 (EXD: (KX) pp ce: 


Ke) kh! 
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Although the coefficient (KX k)-(KXk’)/K° remains finite for the limit K=0, there 
still remains the free sum with respect to k’ which is assumed to be zero, so that this 
term becomes zero, and so do the other terms. 

Therefore, H is only given by the first two terms. 


#  , (KXk)-Kxk’) 
H= = ‘ af oss = bebe, _ <b = <b oI 
20V Pp | K|? KO ket — KOR KO 


i et AG Sg 
ee ty (3-19) 
20V kh LK y 
In order to get some conclusion about the eigen value problem of H, let us consider 
the same case as was discussed by Ziman, where there is only one roton. The first term 
disappears because of existence of two successive annihilation operators, so that only the 


second term is left. (3-19) is calculated in this case as follows : 


b _ |K\?|k|? 


Hs eo el gy 
20V Kk K bre 
Arh? 2 
ae Sager See Rl 7 
On V7 23 ax| (3-20) 


In this calculation the average over the angular part of K is first performed and then, 
the upper limit of the absolute value of the possible wave number K is assumed to be 
|Kyiax| when the integration with respect to |K) is treated. It should be noticed that these 
energies have no additional diverge in this calculation although the diverge of the coefficient 
is avoided by the cut-frequency method. If we assume that 


4/3-7n,,=aN, 


(where |K,,9x|=27n,,/L:L is the length of the side of 
the box, N is the total number of the atoms and n,, is 
an integer.) 


with a numerical factor a which should be less than 3, the energy spectrum of the state 
specified by k is 


E,,=47/3 +n, -b°/3Nm-k?=a/3-b°/m-k’, 
where m the mass of a helium atom. Therefore, 
E,,=b'/2p-K 


where (= (3/2a)m. Since the compressional mode is omitted from the outset, the number 
of freedom of the motion may be assumed to be 2N: so that a may be chosen to be 2 
The total current is given by the integration of the relation 


(o0 = fr rot A. 


Using the representation of A, this is calculated as follows: 


Remarks on Quantum Hydrodynamics Syl 


: b : 
i) =k Ciba + babi 
b — SN K-k 
-23) 8(K) AD K (bib 2+ bu-1bt)- 
Note that 
a. K-k 
A 0(K) OK ibn K+bp-Kbk) 


should vanish upon averaging with respect to the angle between the two vectors k and K. 
Therefore, 


Cj) =P > EN. 


From this, the momentum of a roton is given by p=bl, so that the energy spectrum 


is given by the momentum representation : that is, 


E(p) =2/3m-p’=p'/2p, (p= 3m/4) 


while ‘Ziman’s result is: E=4-+p°/2p’, where 4 is a constant and p’=4m/3. 


§ 4. Discussion 


As was pointed out, Ziman selected only one term in the Hamiltonian in obtaining 
the energy spectrum of the roton. For a compressible fluid, such a selection is in general 
not verified. Furthermore, Ziman had to introduce a physical argument, although it is a 
plausible one, in order to make the constant term of the energy finite. In this paper, it 
is shown that, these difficulties can be eliminated by introducing the incompressibility con- 
dition. For an incompressible fluid, the Hamiltonian contains only Ziman’s term. Therefore, 
in this case, one needs not to worry about the selection of the terms in the Hamiltonian 
or the diverge of the constant terms. 

In Clebsch’s transformation, the rotational part of the velocity is related too closely to 
the gradient motion to allow an exact formulation of the roton. This fact is observed in 
the gauge transformation or also in the expression of the current where the gradient and 
rotational part appear in a symmetrical form. Therefore, it may be said that Ziman’s ex- 
pression of the energy of the roton implicitly contains the longitudinal component of the 
motion. In the present paper, however, the incompressibility condition div v=0 is introduced. 
The longitudinal part is automatically eliminated in the energy expression. Thus, the con- 
stant term in ‘Ziman’s expression should be attributed to the longitudinal motion rather than 
to the lack of the consideration of atomicity, as long as we are concerned with the incom- 
pressible fluid. As for the compressible fluid, one may consider Ziman’s result as a starting 
point of further study. 

The effective mass of a roton obtained in this paper is different from that obtained 
by Ziman. However, this difference is not regarded as important in view of the ambiguities 


introduced in the reduction of the effective mass. In any case, it is not meaningless to 
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explore the nature of incompressible fluid since there is a clear cut distinction between 
potential flow and rotational flow in this case, so that a purest picture of the roton may 
emerge. 

The variational principle adopted in the present paper is not unique for incompressible 
flow, because the condition div v=0 does not necessarily lead us to a unique expression for 
the velocity. For example, v=paXpf where @ and # are any scalar functions clearly 
satisfies the condition div v>=0. Bateman*) proved in this case that, A, one of the parameters 
in Clebsch’s formula turns out to be the time derivative of the other parameter 4. Although, 
Bateman’s calculation is not complete, a simple consideration leads us to the equations of a 
free particle, which seems to be consistent with the foregoing result. 

There remains, however, a grave doubt as to the validity of Ziman’s reasoning which 
we have partly followed and which presupposes the existence of a rotcn described by the 
usual creation annihilation operators. For a fairly arbitrarily chosen pair of cannonical 
variables, we may expect to obtain a roton-like term as the lowest energy term of the 
Hamiltonian. On the other hand, one has no guarantee to obtain unique roton-like term 
for different choice of cannonical variables. The arbitrariness of Ziman’s theory and that 
of the present theory can be removed if we provide an argument which support the ap- 
propriateness of our particular choice of cannonical variables. The author would like to 


express his thanks to Professor K. Husimi for his valuable discussion. 


Appendix 


Ziman’s transformation and its generalization. 
Ziman has used the following exppressicn of the velocity in his paper instead of 
Clebsch’s formula, that is : 


v= —pd— 1/29: (Pr P.— Pp -r)- 
The two new variables ¢/,, ¢, are related with 7 and jw by the relations 
o> ghy"/ ‘2 =o; /Po 
Then he introduces the complex operators 
D= (26)? (, +ig,) 
a (2b) ws 4 — ith.) 
The velocity operator is, therefore, written as 
x bwiirg 
v= —pd——_ ih - —( Op D— Op O*), 
2 Pp 
In this transformation, the commutation retation between @ and @* is 
[P*(r), P(r’) |=d(rr’) (1) 


Ziman has pointed out that @ is not the wave function of a particle because of (1) 
) 
although they have common properties. Flowever, relation (1) may also be considered as 
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the commutation relation which appears in the theory of second quantization. To verify 


these affairs, let us examine the case where only the velocity potential ¢ exists. 


When we put 
P=Pih. g=log($,/¢2), (y 
then, 
v= —po= = . Pi Ps —PV os 
Hr bs" 
hod,—wv.p, 
__ $99 ea ws (3) 
YY 
and further the current operator becomes 
j= — 7 b=$7 P.— Pp o1- (4) 


The transformation (2) leads us to a symmetrical representation (3) or (4). 
However, it is possible to obtain just the same relations as those in second quantization 
theory by using the complex operators. If the following relations are assumed 
p=UL * 2i/b-d=log-V*/P, (5) 
there appear 
D Deh tas Uae 
2i prep 


v= —/7o= 


and 
Jao 21 yh yey. 


It may be possible to change (5) into the usual transformation which is already known.” 


By representing Y as 
= hee 
where R and S are real operators, we can easily see that (5) involves 
p=R g=S 


Therefore, the transformation from (e, 6) to (F%, Y*) is just the inverse process of 
the usual one from the wave function to the density and the velocity potential. The same 
argument can be applied for the rotational part, which is also represented by the other 
second quanitization operators, although its physical meaning is not so clear as that in the 
gradient motion. 

Finally we shall prove that the transformation (5) does assure the commutation relation. 


The proof can be performed by the same method which was used by Ziman, that is: 


(e* (r,); Gg (r5) | 


-(( Du*(r,) 68 (r,) OU *(r) 0 i 
do(r) 06, (1) 06, (7) 0p (Tr) 
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=| (ap-ter*a(r —r,)p'?e°d(r—ry) 
+4p!e0(n —r,) p-"e-#°0(r—r,) ) dr 


=|0(r=r,)0(r—r,)dr 


= 0(r,—Pr>) 


where ¢) = — ¢. 
b 


1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 
9) 


References 


L. Landau, Journal of Physics, 5 (1941), 71. 

H. Ité, Busseironkenkyu 37 (1951) April 53, (in Japanese). 

H. It6, Busseironkenkyu 56 (1952) November 55, (in Japanese). 
H. It6, Prog. Theor. Phys. 9 (1952), 117. 

R. Kronig, A. Thellung, Physica 18 (1952), 749. 

A. Thellung, Physica 19 (1953) 217. 

J. M. Ziman, Proc. Roy. Soc. A. 219, August (1953), 257. 

H. Bateman, Partial Differential Equations, (1932) Cambridge, 168. 
D. Bohm, Phys. Rev. 84 (1952), 166, 180. 


Letters to the Editor 


Self-Energy of Slow Polaron and 
Variational Method 


Eijiro Haga 


Department of Physics, Faculty of Science, 
University of Niigata, Niigata 


May 4, 1955 


In this note we attempt to compute the self- 
energy of a slow electron in a polar crystal by the 
use of a variational method. We adopt the Hamil- 
tonian of Lee, Low and Pines!) (LLP): 

Vig Sha aw dwt dD Vae* aw* +V waw) 
ia 


w 
2 
2m 


<p (K—S) aav* aww)? (1) 
w 


with the representation in which the momentum of 
the system is a “c” number and with neglect of the 
zero point energy of lattice oscillations. 


Carrying out unitary transformation with 
U=exp [SM (a*wfw-awfw*) I, 
w 


if 5 “ zau® \1/2 | 1 
=— 1 
< ( V w(w?+u*) 


which has been used by the present author when he 


(2) 


previously has calculated the polaron self-energy by 
the use of the perturbation method,2) H is transform- 


ed into ©: 


a" #2K2 
§=U1HU=9/—-abot+ ae (3) 
ae : BR 
e— DS aw* aww + (S\aw* aww)? 
2m w m “ww 
B ' 
ike Saw* awK-w 
miu 
RB? 
aa DS (are* foot ae fu*) K-w 
mw 
a Ss} * ao 7 
ied dwdawy fw fey ww 
2m ww yw! 
52 
oP > aw* aw/* fu fy ww’ 
2m ww 
Be 
Te 3 dw* awy fo fros* ww’ 
m wu! 
2 
+ Fe aw* dwdawy fus* ww’ 


AL w,wl 


> 
= eae YS au/* dw awh ws Ww’. (4) 
™ wit 


Now our problem is to research into the lowest 
eigenvalue of or §/. For this purpose we adopt 
the trial wave function 


[K)= 40+ S)c(K, w) 6 (lw). (5) 
Then the expectation value of the energy 
E’ (K) =(K|§/|K)/(K|K) (6) 
is given by 
es |cCK, w) |?) E/(K) 


BR 
= D/¢(K, w) |? +u°—2K-w) 
2m “vo 
= E (K, w) fir K-w 


~~ Sic(K, w) fur K-10 


m 
Tee Bee is 

+— | Sic* K, w) frie w|? (7) 
m uw 


from (4) and (5). 


value of the energy with respect to c(K, w), we have 


2 a =) for w-w 


Minimizing the expectation 


es é 
REED Aree Ts 1 IK (8) 
where @ is a parameter which satisfies 
Dic(K, w) fut w=0K , (9) 
w 
and I" is given by 
wl=2>\c(K, w) fu K-w 9 (10) 
w 
where we have put 
E/(K) =—#? 1 /2m. (11) 


A parameter 0 and J” relating to the energy are 
determined if (8) is substituted into (9) and (10). 
In carrying out the integration with respect to w in 
(9) and (10), we must distinguish two cases accord- 
ing as Y21+T', x being a dimensionless quantity 


x=K/u. (12) 
We shall restrict ourselves to the case 
vale, (13) 


as we ate interested in a slow polaron. Then we 
have 


T=2axF (I, x)/A+aF(l,x)), (14) 


556 Letters to the Editor 


2+7T 1 . 
EU. x) =— = +a | Gaereas 
ve 
/ b ea Sete 
arc sin Vidtr 
Ease 
+P2+T)| arctg TT arctel —p 
V1+¢T-x 
7 oe ae P?x(2+T) \ 
2 i op Roa 15 
+21 xs Pipa (15) 


from (8), (9) and (10). It is easily seen from 
(14) and (15) that T=O(x?) when x is small, hence 


we have 


F(I, x) =1/12+O(x’) (16) 
from (15), and 
T=2a/(12+a) +x? +O (x4) (17) 


from (14) and (16). 

Now the self-energy of a polaron is given by 
Bu? 
2m 

from (3), (6) and (11). Substituting (17) into 
(18) and using (12) we have 


E(K) =—atot+h°?K?/2m* + O(K?) (19) 


E(K) =—ebot+ 


eat (18) 


where 

m*=(12+a)/(12—a)-m. (20) 
We can see that the self-energy of a polaron obtained 
above is lower than that obtained by LLP, and the 
both coincide only at small coupling constants and 
go apart as they increase. 

Now it should be remarked that the formula 
for the self-energy of a polaron, (14) and (15), 
are applicable only when E(K) is smaller than 
—(a—1)hw as is seen from (13) and (18). 

Next, we attempt to apply the above method 
to one dimensional case and compare to the exact 
solution obtained by Gross.) If we adopt the nota- 
tion of Gross and carry out the unitary transforma- 
tion to the Hamiltonian of Gross so as to make the 
momentum operator of the system a “c” number, 
the Hamiltonian expressed in units fw/2 in one 
dimensional problem is written as follows : 


D=2aw* aw—2alaw* aw+a? (aw* du)* 
+71 (aw*—aw) +14+0 (21) 


where a, ¢ and 7 represent the wave number of a 
phonon, the momentum of the system and the coupl- 
ing constant in appropriate units respectively. We 
carry out the unitary transformation 


U=exp[aw* fw— aw fu*) (22) 
to the Hamiltonian (21) and determine fw in such 
a way that the linear terms (in duw* and aw) of the 
transformed Hamiltonian vanish. Then we have 

w=—iy, 2a293+(2+e*)y—7=0. (23) 

Now, we adopt the trial wave function 
l0>=got ad (lee) (24) 
and try to minimize the energy value with the use 


of the transformed Hamiltonian. After some calcu- 
lations, we find for the self energy E 


4a* C7 y° 
== = eee A ee?) 
a F+2+e°—2a¢+4a°y°—-E 
where 
F=14+02—ry—2acy?—a* yt. (26) 


Fig. 1. Energy vs momentum 
for a=1 and y=1 
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Fig. 2. Energy vs momentum 


fot.a=d and 7—=3 


Now we can go one step further in the varia- 


tional calculation, taking the trial wave function 
lo>=dota dew) $009 (2). (27) 


After some calculations we have 


= 4a2c?y? i fy eee 203 ‘) 
E=F— G_E (8e4y'¢ Gog t2e'y 
pee te 8) = anit) 
(G—E) (H—E) —8a*y" (a—€)’ 
where 
G=3402—yy—2att+C+2a(2a—¢) y°—a*y, 
(29) 
H=G+2+4+3a?—2a¢+4a"y’. (30) 


Figs. 1 and 2 show the energy levels in one dimen- 
sional case, by the method cf LLP, (25) and (28) 
obtained above, and the exact solution of Gross in 
the cases a=1, y=1land e=1, 7=3. From Fig. 1 


and Fig. 2 it will be seen that the erergy levels 
obtained by LLP and by us are in relative agreement 
with the exact solution obtained by Gross in the 
case of the small coupling constant (y=1). In the 
case of the intermediate coupling (y=3), however, 
the energy Jevels obtained by us are in better agree- 
ment with Gross’s exact calculation than those by 
LLP. Especially, it will be seen that (28) is in 
substantial agreement with the exact solution for the 


small polaron momenta. 


1) T.D. Lee, F. E. Low and D. Pines, Phys. Rev. 
99 (1953), 297. 


2) E. Haga, Prog. Theor. Phys. 11 (1954), 449. 
3) E. P. Gross, Phys. Rev. 84 (1951), 818. 


On ithe Foundation of the Unified 
Nuclear Model, II 


Tosio Marumori and Eiji Yamada 


Institute for Theoretical Physics, Nagoya University 
May 4, 1955 


In the previous paper,') we attempted to give 
the foundation of the Unified Nuclear Model which 
describes the nucleus as a system having a shell 
structure capable of performing the oscillations in 
shape and size. To make clear the physical image, 
we have adopted in that paper an intuitive and semi- 
empirical method of transforming the original many- 
particle Hamiltonian into that of the coupled system 
of the individual particle motion and the collective 
oscillations. 

Considering that the collective motion is described 
by a collective flow which obeys the equaticrs of 
motion of the hydrodynamical type, we shall gerer- 
alize in the present note the above separation making 
use of a canonical transformation and discuss some 
of the results obtained. 

The Schrédinger equation of our many-particle 
system is 

ib OY’ /0t=H’ Y’, 
H/=SP,}2M+ 1/2 PAST Xp/) (1) 
p= DP 
where M is the particle mass and V(x,, X,/) 1s the 
interaction potential between p-th and p’-th particles.* 


* For the sake of simplicity, we assume here the 
interaction potential between the particles to consist 


of the ordinary two-body forces. 
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Now we shall start from a somewhat different equation 
with an auxiliary field described by x(x) and (x), 
which is equivalent to (1) under the condition: 
x(x) ¥”=0. This equation is transformed by unitary 
p(x) ¢(x)dx),* into 


transformation, U=exp(i/b- 


the Schrodinger equation: 


ib OV/Ot=H?, H= BS coll + Hina.+ Hint. > 
Hy, =1/2- { (grad g (x)) x (x) (gtad (x) de 


41/2M2- j j x(x) VW (x, x) 2 (x!) dxdx’ 
(2) 
Hina. =Sp,' joM+3) 1/2M-\ x(x) VO (x, x»)de, 
p=1 


Aint.=M \ v(x) -grad d(x) dx, 


with the subsidiary condition: 


(x(x) —o(x)) Y=0. (3) 
Here p(x) and v(x) are respectively the density 


and the velocity operator of the individual particles 


defined by 


A 
p(x) =M>)6(x—x,), 
p= 


A 
v(x) =1/2M- 21 ppd(x—xp) +0(%—x5) Dp} 
p= 


mz(x) and (x) are the density and the velocity 
potential of a quantized fluid which obeys the equa- 
tions of motion of the hydrodynamical type, and are 
canonically conjugate variables which satisfy the 
following commutation relation : 


[x(x), 6(x’)] =15 6 (x—-2x’). 
The subsidiary condition (3) means that this flow 
is just the collective flow of the system in question. 
In the above formulation, we have divided the interac- 
tion potential V(x,, x,,/) into VY) (xp, Xp) and 
V(x», Xp), which are the part contributing to the 
compressional energy of the collective fluid and the 
Although this division of 


V(x,, Xp) lacks the uniqueness at present, there is 


remainders respectively. 


a certain restriction for it since H,"), in (2) must 
be positive definite. Thus V(x», Xr) must have a 
repulsive core at least. 

Since the nucleus is a spatially closed system 
with a relatively sharp surface capable of the oscilla- 
tions, the following question is raised: How can 


* The similar trarsformation has also been found 
independently by Nishiyama,”) Nakajima," Miya- 
zima’) and Watanabe.5) 


this quantized collective fluid be closed in such a 
spatial region? Although the question concerning 
the surface energy remains untouched, this becomes 
possible in some sence if the adiabatic approximation 


can be used. 


In this case, if we assume Hint.<1/2-S)V© (xp, 
pp! 
Xp), the Schrodinger equation of our system in the 


0-th order approximation is 
(Hey + Hina. ) por =Eyn eS 
where 


0 mS Cy) PEO (Rye 5 Oe). 


(a;,: the coordinates describing the collective 


fluid z(x)). 


ind, 


Here ¢)''": satisfies the equation: 


(Hina. ¢'*=) bo ‘Py ‘M433 1/2M 


n 


x [x(x VO (x, xp) deen = EN (anon, 
(4) 


coll 


and z{° obeys the equation: 


{Aeon t En (en) —Eynk 0 (an) =0. 


(5) 
Then the subsidiary condition (3) becomes 


7 (x) 75" (age?) =Co(x) iO lap) (6) 


where 


€0(z) nh S=On OC) ON) 


=f * MSe(x— OF seo: dx, dxo:--dx4. 
p=l 
(7) 
From (6) the following two facts are derived: 


ind, 


(a) The solution ¢}""- of (4) must satisfy the 


non-linear integro-differential equation : 
(Sp, [2M+ 3) Sf > 1/2M \@ ape ‘ p(x) gery 


“KV (x, Xp) dx} guts me "gag: (8) 


This is, as well known, the equation which describes 
the particles moving in the self-consistent Hartree 
potential. 

(b) If <p(x) >!" has a relatively sharp bound- 
ary because of a re ae of V2) (x,,, x), the col- 
lective flow x(x) is necessarily demanded to have 
the relatively sharp boundary. 

The details will be given in the later issue of 
this journal. The authors wish to express their sincere 
gratitude to Prof. S. Sakata for his guidance and 
continual encouregement. They also wish to thank 
the members of the Nagoya research group of 
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theoretical physics for valuable discussions. 


1) T.Marumori, J. Yukawa and R. Tanaka, to be 
published in Prog. Theor. Phys. 

2) T. Nishiyama, Prog. Theor. Phys. 12 (1954), 
265. 

3) S. Nakajima, private communication. 

4) T. Miyazima, private communication. 

5) Y. Watanabe, private communication. 

6) R. Kronig and A. Thellung, Physica 18 (1952), 
749. 
A. Thellung, Physica 19 (1953), 219. 
J. M. Ziman, Proc. Roy. Soc. 219 (1953), 256. 
L. D. Landau, J. Phys. U.S.S.R. 5 (1941), 71. 


The Orbit-Orbit Interaction 
Sadaaki Yanagawa 


Department of Applied Physics, Faculty of Engineering 
University of Tokyo, Tokyo 


May 9, 1955 


It was recently pointed out by Trees’) that the 
addition of a correction term of the form aL(L+1) 
improves the agreement between the theoretical 
formulas and the experimental data in iron group, 
and that the proportional factor a@ is found to be of 
the order of about 70~100 cm in these spectra. 

It can be shown, however, that for some atoms, 
e.g. Ge I, As Il, Te I, etc. this correction term 
should be negative in order to explain the observed 


values, though it amounts to only from 10 to 30 
cm“. We shall point out the possibility that this 
negative correction is reasonably accounted for by the 
orbit-orbit interaction involved in the Breit’s Hamil- 
tonian. 


This interaction between the two electrons 1 and 
2, 
Fy = & [2739 - [742° G7 V2) +3 { 12°71) (12°F 2) 
+ (ro1-V2) (ro-V3) + 12°71 —- Fo) 5] 


is reduced to the following simple form or the 
system of equivalent / electrons ; 


=—Dille@| +1)? 
kek 
ye 2ALAD A= RFD (21+k+2) 


(21+ 3) 
XM &-?) (uy uy (*)) 


where the parameters M‘*) are the same ones as 
involved in case of the spin-spin or spin-orbit interac- 
tion?) for /” configuration. It is easily verified that 
the scalar product of the tensors of the first rank 
k=1 gives —2L(L+1)M correction term. The 
other terms with &>1 in the above expression have 
no practical importance. The details of this work 
will appear in this Journal. 

I wish to express my hearty thanks to Dr. T. 
Ishidzu and Mr. Y. Tanabe for their valuable 


discussions. 


1) R. E. Trees, Phys. Rev. 83 (1951), 756; 84 
(1951), 1089. 

2) R. E. Trees, Phys. Rev. 82 (1951), 683. 
H. H. Marvin, Phys. Rev. 71 (1947), 102. 
H. Horie, Prog. Theor. Phys. 10 (1953), 296. 
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On the Theory of Thermal Conductivity of Monovalent Metals 


Tadao KASUYA 


Physical Institute, Nagoya University 


(Received March 17, 1955) 


Sondheimer’s theory of thermal conductivity contradicts in two points with experimental results. 
i) The theoretical values of the conductivity at low temperatures are too small compared with 
expermental values. ii) At intermediate temperatures, the theory predicts the existence of a minimum 
of the conductivity which is not observed. 

We criticize Sondheimer’s theory in several points, and confining ourselves only to the problem 
of thermal conductivity, we obtain on a new basis satisfactory results. The main results are as follows : 
i) Bloch’s hypothesis that the phonon system is in thermal equilibrium in all temperature regions is 
applicable in the case of thermal conductivity. ii) Sondheimer solved Bloch equation by expanding 
C(e) in a power series of €, but this type of function does not give a correct solution in the case of 
the second order phenomena. By using a more reasonable variational function, we obtain a more 
correct lower limit of thermal conductivity which is about 20% larger than Klemens’ result. Further, 
we obtain an upper bound by a certain method and thus determine the bourds of the correct solution. 
iii) By considering exchange field and correlation field, it is shown that the method of self-consistent 
field gives fairly large resistivity at high temperatures. The ratio C/¢ becomes 1.22. By this effect, 
the theoretical values of thermal conductivity becomes more consistent with experimental values, and 
the minimum of the conductivity at intermediate temperatures disappears. iv) Debye temperature 
determined by comparing with experimental values agrees very well with the Debye temperature of 


longitudinal sound waves calculated by Toya. 


§1. Introduction 


The transport phenomena of the electrons in monovalent metals are classified as follows ; 
the first order phenomena like electrical conductivity, and the second order phenomena like 
thermal conductivity and thermo-electric force. 

Concerning the electrical conductivity, many works have been done from several view 
points since Bloch, and the agreement between theory and experiment is fairly good. But, 
even in this problem, we may point out several contradictions. 

i) For noble metals, Cu, Ag and Au, a minimum of the resistance is observed at 
very low temperatures. This phenomenon is not clarified yet, but it seems to the writer 
that this phenomenon has a certain relation to the d-electrons. From this reason we limit 
ourselves in this paper only to simpler monovalent metals like Na. 

ii) In the case of alkali metals, there exists an essential contradiction first pointed 
out by Peierls.” After him, Bloch’s hypothesis assuming the thermal equilibrium of 
phonon system is not applicable at low temperatures and the electrical conductivity should 


: ; : ; 
increase there exponentially as temperature decreases. But, in fact, theories adopting Bloch’s 
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hypothesis give results which agree fairly well with experimental results. This contradiction 
is obviously an essential one for us. 

iii) As to the existence of Umklappprocess in the collision between phonon and 
electron, one has yet no definite argument. One can not determine the existence of this 
process only by the experimental results of the electrical conductivity because of the ambiguity 
in the coupling constant and the Debye temperature 0. 

Notwithstanding these defects, the Bloch theory can explain experimental results fairly 
well in the case of electrical conductivity. In the case of the second order phenomena, 
however, Bloch-Sondheimer theory fails in several points. We shall here concern only with 
the problem of thermal conductivity. 

Sondheimer” calculated the thermal conductivity based on Bloch’s hypothesis, but his 
theory contradicts in two points with experimental results. 

i) According to Sondheimer’s theory, thermal conductivity should have a minimum 
at an intermediate temperature (T~@). But, experimentally, this minimum has never 
been observed ; the thermal conductivity decreases monotonically as temperature increases. 
Theoretically, this minimum occurs by the additional resistance due to the mixing of the 
electrons on both sides of the Fermi level, and, as Sondheimer says, this does not depend 
on the degree of approximation of the solution. This type of resistance is characteristic 
of the second order phenomena, while in the case of electric resistance only one type of 
mixing occurs which is caused by the change of direction of the wave vector of the electron. 

li) If we use Debye temperature © determined from experiments of the electrical 
conductivity at low temperatures, the theoretical value of the thermal conductivity at low 
temperatures becomes too small compared with the experimental results. For example, in 
Na, putting 6=202°K, the ratio between the theoretical and experimental values is only 
about 1/5. This contradiction is too large to be attributed to the ambiguity of 0, 

As is well known, the variational method used by Sondheimer in solving the Bloch 
equation gives the lower limit of the thermal conductivity. Solving more rigorously, one 
may find a more suitable solution. In this paper, we obtain an upper bound by use of 
a certain method, and then adopting a proper variational function differing from that of 
Sondheimer, we can make the theoretical value of the lower limit about 20% larger than 
that of Klemens.” We can thus obtain the bounds of the correct solution. Further we 
study the effect of the deviation of the phonon system from its thermal equilibrium, that 
of Umklappprocess, and that of the phonon wave vector dependence of the coupling 
constant by using a self-consistent field, all of which have so far been neglected. 


§2. The effect of the deviation of phonon system 
from thermal equilibrium 


Using the notation of Bethe”, we write the 


distribution functions of electrons and 
phonons as follows : 


f(k) =fo(€) —kxC(E) df,(€)/dé, (1) 
N(q) =, (x) —qxb(x) dN, (x) /dx, (2) 
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with 
fol) =1/(F +1), E=(E—L)/cT, (3) 
N(x) =1/(F—-1),  x=bugq/KT=9q/Tq (4) 
where € is the Fermi energy, u, the velocity of sound wave, 4 the Debye temperature, 


and q, the maximum absolute value of the phonon wave vector. All these refer to 


longitudinal waves. We consider an electric field and a temperature gradient applied to 


the direction of X. 


The Bloch equation now becomes as follows : 


2s e be 02 Z.\ Gey c(e —( eu 6G) | ee 
aren ( hace a) So a kdE/dk naa Fe 
= —_ qr Mu, . FY er KE te é 
$C? oO; 4 AG a, =) (> 
Separating terms of even and odd functions of &, we obtain 
”_ 744 HG- t \o(€4+x) —C(é | 1 CHES = gia 
aires \ 9) ee, (€) pera +7 re) eed) eet 
_ 97M, 1 (dE ead “.)- \' °q'dap ue 1 . 1 
b2 2 KT k (Gi) (eF dX dT 2k boa)( = Pee ehe tial aap) 
(6) 
™ 74 i Reet.) 260 ©) Pe cee ja 
Neca s a) Sana S82 + dE /dk ere Sid 


ao a en 
Md aliace (ap) *4 im 1 pa Ot eT 

where we have neglected terms of the orders higher than («T/€)* and denoted the wave 
vector at the Fermi maximum by & Further, C,(€) and C,(&) imply the even and odd 


parts of C(€), respectively. 
By use of C,(€) and C,(é&), the electric current Jx and the thermal current Q% at 


zero electric current are now 


Jen SEE |" ceeds raza gl Slee a] ) 
Gn lee - ears Seb SS) e ae} 0) 


The condition Jx=0 can be written, by use of a very good approximation C, (€) =C,(0), 


as follows: 


= bP hg fo) ge, 10 
gore at eee ~ seis pep 


Thus we have the relation between C,(€) and C,(€). 
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From equations (9) and (10) the thermal current becomes 


ee (Kl ye aes Pele ay {ie df, ; 
ie eral : Grae RN 53 ae 


—-o 


In our approximation, we can neglect the second term here, as well as the term of C,(€) 
in the left hand side of the equation (7). 

Next we determine 6(x) which represents the deviation of the phonon system from 
its thermal equilibrium. 

The fundamental Boltzmann equation becomes as follows : 


(dN/dt) therma t+ (4N/dE) couision=9 » (12) 
ie (AN/de) jrormm=4T /dX+x/T +ugqx/q-dN,/dx , (13) 
(dN/dt) eonis. = (AN/dt) tanice + (AN/dt) erect. » (14) 
(dN/de) iettico= 9x ('o/Ln) *ANo/dx-b(x) , (15) 
(AN/dt) . 0, = (2C2/9Mt) G™ (q?/e0) 9/3t-S} 2 (Eng Ex—bor) 
x[ f(k+q) {1—f(k)} {N(q) +1} —f(A) {1—-f(k+4)} N(q)], (16) 


where [, means the mean free path of the phonon determined by the processes which do 
not include the collision with the conduction electrons. 


Calculation of the equation (16) gives 


(225) aa 20°2,¢xNy (x) 
dt ‘elect. 97 Mu dE /dk 


% k°dk | 1 
—— C(é+x) +C(E —1(x) |. 
eeavnccaaian ee. (©)} —6() 
Changing the integration variable from k to €, and dividing C(&) into C,(€) and C,(€), 
we see that the terms of C,(&) disappear from the reason of symmetry, and the right 
hand side becomes 


— iene std | d& 
91Mu,(dE/dk)* J-@(e&+1) (e&*+1) 


In the condition Jy=0, the ratio of C,(€) and C,(€) is found to be of the order of 
«T/€, as is shown in the equation (10). On the other hand, as will be seen later, b(x) 
is of the same order as C,(&). Hence, in the first approximation, we can neglect C (&) 


compared to 6(x), and can determine b(x) independently of the distribution function of 
the electrons. 


{C.(€) —b(x)} . (17) 


Thus performorming the integration, we have 


dN 2C°0TR dN, 
aces SS 0 = me os 
ae 9mMu,(dE/dky?™* dx’ ABP) 


which gives with (12), (13), (14) and (15) 


b(x) =— 97Mu) (dE/dk)* ” 1 er (a 4. 97M (dE/dk) et ) ? 


2hC*0 kg, TT? x dx 2qbC2QI,T x Ga) 
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where, at low temperatures, the second term of the denominator is not important, because 
the Umklappprocess of the phonon-phonon collision decreases rapidly as temperature 
decreases beyond the Debye temperature. 

Neglecting this term and by use of eq. (19), the right hand side of the eq. (7) 


becomes 


_97Mu, 1 (=). 1 dT 
6C?Q, k TP Ee 


ab Gh Kale 1 Corr il il 
x {1+ qo |, 2d. = | 2 20 
2. 6 k k(dE/dk) € i i soy ( ) 


where the second term comes from b(x), and is of the order of «T/€ compared to 1, 
and so is negligible in monovalent metals, especially at low temperatures. Thus, in 
monovalent metals, the effect of the deviation of the phonon system from its thermal 
equilibrium is very small, and so Bloch’s hypothesis remains valid. However, this is true 
only in the case of thermal conductivity. In the case of thermo-electric force, the effect 


of b(x) is not negligible, the study of which is now in progress. 


§ 3. The solution of the bloch equation at low temperatures 


From the consideration of § 2, the Bloch equation becomes fairly simple as follows : 


0/7 dx {( 40 ( ok | —e4 1 = 
eer ( ral 5) #) een z44 (21) 

where 
A= (97 Muy/bC?2,p) (dE/dk)*1/q3- (08/T') AT /dX . (22) 


(I) T>9 (high temperatures) 


The solution can be obtained immediately as 


Ea Be te ‘ (23) 


C(é)= 7 


and we can calculate the thermal current as 


Ox nigh =6.56Q > (24) 
where 
o= 3 ugk? (4 dE\* og dT en 
mreCQ,qe\ dk dX 


(1) T<O (low temperatures) 
Sondheimer solved the Bloch equation by the variational method, in which he expanded 


the variational function C(&) in a power series of €. But this procedure has the follow- 


ing ambiguous points. 
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i) It is not clear whether this series converges or not. However, according to the 


recent work of Klemens” this series seems to converge. 

ii) Even if this series converges, it 1s not clear whether this function is aoe correct 
solution of the Bloch equation or not, because functions that can be expanded into power 
series are only very special functions. As will be shown later, it seems that the power 
series can not represent the correct solution. - 

As is well known, the variational method gives only the lower limit of the conductivity. 
Here we try to get the upper limit of the conductivity by a certain method, and on 
to get the lower limit by the variational method using a more suitable variational function 
which is not represented by a power series. 

To get an upper limit, we write the left hand side of the equation (21) in the 


following form : 


=a {2C(€) —C(€+x) —C(E—x)} dx 


O/T x 
—26| C(é) dx 


(eae ih 
{oe Neos o 


aS tel 1 
—c(é)| Aaah a, | de. 
0 e F414 eter y 


As C(€&) is now an odd function of €, we consider hereafter only the positive region of 
€. The upper limit of the integration 6/T can be replaced by infinity because we are 
now concerned only with low temperatures. 


The integration of the fourth term is performed easily and gives 
the fourth term= —C(&) (1.5 +2.5e7*+2.5€+0.52+0.25&) . (27) 


We consider first the case where & is sufficiently large. Then the first and the second 
terms of the equation (26) become negligibly small, and comparing the third and the 
fourth terms, we can easily see that C(&) is constant. The reason is as follows. If 
|C(€)| is assumed to be an increasing function of &, the fourth term is more important 
than the third term, and then neglecting the third term, |C(&)| is obtained to be a 
decreasing function as is shown in Fig. 1. This feature obviously contradicts to the assump- 
tion. On the other hand, if |C(&)| is assumed to be a decreasing function of & the 
third term is more important than the fourth. The third term has, however, the opposite 
sign to the fourth term for large &, therefore C(&) must change its sign at a certain 
value of €. This is obviously impossible. Thus, C(€) must take a nearly constant value. 
Then the equation (21) can be satisfied by cancelling the most parts of the both terms 


each other. We can see this feature more clearly and directly from the equation (21). 
Next, we consider the case where € is not so large. 
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As is shown in Fig. 2, the value of { } of the third term of the equation (26) 
is always positive when & is smaller than 4, but not always positive when € is larger than 
4. Therefore, when € < 4, the third term takes the same sign as the fourth term, and 
the neglection of the third term may give an upper limit of |C(€) |. 

The second term has always the same sign as that of the fourth term, and so we 
can neglect it to get an upper limit of |C(€) |. 

The first term too has always the same sign as that of the fourth term when the 
function |C(€)| is downwards concave as is shown in Fig. 1. This seems to hold when 
€ is not very large, especially when € <4. Moreover, when € becomes large, the first 
term decreases rapidly and does scarcely affect C(€). Therefore, the neglection of the 
first term will give an upper limit of |C(é)|. 

From the above considerations, we can obtain one of the simplest function which gives 
the upper limit of |C(€)|. This function is determined by neglecting all the terms except 
the fourth term, as is shown by the solid curve in Fig. 1 when O< €< 4, and has 
constant value, as is shown by the dotted curve in Fig. 1, when 4 < €. 

Thus, by using the above function, we obtain the upper limit of the thermal current. 


After a simple calculation, we have 


QPP =0.10(9,/k* 6/T)*Q « (28) 
In the calculation of the thermal current, the contribution from the region € >4 is very 
small, so that the exact determination of the constant value above is not very important. 


{ate" Gao) 


eft+1 e%+1 —C(e)/A 
E<4 
0 
E>4 
0 0.5 po 98 
Fig. 1 Fig. 2 
The solid curve is determined by neglecting , ee 4 Gan 
The shematical graph of gn eee 


t the fourth in eq. (26 
Tierra et as a function of €. This function is always 


positive when € <4. 
Next, we shall choose a proper variational function to determine the lower limit of 
the thermal conductivity. 
From the above considerations, it is clear that the functional form of C(€&) cannot 
be expanded in a power series of €, but that it can rather be expressed in the first approxi- 
mation as follows: 


€)=—aA he Oac 
C(é) a when (25) 
+aA when cans 


568 T. Kasuya 


The value of @ can be determined after a fairly complicated calculation by the 


variational method to be 


=O; 105 > (30) 


And the thermal current becomes 
Q'powe" = 0.075 (q,/k* 6/T °Q - (31) 


From equations (24), (28) and (31), we have the ratio of the thermal conductivity at 


low and high temperatures as 
Kit) Ke BOAR AN -VEQGAT De (32) 
where 
41< P< 56, 


N: the number of electrons per atom, equals to unity in monovalent metals. 

The upper limit of 9, 56, is fairly smaller than the values which have so far been 
calculated, namely, 95.3 in the first order approximation of Sondheimer”, 71.7 in the 
third order approximation of Sondheimer”, and 64.0 in the recent work of Klemens”. 
The last of these values seems to give the best value obtainable by a function of the 
form of power series. This fact implies that the correct solution of the Bloch equation 
can not be expanded in a power series in a case of the second order phenomena but that 


it is given fairly well by the function given in the equation (29). 


§4. Umklappprocess and self-consistent field 


So far, we have considered the coupling parameter C as a constant on the basis of 
Bloch’s theory. To treat the problem more correctly, however, we must calculate the 
coupling between electrons and phonons on the basis of the self-consistent field. This 
method was used first by Bardeen’? in the problem of the electrical conductivity of monovalent 
metals, and it was shown that the coupling parameter depends on the phonon wave vector 
q because of the dependence of the shielding potential on g. Bardeen considered the effect 
of Umklappprocess too. The result is as follows: the ratio of the effective coupling 
parameters, at high and low temperatures, that is C/€ in Bardeen’s notation, is 0.77 for 
Na, where C is the effective coupling parameter at high temperatures and includes the 
effect of Umklappprocess, while ¢ is the coupling parameter at low temperatures and is 
equal to the Fermi energy. The conductivity is inversely proportional to the square of 
the coupling parameter. Therefore the value of § is to be enlarged into about 1.7 times 
the value of f calculated in the preceding section. 

Recently Toya" pointed out that the caluculation of Bardeen is unsatisfactory because 
of his neglection of the effect of the exchange field. According to Toya’s calculation, the 
effective coupling parameter C at high temperarures increases by the effect of the exchange 
field, because the exchange field cancels partly the shielding effect of the coulomb field and 


this cancellation is more important for the lattice waves of shorter wave lengths. The 
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value of C/€ then becomes 1.14 for Na. 
Toya’s calculation is very interesting to the writer but his method is not satisfactory 
because he takes into account only the correlation between the paralell spin electrons. 


According to Wigner-Seitz, the correlation energy of electrons in metals is as follows : 
Foor = —0.458e"/r,—0.288e"/ (r,+5.1a) , (33) 
%—(3/Atpy”; (34) 


where a is the Bohr radius and ~ the number density of electrons per unit volume. The 
first term arises from the correlation between the paralell spin electrons and is equal to 
the term calculated by Toya. The second term arises from the antiparalell spin electrons. 

The change of the effective correlation field by the change of the electron density is 
obtained immediately as follows : 


AV cor = (0.916e/r,”) [1 +0.63 (1+5.14/r,) | dr, , (35) 
Ayat/ 33 fay? oP abs (36) 


The second term in the square bracket is caused by the antiparalell spin correlation, and 
for Na it gives a value 0.122. 

The method of calculating the coupling parameter is the same as that of Bardeen- 
Toya. The result is as follows: 


G/ C1422 for Na., (37) 
(G/ Dae 165 00 tor Na. (38) 


This result gives two important effects. 
(i) The value of decreases to about 2/3 times the value of the preceding 


calculation, that is, 
27 a3) for Na. (39) 


This value is more favourable to the experimental results. 

(ii) According to Bloch-Sondheimer theory, where they consider the coupling 
parameter as constant, the minimum conductivity occurs at an intermediate temperature 
T =0.20. The ratio between the minimum value and the value at high temperatures 
is Bbput 0.6. In our calculation, on the other hand, the effect of (C/f) not being unity 
but 1.5 is nearly sufficient to eliminate the appearance of this minimum, because this 
effect diminishes the relative thermal conductivity at high temperatures to a value of 2/3. 


The exact calculation of the thermal conductivity at intermediate tempcratures is, however, 


complicated and difficult. 


§ 5. Conclusion 


Comparing the theoretical values with the experimental values, we obtain the Debye 
temperature 9 as follow : 
230° Re O 02507. (40) 
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From our stand point, the value to be compared with this is the Debye temperature of 
the longitudinal sound wave @;. 

The value of 4, was calculated by Blackman” to be 6,=270°K. But recently Toya” 
pointed out that the result of Blackman is unsatisfactory because of his neglection of the 


dispersion effect. After Toya, ,, is as follows : 
@-=200~220 BK. (41) 


In comparing the values of 4, given by (40) and (41), we must have in mind 
the following points. (i) In the calculation of the effect of the Umklappprocess, we have 
set g=q,, as Bardeen did. This approximation has evidently the effect of decreasing the 
effect of the Umklappprocess to some extent, and thus it has the effect of increasing the 
values of O in eq. (40) compared with its exact value. (ii) In the calculation of 6, 
in eq. (41) the correlation of the antiparalell spin electron has not been considered. 
After considering this correlation, the value of , in eq. (41) should increase a little. 
But this effect may be very small. Considering these effects, we may say that the agree- 
ment between the eqs. (40) and (41) is fairly good. 

Thus if we are concerned only with the thermal conductivity, the theory is satisfactory. 
But if we consider the problems of electrical conductivity and thermoelectricity, the theety 
will not be self-consistent. As mentioned in §1, these problems suffer from many 
contradictions and are apparently more complicated than the problem of thermal conductivity. 

Finally we wish to express our cordial thanks to Prof. Ariyama and Associaicd Prof. 
Nakajima for their valuable advices and discussions. 
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The author considers Husimi-Temperley model of the imperfect gas, whose each particle interacts 
with all other particles. It is shown in this model that the analytic singular point z, of Mayer series 
by cluster integrals is not the condensation point, and that the isotherm obtained from the canonical 
partition function has a metastable part, while that from the grand partition function has a horizontal 
part. It is also shown that this model does not go beyond the scheme of the theories of Mayer, 
Yang-Lee, and Ikeda. Some remarks in the general case are discussed in connection with this model. 


§ 1. Introduction 


The methods of treating the cooperative phenomena are classified into three types. 
The first is the method of cluster integrals developed by Mayer’, Kahn and Uhlenbeck® 
and others. The second is the problem of the order-disorder of alloy and Ising model of 
ferromagnetism, for which various approximate methods” are developed, and its special cases 


5,6,7) 


are solved rigorously The third is the method of integral equations developed by 
Kirkwood® and Born-Green”. Since the development of the high-speed calculating machines” 
are pushing the method of integral equations and of finite systems, the use of calculating 
machines will practically be the best method for the cooperative phenomena. 

In this paper we consinder the next problems in connection with the first and the 
second methods on an example of a Husimi™-Temperley” model of the imperfect gas, in 


which each particle interacts with all other particles. 


(1) “Is the point of phase transition (condensation) an analytic singularity?” In 


other words, when we consider the cluster integrals b, as functions of the volume of the 


system 
yA ’ = 


(I) “Do the equalities lim >} bess: ee b(V)z2 and lim rhb Poe, 
y l=1 Vo 7 > 0 


V-»co l=1 l=1 


25) I lim 6,(V)z hold up to z=Z; which is the analytic singularity of the analytic 
i=1 


Voo 
functions ‘defined by the right hand sides of these equations ?” 
(II) ‘Is the pressure obtained from the canonical partition function always equal to 


? In other words, 


the one obtained from the grand partition function cs 
Ci) “Does the completely evaluated canonical partition function really give the 


isotherm which has no metastable region ? a4 


The change of the order of the double limit process as in (I’) generally gives the 
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different results. The author and Fujita’ conjectured that the situation is the same also 
in Mayer series. This problem has been discussed by Ono", Ikeda™’, Yang-Lee™, de 
Boer”, Mayer’, Husimi™, Katsura’, Temperley””, etc., but is not yet solved. The 
problem (II’), i., the answer ‘‘ Yes” to this problem has hitherto been the leading 
principle in the statistical mechanics, particularly to the problem of condensation (for 
example see ref. 2 p. 274). When this problem is presented in the form of (II), 
however, the mathematical proof for that the isotherms obtained from canonical partition 
function and from grand partition function give the equal pressure, does not seem to 
exist even for the one phase region, and there are some different opinions”:”” for the 
region of phase transition. 

In this Husimi-Temperley model the answers “No” are shown to be given to both 
the problems (I) and (II). It is also shown that this special model does not go beyond 
the scheme of the theories of Mayer, Yang-Lee, and Ikeda (in the meaning explained in 
the text). The results of this model shows that there is still some room for discussions 


on the problem (I) and (II) in general. 


§2. Husimi-Temperley model of the imperfect gas 


We consider the system composed of n particles which are enclosed in L sites 
(compartments), each particle of this system interacts with all other particles with the 
interaction energy —8J/L(J >0). Only one particle can occupy the same site (hard core). 
The division by L makes the mean energy per particle to be finite for L—> co. The 
factor 8 is attached to make the comparison with the Ising model of plane square lattice 
convenient. The canonical partition function (abbreviated by C.P.F.) Q,(T, L) and the 


grand partition function (abbreviated by G.P.F.) 3(T, L, u) (u is the fugacity) are given 
by 


L n(n— 2-8. 
OX. Dade (M128 I] ERP (A573 


L 
E(T, Ly «)= Daud, Cs iL ac (2-2) 


We use instead of (1) and (2) 
L 


qr, 1) =(4 


) e- N(L=—n)/2°87/ LRT 


’ (2-1a) 


ry 


L 
F(T, L, )=VWTD2, (22a) 


where z=u exp 4J/kT - (L—1) /L, to symmetrize the gaseous phase ana tie condensed phase. 
Such system is named as “ multi-dimensional model” by Husimi™ in the case of 


scalar spin system. Though (1) is the same as the C.P.F. 


of Brago-Williams a ae 
tion of the lattice gas 88 Pproxima 


, it is the rigorous expression of C.P.F. for the model with which 
we are concerned here, And C.P.F. and G.P.F. per particle can be calculated exactly for 


Phase Transition of Husimi-Temperley Model of Imperfect Gas 573 


large L. Here we regard the role of the statistical mechanics as the evaluation of the 
thermodynamic quantities by the Laplace transform (C.P.F. or G.P.F) of given phase 
volume, and discuss the results obtained from (1) and (2). 

We use sometimes the symbols 


x=exp(—J/kI), z=exp (2/-D/kT ) 


for comparison to Ising model ({> is external magnetic field). 
The pressure from C.P.F. (1) is (LZ corresponds to the volume) 


p/kT = (0 log Q,(T, L) /AL) nn 
=$(L+1) —$(L—n+1) —4n°/L-J/kT. (23) 


For large n and L under fixed n/L=p=1/v=(M+1)/2 (M is the magnetization of 
the Ising model), we have 


p/kT=—log (1—p) —4Jp°/kT+0(L>), (2-4) 


taking $(z) =I"! (z)/I'(z) =log z+O(1/z) into consideration. This is the well-known 
isotherm of Van der Waals type. 


§ 3. Method of the grand partition function 


In this section we consider the results from G.P.F.* 
We transform (2-2b) with (2-1b) making use of 


L @ 
and change the order of >} and \ , and perform the summation, then we get 
n=0 —o 


B(T, Ld SOs oi + cexp(—4J/AT-+2tV 4J/IAT)} 2dt = (3-2) 


Changing the integration variable t to y defined by 


hte eee aan 


we have 
SiGe EAT. stub |kT—JT) |" 4dy (3-4) 
i ? ? 2 N nm] 23 
where 
f(y) =kT/4J- (y— vB/RT)? —log 2 ch y. (3-5) 


—————— Eee 
* The content of this section is the refinement (in focusing the attention to (I) and (II)) of a part 


of the calculation of Husimi.1” 
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We evaluate the integral (4) by the method of steepest descent. The saddle points 
are given by 
y kT /2J—pD/2J—th y=y-kT/2J—kT/4J- log z—th y=0. (3-6) 
There exist three zeros in general. First we consider the case where the temperature is 
below the critical point and three zeros are all real. These are denoted by y,, y, and 


¥201 < Yo<5)+ y% and y, give the maxima of the integrand and y, the minimum of it. 
The steepest line agrees with the real axis. We denote the zeros of y-kT/2J—p/2J+1 


Yate 


=0 by y, and y, The integration JP in (4) is divided into four parts: [¥-*+(¥ité 
feleiaetty) jae 
For..0 <9. <9, 


f(s) +63(y¥— 9s)? + M(y¥—9s)? = f(y) 2 f(s) +5099)? —M(y—9)® (3+7) 
where M is a constant and c,=4f’’(y,). 
For 6 .y <6, 
oe /{L (ys) +e362— Mes} a e Ff) << eW LES (ys) + eae? + ME?) é: -8) 
We put €=L~*”, then 


e FI) = e~ 7S (us) e—Loa(y—ys)? (1 ae) 8 Basil ie 


[Pet dy V1/Le, en Sys) Q +O (Ly) P(E VTe,) 


y3—s 

= Vn/Le, & 10) (14 O(E*) ) (1F0 (eo y), (3-9) 
where P(z) is the error function. 
For 0< y< 9,—6, 


e TIW << eH Svs) pretrial’ 


- ID << —E€ e- Lf (ys) eal / +ML / 
) — (ys ) > 
0 


ya—& 
° —Lf(y) — ,-Lf (ys) —c3 1/5 
\re Ddy =e SO (e-eor') (3-10) 
Similarly for y,+€ < y< Vx 
[Peng =e /WO -cs11/5 
be y= (e iF (3°11) 


aR wo y¥< %, f(y) = f(y) +a(y—y,), where a is a constant depending only 
™ 


On Jz. 


od — Lf (ys) 
Mees = 
La 


Y5 


> 


a [ e IM dy = e190 (e-eakl”) 
> 


v Yb 
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where c=f(y;) mae Yo) « G3 7 12) 
From (9), (10), (11) and (12) and grote 9 (1), we have 
3 BOG) hy N/a Tn Bon a) —1/5 
\v« dy m/Le, € GeO) ). (3-73) 


Similarly in (°.., y; and c, in (13) are replaced by y, and c,=4 '(y,). 
Hence G.P.F. 2(T, L, z) is 
ECT, L, 2) =1/2-VkT/J cL uB/kAT—JIRT) fe I / Vc, +e 9) / V6.3 (1 +0(L)). 
(3-15) 
The pressure from G.P.F. is 
kT =7;, (2) =1/L-log & (T, L, 2) 


Set D/R Te /t Tl /L log eg] VG ee OP/v'c,}-O(L") (3-16) 
For z< 1( f(9,) < f(y;)), (16) is simplified to 
p/kT = —J/kT -th’ y, + log 2 ch y, + pO/kT —J/RT+0(L"). (3-17) 


For z>1, y, in (17) is replaced by y,. Here y, and y, are the first and the third branch 
of y=y(S) =y(z) solved from (6) respectively. The results (17) are not altered even 
when there exists only one real zero of (6). 


The specific volume v obtained from G.P.F. is 


Sd, 
aoe 1 Snel. eye 
p=1/v=1/L-z9 log & (T, L, 2) /0z=—*— (3-18) * 
2 Qn(T, L)z" 


AAT uP G(Q)) AG COLE + OWE) [29 / a) go, 
2p\kT oie ee Bet ramet IG 


(3-19) 
Here 
(Af (9, 94(®)) /OD) 2= Cf On ©) /PD) ve. + Cf (Yo B) /294) ©. 289: /9D) x - (3 +20) 
When we substitute y=y,() determined from (6) into (20), the second term in (20) 
vanishes and hence 
(Bf (, :()) /2) yey, = —B/AT - (ns — BO/RT ) = —w/RT th ys, (3°21) 


payee mle nae thy we RO), G22) 
extn VC ie 4hue) / WV Cs 


6=1/v=1/2+1/2- 


* In corresponding equations in Ref. 18a) p. 486. Fig. 13; p. 491 lines 4 and 5; p. 492. line 2; 18b) 
p. 540 line 7 and Fig. 8, 1/N should be multiplied. 
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p is a one-valued continuous function of z. For z< 1 (f(%) <f(y;)) we have an ex- 


pression of p similar to (17) 
p=p,=1/2+1/2+th ¥,+O(L%). (3-23) 


For z>1, y, in (23) is replaced by y,. (23) is valid also for the case of one real 
saddle point. 

When we increase z from 0 to infinity, the main saddle point jumps from the first 
branch of y=y(z) determined by (6) to its third branch at z=zggyp=1. When Loo, 
the contribution of only one saddle point becomes sufficient and causes the discontinuity 
in p=p(z) at z=z*=1. In this case p(z) is equal to the first branch of f(z) for 
0<z< z*=1, and to the third branch of it for z*< z< o, where f(z) is the analytic 
function defined by (inverse function of) 


z=p/(1—p) -exp (Za—2—} ‘ (3-24) 


z*=1 is not the analytic singularity (pole, branch point, essential singularity) of f(z) and 
hence of y(z) in (23) after excluding O(L~'). Such irregular point as z* is denoted 
13) 


by non-analytic singularity by Ikeda™. 
The singularities of (z) are given by two branch points 


fn_ 1 Y1—IT/2J 


| s Ren Ly 
Ra 1 VINAT Pa} Ae ee as 


which lie on the real positive axis below the critical temperature. The Riemannian surface 
of /(z) consists of three leaves. The first leaf and the second are joined at z, and the 
second and the third at z.. p,=1+~(1—kT/2J) which correspond to z give the 
end points of supersaturation and supercooling. 
When we express p/kT in (17) by p in (23), 
p/kT = —log(1—9,) —4Ji/RT+0(L"). (3-25) 

The isotherm (25) does not contain the metastable region but has the horizontal part. 
(25) is identified exactly to (2-4) in the one-phase region in the limit L—> co. That 
is, the isotherm from G.P.F. agrees with the one from C.P.F., when the horizontal line is drawn 
to the latter with the aid of thermodynamic stability condition. Thvs in our model “No” 


has been replied to the problems (I) and (II). The point of phase transition is not z,, 
the gnarl of the tree, but z*, the graft point of the bamboo and the tree. 


§4. Method of G.P.F. (Continued) 


In this section we show the results of the preceding section by another method?”,* 
Below the critical temperature (J/kT.=%3) Q,(T, L) as a function of n for fixed T and 
I, is easily seen to have two equal sharp maxima at n™(1+M,) L/2 where M, is the 


* Hill? gives similar discussions for absorption of proteins. 
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root of 
(= ) exp( —77-M) = 1. (4-1) 


ONT Ly=P.(T, L, 2) is the probability ot finding a system which contains n particles 
in L sites (L—n holes) under given temperature and fugacity. Hence PACER Le) okies 
also sharp maxima and 
= = 
P, (T, Vb x) P, (T, D4) forx x = le (4-2) 

Here n, and n, are the value of n which maximizes P,(T, L, z), and they are given by 
ny = fi, (z)L and n, ~ fi,(z)L, where 7,(z) and ji,(z) are the first and the third branch 
of the inverse function of (3-24) respectively. 

Therefore the summations in the numerator and the denominator in (3-18) are 


grouped into two dominant parts near n, and n, and we have from (2) 


ee i Qn Zot mn, Z? a / Les yore il (4-3) 
L Qn at Qn Zt n,/L, be als 


p? 


The density as a function of fugacity thus jumps at z=Zcoyp=1. On the other hand 


log Onze 2 et 
pL/kT = log (Qn Z'0+Qn 4) = ’ (4-4) 
4 log Qn 2"%s eel 


does not jump but has a cusp at z7=Zepyn=1. The substitution of f,(z) and //,(z) 
into (3) and (4) gives explicitly the same results as (3-17) and (3-24). When Loo, 
Zounn becomes the irregular point a. 

The method of this section will be refined when we use the Euler-McLaurin sum- 
mation formula and evaluate its remainder term. The generalization of the results of this 
section states that the appearance of Van der Waals type isotherm in C.P.F. method is the 
sujicient condition for that G.P.F. gives the isotherm containing horizontal part. 


§5. Cluster integrals 


In this section we consider the method of cluster integrals for our system. The 


cluster integral in our system is defined by 


xl (L-1)/L cluster * 
MGR = = ea ie (5-1) 
IOUIE 1St, jSL 


S is the summation taken over all mannets of arranging different [ particles in L sites 
allowing the multiple occupation. ihe oki __1 when particle and j-particle occupy 


different positions and f;;=—1 when they occupy the same position. In our system 


* Eg. (36) in Ref. 17) should read 6; (f, N) = (64/1! mn) S Mf ij. 
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cluster : 
there is no case f;,=0. >} // is defined in the same way as in the usual Mayer theory. 
1St 5st . : . ° 
The definition of cluster in Mayer theory is topologically independent of the dimensions 


of the system. In terms of b,(7, L), C.P.F. Q,(T, L) is expressed by 
Q(T, L) =>) (Sy y=n) {L6,(T, L)}™ (n}. (5-2) 
The right hand side of (2) is the coefficient of €" in the expansion of exp > eg tee er 
i= 
hence 


log S(T, L, 2) =LS34(T, L)z. (5-3) 


The factor x“4%-/4 in the definition of b,(T, L) is attached in order that 6,(T, L) 
becomes the coefficient of z’ in log 7(T, L, z). 6,(T, L) in (1) is defined for all values 
of 1(1 <I< co) because of the multiple occupation, while Q,(T,L) in (2) becomes 
zero for n >L. ‘The inversion of (3) is 


b(T, L) =S(—)°™"(Sime VT (Q(T, D} "e/a (5-4) 
(Sin, = 1) 


And the recurrence relation 


1b,(T, L) =QAT, L)/L—S3ib(T, LQea(T, DE (5-5) 
holds. 


These situations (taking the volume dependency into consideration) are exactly same 
as in the lattice gas and in the imperfect gas. The characteristic for the long-range force 
of our model is not seen. The explicit form of the first few terms of 6,(T, L) are 


BL Lysx 
6,(T, L) =#-@ {8 (L—1)x7/*—31}, 
b,(T, L) =x"! A (L—1) (L—2) x2 4 (L—1) x94 4-41 , (5-6) 
6,(T, L) = x8 {3 (L—1) (L—2) (L—3) x7!" —AL(L—1) (L—2) x24! 
—4L(L—1) x24 4 (L—1) x 8/44, 
b'(T) =lim 6,(T, L) can be obtained as the limit of the indefinite forms. 


form of 6;'(T) will be evaluated in § 7. 
Using G.P.F., we have from (5, 3) 


The general 


p/kT= S18 (T, Lz, (5-8a) 


p=1/v= 311A (T, Let (5+ 8b) 
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When L is finite, the radius of convergence of (8) is |z|=1 irrespective of above and 
below the critical temperature. z=1 on the positive real axis, however, is not the analytic 
singularity of (8). Since the analytic function defined by the analytic continuation of 
(8a) and (8b) are identified to the one given by (3-17) and (3-23), (8a) jumps and 
(8b) breaks nearly at z=Zgoyp=1. In the limit Loo, Zeoyp becomes an irregular 
point z* of the limit function 


p/AT =lim 3} 6,(T, E)d, (5-9a) 
co J/=1 
p=1/o=lim $1 1b,(T, L)z’. (5 + 9b) 
L>o J=1 


The isotherm from (9) after eliminating z has a horizontal part and is identified to the 
one given by (3-25) ignoring the terms of O(L™'). On the other hand the analytic 
functions defined by 


p/kT = >i lim b,(T, L)z, (5-10a) 
l=1 Loo 
o=1/v=S} Ilim 5 (T, Lz (5-10b) 
i=1 L>@ 


are analytic functions which are equal to (9a) and (9b) in the region 0 < z< Min(z*, z) 
=—* and are continued beyond this region. Hence (10b) is identified to the inverse 
function of (3-24), and its first analytic singularity on the positive real axis is not the 
condensation point but the endpoint of supersaturation. Thus in our system Ey INomampas 
been replied to the problem (1’). 

Kahn and Uhlenbeck method” applied to our system with b°(T) instead of 6,(T, L), 
gives a horizontal line from the end point of super-saturation. This method gives neither 
the isotherm of liquid phase nor the correct pressure in two phase equilibrium regio" 


If we turn to the second and the third branch of >} 1b°(T)z! after we reach its singular 
~=1 


points, we have Van der Waals type isotherm’. 


§ 6. Irreducible cluster integrals 


In this section Temperley’s”” results are briefly summarized and discussed. Also irreduci- 
ble cluster integrals in our model are defined and connected with reducible cluster integrals 


in the same way as in the imperfect gas. 


= nes Wate (6-1) 
PAT DH pS 2 fip 
L—s)i/ Lb n 
eee TS et. 5 ape (6-2) 
n,! 


BAT, L)={-L+LL—-1) @—-)}/L, 
A(T, L) = {—-L—-3L(L—1) @ 1)" (6-3) 
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4+ L(L—1) (L=2) (x*/4=1)9} /2L; 
B.(T) =lim 8,(T, L) are simplified to: 
L>o 
B= —1+8)/kT, Pp=—1/k (k=2, 3, 4:-+). 


The pressure and the fugacity are expressed in terms of By by 


f=fi-st Tab (6+ 4a) 
rcpt Roce arya” 


c=p exp(—>) Ate"), (6-4b) 


which are identified to the one given by (2-4) and (3-24). Mayer and others consider 


Seay on the real positive axis of y and deduces: a) y=p=1/v gives the isotherm, 
A= 


P) STEBIyt=1 gives the condensation point, and 7) singular point of 5} k*8;y* gives 
“= k=l 
the temperature T,,. In our model, however, ) gives the end point of supersaturation, 
and the case 7) is not realized. 
This has been discussed by Temperley. However, he does not notice the distinction 


between z, and z* in Yang-Lee’s paper (cf. §9 of this article) and hence confirms the 
problem (I’). 


§ 7. Cluster integrals (Continued) 


In this section we evaluate the general form of 6)(T) and show that 6°(T) is a 
positive monotonous function of temperature below the critical point and oscillatory function 
above the critical point for all values of l. 

Since (5-10b) is an analytic function identified to the inverse function of (3-24), 
b,'(T) can be obtained by Biirmann-Lagrange expansion. We put 8J//kT=s, then 

Z i—1 
169(s) = S36 — 5/2) Si (LS m(ol d 
NOS ae TR hat Ap ae 
After we perform the higher order differentiation of the product, only such terms remain 
that differentiate the first factor m times. Then 


pret | . (7; 1) 


p=0 


Saunt) 


1b) (s) = (—)'exp (—Is/2) pa gone a 


= (—)* exp (—ls/2) {L,-1 (ls) — 1, (65)} /Bs, (7 +2) 
where I(x) is a Laguerre polynomial of L-th degree. 
(2) is the product of exponential functions and polynomial of (/—1)th degree of 
1/T. When the temperature is sufficiently low, (/—1)th term becomes dominant and 
b;'(T ) is always positive. While when the temperature is sufficiently high, the dominant 


term is the first term and 6,"(T > co) ~(—)'"'/L, where the positive and the negative 
terms appear alternatively. 
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We put b,(s) =[’sb,(s), then 6,(s) has same sign with 6,(s) for s>0. The 


differential equation which satisfies b,(s) is derived to be 
d°b,(s) /d?° + P(1/s—1/4) (5) =0. (7-3) 


From this we see that: d°b,(s) /ds* >0 for 1/s< 1/4 (T< T,) and d°b,(s) /d? <0 


for. d/s >1/4 (T.>.T,).. While b,(s)>0 and db,(s)/ds< 0 when s— co (T=0). 


Hence b,(s) and so b,(T) are positive and monotonous for 0< T< T, and oscillating for 
i 0 bo 


§ 8. On the theory of Ikeda 


Ikeda’ has obtained the following theorem in consideration of C.P.F. 


“For any value of T such that b°(T)>0 for every / and for any value of v such 
that v >v,(T), a sufficient condition that 


lim . log 2 (Nv, T) =lim x log 20 (Nv, T) (8-1) 


is that, for every N (number of particles of the system) except at most a finite number 


of N, 


Ob, No, Dy 67 ) provided that (SN. (8-2) 
Where 
2t(Nv, de) => (53 Im, =N) II a Ty , 
m,! 
2® (No, 4h = S14 lm, = N) uT. ier my ( 
Mm). 
eer TEST) ak ok eS 
l=1 


In our model, though 6,°(T) > 0 below the critical point, there exist such 6,(T’,, L) 
which tend to 6,°(T) from the upper side. The manner of the convergence of 6,(T, L) 
to b,°(T) does not satisfy the sufficient condition of this theorem (2). It is remarkable, 
however, that the conclusion (1) (for v >v,) of this theorem is neverthless satisfied. 

Ikeda concludes that z, is the point of condensation for the system which satisfies 
(2) under the premise that the problem (II’) is replied with “ Yes”. 
the problem (I), however, cannot be given by Ikeda’s theorem when we adopt the point 


of view where the answer to the problem (II’) is questioned. 


The answer to 


* Eq. (8) and the following three lines in (v) in the author’s short note, Jour. Chem. Phys. 22 
(1954) 1277, should be replaced by (8/ log 8)‘ for (8! log B)* and by the sentence printed here in the 


italic form. 
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§9. Theory of Yang and Lee 


Yang and Lee™ prove that the zeros of exact G.P.F. of the finite lattice gas lie on 
the unit circle of complex zplane, and prove further that the phase transition occurs when 
the limit distribution function g(@) of zeros crosses the positive real axis. We denote 
this cross point by Zyang (which is equal to z*). They used, however, the same symbol 
t, for two different conceptions z* and z,, (in this point the author is indebted to Ikeda) 
and misjustified the answer “Yes” to the problem (I). From their theory the identity 
of (5-9) and (5-10) is proved only for OS eX and not for OS 7Nz.™ 
Moreover, since they discuss by the means of G.P.F. and do not mention on C.P.F., the 
answer to the problem (I) and (II) cannot be given from their theory. In this section 
we show that their theory is really not inconsistent with the answer “‘ No”’ to the problem 
(1) and (II). 

Zeros of (2-2a) also lie on the unit circle of zplane. This is proved by the general 
theorem in Appendix II of Lee-Yang’s paper. Yang-Lee’s theorem holds not only for the 
exact solution of the lattice gas but also for some other model or for some approximate 
solution of the lattice gas. 

We evaluate the expression of the limit distribution function g(@) of zeros of our 
model. This can be obtained from the value of M on the unit circle of z¢plane. We 
express ¢ in (3-24) by M, and put z=e**, then 


exp i0= (1+M)/(1—M)exp(—4]M/kT). (9-1) 
First we consider the case below the critical temperature. Considering the first branch 
of M, we put 
M=r exp (ig) —1 (9-2) 
and substitute it into (1), and separate the real and the imaginary part respectively, then 
r=exp {—4](1—rcos ¢) /kT} V4+r—4rcos¢, (9-3) 
3 Eee r sin 
Ga 2d y sin ot + tan ee ee . 
kT ih 2—rcos ~ ee) 
Considering the third branch and putting 
M=r exp i(—7—¢) , (9-5) 


we get the same expressions as (3) and (4). Therefore, 


9 (9) = (1 +r cos g) /2z (9-7) 


From (3) r=r(¢) is defined. Substituting this into (4), @=0(¢) is defined. 


With the aid of r=r(y) and y=¢g(0) thus determined, y(@) in (7) is defined as a 
function of 0. 


Next we consider a case above the critical temperature. We put 


M= R exp id (9-8) 
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and substitute it into (2), we have 


SEH (EAR cold ED) 6:9 
1—2Rcos 6+ R 
Ge APe singh nt Ri ey 1 Rsing_ ‘ 
a8 1+Rcos ¢ e 1—Rcos ¢ (2720) 


Putting Rcosd=x in (9) for g3:47, we have 
a d foal 
cos’ xth(4Jx/kT) x O:4dd 


From (11) d=¢(x) (R=R(d)) is defined and from (10) R=R(#) and d=6(0) are 
defined. Denoting ¢ for given x by +4,, we see ¢ for —x to be +(a—¢,). Hence 


g (0) =Roos 6/27. (9-12) 


(12) is regarded as a function of @ with the aid of (10) and (11) .gn (1 2)ess 
valid for the part where real ¢ is obtained for real x, that is, it is valid for 0,<0 <27—0,, 


where 6,= +£(—22 ViT P21 +2tan' VET 211). For —0,<0< 6,, we have 


d=+4n, O=FA4JR/kT+2tan'R, M=+iR, (9-13) 
hence 
g(@) =0. (9 +13) 


Thus we see in our model: above the critical point the zeros are distributed on the 
arc 0,<0<22—0,, while below the critical point they are distributed on the whole 
circle and cross the real axis at 7=Zyang=Z* =1. (The zero of smallest argument tends 
tokzren, tot 153 CO.) Zyan, is, however, not the analytic singularity z,. That is, Yang- 
Lee’s theory holds for our system and it is not inconsistent with the answer “No” to 


the problem (I) and (II). 


§ 10. Properties of Husimi-Temperley’s model 


In the preceding sections our model has been proved to have following properties. 

yh ON Gis OT! function of n has two sharp maxima below the critical 
temperature and these two maxima merge into one above the critical temperature. 

ii) Consequently, the volume (4-3) from G.P.F. jumps at <=Zcoyn=1 below the 
critical temperature. The isotherm from G.P.F. has a horizontal part. Zcowp is the point 


where gaseous phase and condensed phase reach equilibrium in the grand canonical ensemble. 
L 
When L—- ©, Zcoyp becomes an irregular point z* of the limit function lim {>} 
Lao n=0 
Q,.GEaby ayy 
iii) The pressure (2-4) from C.P.F. gives Van der Waals type isotherm (according 
td ni) arrest NG, as replied to the problem (II) and (II’). 
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iv) The expansions by cluster integrals (5-9) agree with the one from (4-3). 
On the other hand (5-10) agrees with the one given by (2-4), and the analytic singular 
point z, of (5-10) is not the codensation point but the end point of supersaturation. 
“No” is replied to the problem (I) and (I’). 

v) In the Mayer expansion by irreducible cluster integrals (6-4), p=, satisfying 
S}kBt=1 does not give the condensation point but the end point of supersaturation. 
k=!) 


The irregular point of >} k"f;,'p* does not correspond to the realizable point. 
vi) 6,/(T)=lim6,(T, L) is a positive monotonous function of the temperature 


L>o 
below the critical point and oscillatory function above the critical point. 
vii) The zeros of G.P.F. lie on the unit circle of zplane. The limit distribution 
function 7(4) of zeros crosses the real axis at Zyany (=z*) below the critical temperature. 


viii) However, Zyang is not the analytic singularity z, of the limit function. 


§ 11. Discussions 


In the preceding sections we have proved that Husimi-Temperley’s model of the 
imperfect gas has properties i)—viii) in $10. In this section we mention some remarks 
in the general case. 

The fact that the answer “No” is replied to the problem (II’) for the system 
whose C.P.F. is given by (2-1), is interpreted hitherto as (2-1) is an approximate 
expression (Bragg-Williams approximation) of the C.P.F. for the lattice gas. When we 
regard (2-1), however, as an expression for Husimi-Temperley model, (2-1) and all 
calculations have no approximations but are exact one. 

Mayer’s formulation of expansion by cluster integrals is equally valid for the imperfect 
gas, for lattice gas, and for our model. Yang-Lee’s theory is equally valid for lattice gas 
and for our model. Ikeda’s theory (conclusion cited in this paper) is valid for the 
imperfect gas which satisfies the condition for 6,(T, L) in his theory and for our model. 
These situations are quite parallel and the hypothesis of short range force is not necessary 
in Mayer’s theory and in Yang-Lee’s theory. Thus our model does not go beyond the scheme 
of their theory even if it has long range force. 


14) 


Yang-Lee’” and Miister”” prove the existence of phase transition with use of G.P.F., 
but do not mention the method by C.P.F. Thus the fact that “No” is given to the 
problem (I) and (II) for our special model in this paper shows that from these theories 
(unconditional) “Yes” to (I) and (IL) is questioned in general, even if ““No” in our 
model may be due to its long range force. Particular condition and proof are necessary 
in order that (I) and (II) are replied with “Yes” for the imperfect gas and lattice gas. 

C.P.F., G.P.F. and the phase volume (energy spectrum) are transfcrmable with 
each other by one or two-dimensional Laplace or Mellin transformation. One of these 
three determines the other two. Now we regard the role of the statistical mechanics as the 
evaluation of thermodynamic quantities from the given phase volume. What kind of condition is 
imposed on the phase volume (as a function of energy and volume of the system) by the form 


of the interaction term of the Hamiltonian, especially from the short ranged interaction ? 
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What kind of a functional form of the phase volume is a necessary or sufficient condition for 
“Yes to the problem (II) ? And what is that for “No”? In these points there seems 
to the author to be some room for discussions in treating the strongly coupled system such 
as cooperative phenomena, particularly at the point of phase transition. To discuss whether 
the adiabatic condition holds or not, and whether the condition for the central limit theorem 
is satisfied” at the point of phase transition, or to distinguish the external variable to be 
intensive variable or to be extensive variable, will show the entrance of the solution of 
this problem. 

In order that the pressure from C.P.F. has a horizontal part, Q, must be constant 
between n, and n, (Fig. 1b). The fact that Q, has two sharp maxima below the critical 
point (Fig. la), is shown in the complete evaluation of the finite system of Ising model™, 

and the sharpness of the maxima 

Qn Oe seems to become more remarkable 
as the number of sites increases. 
(CEy Ref. 18b Fig. G6). bese 
Fig. 14 Fig. 1b facts have led the author to the 
interest to the problem (II). 

This problem is discussed by I. Shimose™ and by A.J.F. Siegert”. The author wishes that 
the high speed calculating machine will clarify these features by treating more larger finite 


lattice gas. 


In conclusion, it should be emphasized that none of our discussions invalidates Mayer’s, 
Yang-Lee’s and Ikeda’s works. The author wishes to express his greatest admiration for 
their elaborate works. It is also the author’s pleasure to thank Prof. Y. Nomura, Prof. 
K. Husimi, Mr. H. Fujita and Mr. A. Morita for their valuable discussions. 
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Solution of 64 non-symmetric ["’s corresponding to three special types of tensor field gy, is ob- 
tained in a simple form which includes, in particular, the spherically symmetric fields. Using general 
symbols &, [, m, n instead of 1,2,3,4 and starting with the system of 24 fundamental equations given 
by Prof. Bose, the complete solutions for all three cases are arrived at by a uniform treatment, when 
only a set of four simultaneous equations has been solved. Simplified forms of R,, corresponding 


to these cases are also obtained so as to construct the relevant field equations. 


§ 1. Introduction 


The general solution of the non-symmetric /"j, defined by the system of 64 equations 


Ipv.co—Jpa [v4 9a9 ee 


(1) 


corresponding to a general non-symmetric tensor field g,, as obtained by Bose”, Einstein and 


Kaufman”, Hlavaty® is naturally much complicated when expressed explicitly in terms of 


Jy, and its first derivatives. 


Moreover, such a solution is not of any practical utility in 


solving the rest of Einstein’s fundamental equations. But for special types of non-symmetric 


field g,, with certain restrictive assumptions the solution of [”’s which holds for a general 


coordinate system comes out in a much simpler form and it is the object of this paper to 


study three such cases noted below and to compute the corresponding Hermitianized Ein- 


stein tensor R,,: 


(i) Juv—( Siu 0 0 a4 \ > (ii) Juv=/ Siu 0 13 


0) Sop mos 0 0 fe © 
0 Azo Sag 0 434 0 558 
dy 0) (0) Sis (0) 49 (0) 
(iii) Suv=/ Su te 0 0 
dy a8 ey . 
0) 0) Ge, Ghy 
0 0 Ay, Sa 


(2) 


In the above components s and a are all functions of 4 variables** x, %, % %1 the 


_— _. SSS ee 


*) An abstract of this paper was read at the 42nd Session of the Indian Science Congress, 1955. 


**) This treatment therefore applies to both static and non-static tensor fields 
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a’s being anti-symmetric so that dyy=—4dyp- 

It may be noted that the first form of the tensor Jy, in (2) corresponds in structure 
to the spherically symmetric fields. Solution of /”s for such fields has been obtained by 
Papapetrou”) Takeno, Ikeda and Abe®), Bonnor", Rao” and others. The third form is one 
to which the general tensor 7,, may be transformed under certain restrictions (Hlavaty”). 


§ 2. General scheme 


To solve (1) corresponding to (2) we follow the procedure adopted by Prot. Bose 
(1954) and introduce new unknowns T,y,, Poy, defined as 


gpa OD 0 iS eB (3) 
bs EN i ee lips A Be, (4) 


with a set of three-index differential symbols 


eet =1/2- (4yo,y + 4ov,n — 4yp,0) » 


[40 |=1/2- (t40,-FRE Re): (2) 


{o L v} = 1/2 3 Cocoa Gant teed 


The relevant equations for the T’s and the P’s are then given by 


nA rN Ay fP = 
Teg te Len & cortrlos yo leat Paar S Sates (6) 


P eieatak ie’ 4, pies oe Top iy kata (7) 


where ch=s?? ag,, s*° being the contravariant components of Spee 


In equations (6) uo,, stands for the expression 


tom = |e bt [7 |- al?“ |+e sb Dec}. (8) 


It is easy to see that all the three tensor fields (2) may be represented by a single tensor 
field g,, with components 544, $13 Sims Snnr iar ex dnny Inmy Where k, l, m, n denote dis- 
tinct indices 1,2,3,4 in different orders. We therefore take gy, in (2) expressed in the 
above form and in what follows adopt these general indices k, l, m, n, it being understood 
that no summation is involved with respect to them and that the values admissible to the 


pairs (k, /) or (m, n) should correspond to the subscripts of the anti-symmetric elements 


in (2). 
§ 3. Solution for the T’s 


Let us now consider the system of 24 equations in (6). We note first of all that 


in our present case the surviving components of c, are only d, ch “and 2, On 
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computing the values of wo,, in accordance with (8) we find the u’s can be written in 


4 separate groups as shown below: 


Ugmi=4 din —t ce Skk,m, 
u Se +4 m 
knk 2 &n Shke,m 2 on Ch Ar, m, (9) 

tet beh l ke 

Une = 4 (1 Ce Cr) Ap, mind Ch I coc Cy Skk, m, 

Ummn =Ginm ts rsa San.m— Ce Simm. 

Now the set of equations (6) which corresponds to the 8 u’s in the last two groups 
of (9) is given by 

= Des i 

Umkt — (1 “ance c) Dm (10) 

Unmn— (1 =e cs) Femsdens (11) 


where we must have 1—c}, cf=E0, 1—c®, cr=E0. 
From the set of equations (6) corresponding to the 16 w’s in the first two groups of (9) 


we select only four, written with definite k, J, m, n. 
gs Vt Ct Lhwh dkre ¢ Lak tie Cole 1 ints 
Uimk= Ct Ch Tipe he mb Ay Cad kn Ge Ce Tints (12) 
Unne=Ce Cn Limit on Ge Uma mu Ob Cee ints 
Uiny= Cp a iL ack 6h ce Tmt tt Ca pad te, Lega 


The others will follow from (12) in three other sets by suitably changing the indices. 
Solving (12) we notice that all the 16 T’s may be grouped in the following two sets 


each giving values of 8 T’s: 


Aug Tim = A+4 b-2 f oe ) tema Ce EAA ce 26m Ge) Mima 

tech o& (c, h—1) tenet he Gn (Ce — 1) Mins (13) 
Sin T ink= Ce Ow (ch c#—1) (thems + tami) 

+ (l4+4 t—2ch cf cto) tina (26m Ce — Se E— 1) tins (14) 


where we must have 
4y= (1—¢4, &) {144 ch)? —4ch, cf cm cr} +E0, 
Meet = (1) {(L tc, Ge) 4G, Go Ch Gr) PO 
The equations (10), (11), (13) and (14) give the complete solution of 247”s in (6). 


§4. Simplified solution for T’s and the values of J’), 


further simplified if we make the 4 assumptions 


(15) 


The solutions (13) and (14) can be 


Ugmi ar Um — 0. 
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These impose the structural restrictions* on tensor Y,,, namely. 


S, 

Sekym___ Sum \—¢ a,,( tn —Slt.n =0, 

Oy a ai D kl 3 
Skk Su Sick i 


(16) 


a (Jams Smut) =o, ay ( Semel —$20t.) 0, 
ap ee Ze pee oe 
as follows from (9). Further we note that (15) is equivalent to 
CF Une tO, Ugg =O. (17) 
Making use of (15) and (17), the solutions (13) and (14) readily reduce to 
Upme= (1 —c cf) Tams (18) 
tinn=(1—4 GF) Ting’ (19) 


which is of the same simple form as (10) and (11). 
Let us now introduce 12 quantities 4,,, B,,, H,, defined by 


Aya (J fen 4h fm gd gf em Vd dy, (20) 

2 Ss 2 Su ay 

B,,=( 1 Skk,m ae 1 Stim Akt Ja =i a); (21) 
a Sex 2 Sy Thy 

-H,.=( ut Siam ,m + 1 Snn,m Tt fone) ( —" a (22) 

2 Va ipa PaaS ys eee 


23d assume a,=K0, a,,, =-0. 
Then the 24 T’s given by (10), (11), (18) and (19) may be expressed in the form 


Tim = —=% ay, B,, 

Link= —3 CO Sux Ams (23) 
Tntu= —4 ay( Ay + Bp) 5 

1 nee ee « 


To calculate the P’s we take the system of equations (7) and substitute the values of 
the T from (23). Thus the 40 P’s are given by the following formulae 


Pan =4 Ca Any hoa Pamm=t Sinm,m> 


Prme=4 Srp i Prek= oa Six ( A, +c, ¢ Bey; (24) 


Prnn= —% San, m+ Cy Inn he 


*) In the spherically symmetric fields 


(2,i) such restrictions on the components are the natural conse- 
quences of the spherical symmetry. 
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Referring to (3) and (4) we see that the 64 /”s are given by (23) and (24) in the 
following symmetric and anti-symmetric combinations of them : 


ea ich ie ae ke 

ml 4c7) B,, Pu=s Cutca Be 
(pee k 

oan 5 aS An Pu=t A, 


‘g=—— “4 (A,+ Bn) PE=0, 
v 2 = 


mm 
-_ 5, 
Din = —4 Gi te he Ping +4 Gn ca Hs (25) 
Simm 
as 
rr .=— mmm > 
2 Simm 


ee 1b 
m= —— —* (A, +d d Bn). 


Smm 
Lats 
Pea ta lithe 
OMe Res 


If either 4, Of dn is equal to zero, then obviously there is much simplification in 
the above treatment. 

In a recent paper (Bose,” 1953) there occurs a more extended type of the equation 
of connection with /",=-0. 
It is of the form 


g,.+9 Ps,tg PXo=9"" bos (26) 
which is equivalent to 
Gur, c= Jur Vey t+Iav Vito—Iuv Gor (27) 
It may be noted that if the symbol (,o) denotes operation by (0/0xo+¢5) instead 


of denoting partial differentiation with regard to x,, the solution of [’s in (27) correspond- 
ing to the tensor field (2) is still given by (25) provided the quantities A OD,,, ull it 
(20), (21) and (22) have modified values. As regards the conditions (16), no change 
is involved in them due to this modified meaning of (,c). 


§5. Computation of R,y. 


We conclude this paper by giving the computed. values of the Hermitianized Einstein 
tensor R,,. Denoting the symmetric and the antisymmetric parts of R,, by Ruy and Ruy 


respectively, we have 


Dee aR EPA ETS CR-TUTRE Tee 28) 


wy wyA 
a VE E X 
Ky = rane coe év I Cll ie BS (29) 
v Vv Vv “wae Vv << Vv 
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Substituting the values of the symmetric and the anti-symmetric /”s from (25) 
the above and simplifying we get all the 10 symmetric R’s and the 6 anti-symmetric R’s 
by suitably interchanging k, |, m, n in the following 5 typical expressions for R,,, Ruy Rims 


Ru, Kim's 
Vv Vv 


Ry = — Ug 20 atl el yal 8) eel mn — 20° iy Peg 
+P etl —PEATE +20) —27R, Dime t Pa Dy 21m Lm 
eee 
lsaain tl pee (lee Pin) —21"%n ity 

= 3 TRA gl ns) Al art 2T fh = 
ore im — Le Dl ae a ah | Ayal 
tle Pu~20 Pm 21"%n mus 
Rem =Limat Liman t Pim Viet Dim) + Din P+ Py) 
st 9 0 nel Al BRD cd AY ERY ph SEY 
vO yay vo 
VE Pm — Vin Pim 
—t Liam tenet ham te) + 3ER, ig hy Beta Bisa 


kk |B Pen —Wn Pin se im — Dm bs rim —T} = Vins 
Vv 
— k m m hod Tm 
Ra= Pin 20% mbit 21 nt im ah ut Lin 
FP 20 ony mt 20% taba die 
TPE m 22 im D ae PED im + at oe 


aan ttn 20"%n "ul" wit 1 ea) 
Ron = Pim, at Phim aT pee in in ‘In ie Prim kk 
—Pim Pa Vin on — Thin kn + “en Ts ut Pin) + Pin Poa t+ Dnn) 
+P nat Penm— Te | fe Pa | ka Pom — Tn Sie 
Vv ae 


Pig Pie Pm Vin — Phy Pint Ph LAL In) +L Bn (Pa + Pn). 


The author wishes to thank Prof. S. N. Bose for his kind interest and advice. 
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The properties of the proper field around a nucleon are investigated by Tomonaga’s theory of 
intermediate coupling applied to the pseudo-scalar field, and the phase shifts of pion-nucleon scattering 
and the anomalous magnetic moment of a nucleon are calculated. 


§ 1. Introduction 


Recently, Tomonaga, Maki and Sato” (hereafter we cite (1) as T.M.S.) have 
developed an intermediate coupling theory for meson-nucleon system, but the model used 
for the illustration of the essence of their theory is too simple, so that one cannot compare 
their results with experiments. Therefore, it is worthwhile to extend their theory to more 
realistic models, such as symmetrical pseudo-scalar theory. Similar attempts have also been 
made by Takeda,” Yamada and Hirokawa and Jacobson and Harlow.” We have also 
made a different approach to the problem. On account of the increasing degrees of freedom, 
it is mathematically difficult to obtain a rigorous solution for this problem. So we have 
to make the following assumptions : 

1) The states with more than one bound mesons may be neglected. This approxi- 
mation will be admissible if and only if it is sure that the interaction between bound and 
unbound mesons is sufficiently weak. As shown by T.M.S. it seems to us that this ap- 
proximation is fairly good for the reasonable strength of coupling. 

2) Only one isobar level is effective in the scattering problem. 

3) Probability amplitudes for finding more than three bound mesons in the proper 
field of a nucleon may be neglected. 

Of course, this assumption (3) is undesirable. It is, however, prohibitively difficult 
to obtain an exact solution of the equation for the proper field without this restriction. 


§2. Separation of bound meson and unbound meson 


The Hamiltonian of PS—field coupled with a nucleon fixed at the origin of coordinates 
through P)/—interaction is 


H=|." (Kk) a,(k) K,dke-+1| FE Fi(d-k) (a,(k) —a,*(k)) te , (2-1) 


where [=y/27p, g is the coupling constant of the PV--coupling and F is a cut-off function. 
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Then we expand a(k) into partial waves: 


dg (k) = 5) Y," (99) dem (k) 


2 (2:2) 


In this case, the nucleon interacts only with mesons of P-wave. Therefore, we have 
not to do with other partial waves, and we may put 


aa(k) =,/ 3 S\(e-a) wis (2-2!) 
47 k? 
Substituting (2-2’) into (2-1) we get 

H= | Kyadsdiedk+ V | Kogroste(duutat)dk, (2-3) 


where 


V= 


> 


ee NT ol “emkeo® 


Following Tomonaga, we decompose the field variables a,, into “bound parts” Aj, and 


LAP, KK ee Re F 


“ unbound parts” aj.(k) 5 


dig(k) ss Ags 4h) + dia (k), 
| aia(B) g(K)dk=0 . (2-4) 
Substituting (2-4) into (2-3), we obtain 
H= Kw {Ags A, se Vo; Te (Aie =F Ax)} 
+| ak Kyeo[ (AE + V 047) alg -eomp. conj.]+ [ait 2 Ktdh ot tes) 


[ara(k), aie’ CR’) J= Fig Fan ORK’) — Gok) Polk), (2-6) 
where, Ky 2= Kw {4iz diet Vo,t,(Ai+4%)} is the Hamiltonian describing the bound 
part of meson field which is responsible for the appearance of a nucleon isobar. Therefore, 
this may be regarded as the Hamiltonian of a physical nucleon, The third term in (2:5) 
is the Hamiltonian of unbound meson. The second one is the interaction term which will 


play an essential role in the problem of pion-nucleon scattering. 


§3. The eigenstate of a physical nucleon 


We must begin with the solution of eigenvalue problem 
QP =EV, (3-1) 
which describes the state of a physical nucleon. Let us solve the problem by assuming 
that the probability amplitudes of presence of more than three bound mesons are small and 
may be neglected. In any case, we have to take into account the fact that the total charge 
I and total angular momentum J of the system are constants of motion. 
A).-T he ground state with I=J=1/2 
The Fock equations for this state are 
E¢,=VAY¢,, (3-2) 
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(E—1)¢,=VAY,+VA* fy 5 (3-3) 
(E—2)$,=VAY,+VA* fy, , (324) 
(E—3) = VA* dy, , (3-5) 


where 
—_ * 
A*= O75 Aj Ta» 


and ¢, is the probability amplitude with n bound mesons. 

We expand ¢, with the eigen-states Ali (n) of I? and J® constructed with the eigen 
state (T,L) of bound mesons and of a nucleon, where T and L are isotopic spin and 
angular momentum for bound meson. So they become as follows : 


$,=q 47 '"(1), 

=o Ag ne (2) +¢,A,? veal #3 F 

y= AY elt (2) +6 AP *(2)], G6) 
where 


Af (1) =—-A* Fo, (3-6') 


and the explicit forms of other /’s are given in the Appendix. It is readily seen that 
Ay?” and Af’ *” never appear. 
Substituting (3-6’) into (3-2), we get 


Pairs Z (1). riieag 7 oe (3 -5’) 
Eliminating ¢,; from (3-4) and (3-5), we get 
, AA* 

Fa arisen eee : (3-7) 


By making use of the following identity, 
[4, 4*]=9+42(cL)+2(cT), 


we can define x, y. 


Ay * Ai 
[A,A*]| AY |=x| AP |, (3-8) 
A | Ai 


[4,A*) Ay Aly. 
We also define the matrix elements 
r= (All(2) A* AN(A)), 
s'7= (Aly (2) A* AWV(1)). (3 -8’) 
The eigen values x, y and the matrix elements r, s are given in Table I. By substituting 


(3-6) into (3-7), and by using (3-8) and (3-8’), (3-7) turns out to be the follow- 
ing simultaneous equations for c, and c.. 


{E—2— — 


1SC3= 


2 V" E 
(x+r)ta— V 
— V, 
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y? 
E—3 


{E-2— O+s) ba dah riC= —sV. (3-9) 


Table I. Numerical values of x, y, 7, 5 


ns | 1/2 1/2 | 3/2 3/2 na ie 
x 9 —3 3 
y 1 13 7 
r V2 5/V2- V5 
s —2V2 1jv2- V2 
le ete fos a ee 
Solving (3-9), we get c and c, as follows: 
Beare Vy 
ee pave 
G2 re geo) | 
ee an {E 2— As xt, 
Sue ZL E—3 
where 
2 Sak: . 9 9 
Z=(E-2)°— PE) (xp y tet ta (yt ry ta), 
E—3 E—3 
and c, and c, turn out to be 
1 
Co E—3 Co 9 
C= — ce G11) 


In order to normalize (3-6), we have to divide c, by N defined as follows ; 
N=14(S-) tates ta t2raet Ota (3a12) 
Inserting ¢, with these c into (3-3) we get 


V? 
E—3 


9V? ye 2 2 2 9 

Bl yess ee (E22) Sr (Pytsx)p. (3-13) 
(g-1) = 2 4 fe arts) 

By solving this algebraic equation with respect to E, the eigenvalue E, and all values of 


c are determined. Numerical values of E for ground state are listed in Table II, together 


with those of excited states. 
The resulting functional of the ground state is 


prin} (pe APA) be Al P(2) te Ai" (2) + At AP") 
N 
Ac, A* A (2)}. (3-14) 
B) The isobar states 


By a similar manner, the eigenvalue equation for a nucleon isobar may be solved, 
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(E—1)f,=VA gy, (3-15) 
(E—2)¢,=VAy,+VA* ¢, ? (3-16) 
(E—3)¢,= 4+ VA* dy . (3-17) 


Here we shall describe the state of (3/2, 3/2), but this method is also applicable 
to the state of (3/2, 1/2) and (1/2, 3/2), and the results of (3/2, 1/2) state and 
(1/2, 3/2) state are identical. 

Putting 


$,=4, AP"), 

$y=d, AY" (2) +d, AP (2), 

f= A (dt (2) +a (2) |; (3-18) 
and by making use of the identities (3-8) and (3-8’), we can find the eigenvalue E and d. 
The results are given in Table II, and 7%" *” is given by 


pir se—_*_ | p29 (1) + (d,-+d,A*) Af (2) + (d,-+d,A*) AY? 92(2)} . (3-19) 


Table II. Numerical values for energy levels 2 of isobar states 


eters) | V2=1/8 | V2=1/4 v2=1/2 
Ground state 1/2 1/2 — 0.848 —1.457 — 2.414 
Isobar state 3/2 3/2 —0.029 — 0.680 — 1.646 
Isobar state 2 1 0.276 —0.258 ~1.075 
Excited state 1/2 1/2 0.654 0.355 — 0.133 


§4. The anomalous magnetic moment of a nucleon 


As is well known, the anomalous magnetic moment of a nucleon is given as follows, 


ae Aer e 1+7; e jlexi jess) 43d 
p=( SM a et (4-1) 


where j= (%,7%,—9%,[7%) is the meson current. As the contribution from bound meson 
to (4-1), we obtain 


SO IES A ITs e K, +2 2 *1 1 
p(n, {oot Kel A+ a2) (AP +A) 


= (AP + 43) (AP + 4;))} y's? *) . (4:1’) 


As we have calculated ¥'/'” in the previous section, the evaluation of uw is a matter 
of simple algebraic calculation. It is, however, interesting to compare our result with Sachs’ 
phenomenological theory.” 

For this purpose, it is convenient to express (4-1) by probabilities P,(n) for finding 
n-mesons in /—orbit. They are expressed by our parameter ¢ in the following way : 
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N~“*c?P,(1); N*c°=P,(2), N~*c,’=P,(2), 3N~*c,’=P,(3), 
N~ (11¢7—8c,¢,+ 6¢;") =P, (3). 
pt is expressed by those Ps up to n=2: 
{(1-+20) (P(0) +P,(2) +7,3)) ++ )_P,4) +2,@) +2.6))} 


poo 
4 


be BO) t-- YROAG) +A) +2 YR ORG) 


+ | 242 et = (at )+ 7 (a+ : \(- 2 )+ ~S «?|} 


It is difficult to express the contributions from the amplitudes of n=3 with P,. Our 


result, however, has the same form as Sachs’ one, if we confine ourselves up to n=2, 


and his relation 


also holds for our results. 
Results of the numerical calculations are given in the Table III. 


Table II 


Numerical values for magnetic moments yp and pu, for V 2=1/4 


Cut off | 3.3u | 4u | Su 
Lp 2.39 {71 1.51 
Un —2.10 —1.42 —1.21 


Probability amplitudes with n mesons in /-orbit for V?=1/4 


Pp(0) 0.433 P,(1) 0.408 
Py(2) 0.034 P;(2) 0.102 
P)(3) 0.004 P,(3) 0.021 

0.471 PP; 0.531 


Po 
en 
Numerical values of up+yn with cut off knax=3.3 4 


0.44 
0.29 
0.19 


V2=1/2 
a 


These results show that p,-+/, is unexpectedly small. This is due to the fact that 
In order to agree with the experimental 


This discrepancy may be partly due to 
d out by E. Yamada.” 


2=1/8 
V2=1/4 


P, becomes very large even for small values of V’. 


value p+ fn= 0-88 (¢/2M), P, must be 0.09. 


the ambiguity that has recently been pointe 
§5. Pion- nucleon scattering 


In this case, we have to deal with the interaction of an unbound meson and a physical 
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nucleon. The total isotopic spin and angular momentum of a physical nucleon and an 
unbound meson are not conserved separately, but the sums of them are the constants of 
motion. Consequently, we have to set up the eigenstate of I and J of the total system 
by combining the angular momenta of the physical nucleon and the unbound meson. 

When one unbound meson and one physical nucleon are present, the eigenstate 
S14, (k) of the total system is composed of the eigen state of the nucleon Yq,” and the 
eigenstate of the unbound meson a’(k) as 

4 (bE) = D343 (JM, mm’) e112 Nan’) Fie? axa (hk) Po » (5-1) 

where ¢;,,(JMmm') is the well known Clebsch-Gordan coefhcients. 

In accordance with the assumption (2), we set the Schrodinger functional of the total 


system as follows ; 
O= 0,0 iy + | dk OW) Su (B), (5-2) 


where the first term describes the isobar state with the absorption of an unbound meson. 
Then, the Schrodinger equation (E—H) =O turns out to be 


(Ky 2—E) 0,+a\ Kye P(Bdk=0, 


(K—E) O(&) — $0) ¢, Ky P(Wdk-+ a" (K— Ky) $49)=0 , (5-3) 
where we have 

a, = (FY, (Ai, + Vote) die >)" be (5-4) 

(5-3) are readily solved by the same way as T.M.S. and the solution is given by 

0) =a) —(g bt md(R—E)) FEUD (M20 

— : 1 vn 4 an 
E +F| y(t ind (K—E) ) | 
(5-5) 


where 


Fa’®= Ky 2—E+|a|*?(E—K,). 
The phase shifts 0,, are obtained from (5:5) as 


—795(P) iF 
fan d= =, ; (5-6) 
1+F| ney 
K—E 


The remaining task is to calculate the matrix elements (5-4). For this purpose, it is 
convenient to transform the expression of the matrix elements into 
ma 1 
ay; >= AQ (P ” > ay pat (5 *7) 
by means of the similar method used by T.M.S. 


Inserting 


Ak dg St a fy ge Cy a 2 2 
ny + its tpg Mie Mle (A Ai, A) AE P(A) 


(5-8) 
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into (5-7), we have 


a= (Qrsopar a 2 rroina) {1 a5 oe (rd, oh sd,) “hs 


C3 


3 


oe 


(a+ bs Ved + sd,) 


mb ((x+r+s°) rdy+ (y+7°-+8°) sd.) /NN', 


a = (Qexci — Qaisune k Ata ‘i a ws efas ( 2 ‘ A 
1/2 1/ ted eon) fe, ar 5 (104! + s¢4/) + . (e+ : \( r+ mi -)e + se, ) 
_ ae (PS rel + TPH) sed} NN. (5-9) 


40 


Table IV. Numerical values of matrix elements az, with cut off kmax= 3.3 


V2=1/4 


| V2=1/8 V2=1/2 
1/2 1/2 152 1.278 1.423 
3/2 3/2 0.864 0.848 0.832 
3/2 1/2 
1/2 3/2 1.060 1.105 1.185 


2.6 


2.8 (E/r) 


Fig. 1. The phase shifts calculated from (56) with cut off 
hkinax=3.3u and V?=1/4 


Thus, @,, can be calculated by 
making use of the numerical values 
of c and d. After the calcula- 
tion of the matrix element @,, is 
carried out, the phase shift 0,, 
is readily obtained from (5-6). 


The numerical results are sum- 


marized in Table IV and Fig. 1. 

Fig. 1 shows the behavior 
of the calculated phase shifts by 
choosing the coupling constant 
V?=1/4 and the cut off knac= 
3.32. The phase shift 0,, is in 
fairly good agreement with recent 
experiments on pion-nucleon scat- 
tering, and also shows a similar 
behavior as that obtained from 
the Tamm-Dancoff method by 
Chew” and Fukuda et al.®.” 
However, our calculated magni- 
tudes of phase shifts 0,,, 0,,, and 
6,, are considerably larger than 
those of the experimental results 
which seem to be very small, but 
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Chew” has succeeded in obtaining such small theoretical phase shifts. This discrepancy of 
our theory seems to be due to the neglect of more than one unbound mesons, and also 
due to our unrenormalized formulation. Apart from these facts, our theory give similar 
results as Tamm-Dancoff theory, and especially in the anomalous magnetic moment problem, 
where unbound mesons play not so important a role, our result is identical with that of 
Fukuda et al. The difficulty of small y+, or too large contribution from a nucleon 
current, are common to both theories. Therefore this problem must be discussed in a 
covariant formulation. 

The authors are indebted to Messrs. Z. Maki and M. Sato, of Tokyo University of 
Education and Mr. H. Takahashi of Waseda University, for their discussions in the early 
stage of this work and their thanks are also due to Dr. G. Takeda for his valuable discus- 


sions and sending his preprint. 


Appendix 
Table of A7%,(n) (where u, v are the spin and isotopic spin of a nucleon) 
1 2 1/5 Ax Ak 
APRA) = 1 Atun, MEQ) = AEE ayy 
5 —1 
M222) = A*2— 4* A¥ 
i ( ) 2V18— { ka fo} UyV1, 
AP? (1) =At uy, AP" (2) = (AE, AS— AD AR) EL, 
ie 
2/2 3/2 1 c b 
Hi (2) WIT gage {Caos Ag+ AX, Ag, ) uv +4At, At. Uy Vg 
— At, AX 2V2 usv,— At, At, 2V2 u,0,}, 
fe: 1 e 
Age U2) ans {A¥, Aju —2AF, AG, ug} vy « 
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Making use of the symmetrical scalar theory we have developed various approximations for analyzing 
the properties of the proper fields of a nucleon, As this model permits the exact numerical solution of 
the proper field equation, it is possible to test the accuracy of newly attempted approximation methods. 
We have also given the exact numerical solution for the proper field of the nucleon. 


§ 1. Introduction 


As pointed out in the foregoing paper”, difficulties encountered in applying Tomonaga 
theory of intermediate coupling to the actual problems consist in a rather mathematical 
problem of solving the equations for bound meson field, and we have tried to avoid these 
difficulties by restricting the number of the bound mesons. In the present paper, the sym- 
metrical scalar field coupled to a nucleon is analyzed exactly in the formalism of Tomonaga’s 
theory of intermediate coupling for the ground state of a nucleon. This problem was com- 
pletely analyzed by Tomonaga and Miyazima” many years ago. We have reformulated it 
in such a way that it is convenient to apply the result to the scattering problem. 

By making use of this model, we have developed a method of variational approxima- 
tion which can probably be extended to the case of symmetrical PS theory and its accuracy 
is tested comparing the result with the rigorous solution. As this model permits an exact 
solution of the fundamental equation, it will provide a convenient test for the various ap- 


proximation methods for the proper field. This is the reason why we have treated this 


rather mathematical problem. 
§2. Exact analysis of the proper field of a nucleon 


According to Tomonaga and Miyazima,” the symmetrical scalar field bound to a nucleon 


is described by the following eigen-value equation : 
Es (q) =(1/2: (p? +4") +V (t+) —3/2)$(q) » (2-1) 
T? (q)=lqXpt+1/2-7F $(@) =iG+DP@, Op 
T, $ (qv =m¢(q) 


where p and q are the variables describing the proper field, and t is the isotopic spin 
operator of the nucleon. 


; , ar 
As is well known, the eigen-functions of (2-2) are the spinor harmonics.” 
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By expanding ¢(q) with yymz,(9, ¢) as 


P jmrs(Q) =a oe yma (9, ¢) > (2 -3) 


we can separate out the angular variables from eq. (2-1). Inserting (2-3) into (2-1) 
and by making use of the well known identity,” 


(Tq) ¥5,4%1/2,m,2a(9, ¢) = G5. 44:1/2.m.%0(9, ¢), (2 -4) 


we obtain the following fo for ‘‘ radial functions ” 


da 2 eZ 
[+ (es a dg 21 ( aly, pas / ))_ E— 2 |. 1etVqujs1n=0, 


(2-5) 


E (=4 2 oa area fm 23 oe 


The essence of T.M.’s intermediate coupling theory consists in solving these equations 
by numerical calculation for any values of the coupling constant V. For this purpose, it 


is convenient to expand the radial function u44;).(q) in the following way ; 


ui (q) =>i(—1)” ex! Pu (9), (2-6) 
where ¢,;(q) are defined by the following equation ; 
1 d° ret (S28) 3 | 
2{f— 2 a a ee ee Dn = (0p 7 
Exe autre ero (2-7) 


which corresponds to the case of V=O in the previous eigen-value problem (2-5). For- 


tunately, eq.(2-7) permits the rigorous solution and its solutions are given by 
E=2n-+, (2-8) 


Mids Val 93/2 Lt 2 
a 4 poy aE PAE 3 2 : 
[P@+it3/2yye* ¢ fein) 


7+1/2 . < . ‘ 
where Liti (x) are well known Laguerre’s functions with half integral index, and they have 
a rather simple generating function : 


$x )=(—*) 


Pri (q) aa 


¢+1/2 eT tlie oo pers 
=} Enema 
1—bh. © p= ['(p+3) 
(For detailed account of the solution of eq. (2-7), see Appendix.) 


By (2-6), the eigen-value equations (2-5) are transformed into the following secular 
equation for cj", 


Ly tijs (x) « (2-9) 


(2a +l—E)ai—(V/V2 )[V2n+2143 Ht 4 V2n tt! ]=0, (2-10) 


(2n+1+l—E) d= (V/V2 )[V2n42143 #& 4V2n+2, las Os 


Putting g=V/V 2 explicit forms of these equations are 
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ay Vv 3g C\ =0 
Vv 3g 1—E Wo 2.G i 
NOG I2— Ee V5 Me 


_S x for (j=1/2)-state, (2-11) 


V4g 4-EV79 " 
V7g BE. C5 


aed Bas g Da 
50.2—El V2, 
? Sad iy $f 4. Ps \ofor (j=3/2)-state. (2-12) 
V¥29 3-E V7g D, 


V7q 4—E, D, 

Results of numerical solution of equation (2-11) for ground state are summarized in 

Table I [column (N)] together with the results of T. M. and the variational method 
which will be discussed in the section 4. 

In the representation, in which N,=4,*4, is diagonal, our secular equation (211) 

can more easily be obtaind. In this representation the Schrédinger functional can be expres- 


sed as follows 


— by (Age) ms Gace ) (4,4,)” Z i * 
g= > at P os (26 03) 
V(2n+1)! ¥ (2n+3) (2n+1)! 
Coupling V* | 1/4 1/2 1 
4h 1M Vv Vv T.M Vv N 
Eigen-value (E) 0.3136 0.5137 0.5619 0.9761 0.9742 0.9761 
Variation (a) 0.4501 0.600 0.1811 
parameter 
Po 0.7752 0.7801 0.6761 0.5586 0.5489 0.5601 
Pi 0.2090 0.2089 0.3302 0.3575 0.3776 0.3558 
Ch eae Pr, 0.0155 0.0106 0.0265 0.067 0.0621 0.0697 
pan wnt, 0.0006 0.0025 0.017 0.0105 0.0135 
Py 0.0000 0.0001 0.0009 0.0016 
Ps 0.0000 0.0001 0.0003 
Mean number | | | 0.5416 
<n) 


te Resse > 
—_ 


*) A;* and A; are connected with p and q in (2-1) in the following way: 


p=(4i—-Ai*) [V2 i, qi=AitAi*|V2 - 
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Table. I (continued) 


v2 2 4 5 7 

Vv N Vv N N Vv N 
(E) 1.6506 1.6605 2.813 2.801 3.352 4.406 4.42 
(4) 1.151 1.590 2.311 
Py 0.4185 0.4174 0.2391 0.2544 0.1812 0.0818 0.0849 
P, 0.3905 0.3863 0.3574 0.3329 0.2715 0.1725 0.1580 
Pp 0.1386 0.1398 0.2259 0.2289 0.2426 0.2302 0.2094 
P; 0.0471 0.0486 0.1238 0.1307 0.1733 0.2507 0.2030 
P, 0.0078 0.0091 0.0389 0.0427 0.0814 0.1540 0.1460 
P; 0.0013 0.0014 0.0122 0.0105 0.0366 0.0934 0.0958 
P; 0 0004 0.0000 0.0026 0.0005 0.0109 0.0456 0.0499 
P, 0.0000 0.0006 0.0025 0 0180 0.0262 
Ps 0.0001 0.0024 0.0127 
Py 0.0001 0.0076 
Pio 0.0067 
<n) 0.8522 1.406 1.868 | 2.966 


T.M.=Tomonaga-Miyazima’s numerical calculation, W= Variation method, N=our numerical calculation. 


where J, is the vacuum state for the bound meson. Applying H to (2-13), we shall 
also have (2:12). The first method is rather complicated, but convenient for the strong 
coupling theory and the variational investigation. 


§3. An approximation for large value of the coupling constant 


For large value of the coupling constant, the above mentioned numerical calculation 
becomes very laborious. In such a case, it is very convenient to work with the following 


method. By making use of the following simpler notation, 
E—j+1/2=W, c2=Cony C2 * "80, sh (3-1) 


the proper field equations (2-1) may be written as 


(20—W) cm —9[V 20 Comat V 201 Cones] =9 Y (2741) + (Qn+1) —V2n+1) Cons, 
(3:2) 
(22 +1—W) consi GV 20+ 1 Cont ¥ (20-+1) +1 Coys] 


=o ¥ (2j+1) + 2a 41)— V20 +1] Com 
or in matrix notation, they may be written as follows ; 
(H,—W)C=H'c. (3-3) 


As is easily seen, the matrix H, of the right hand side has just the same elements 
as those of a simple harmonic oscillator. Physically, H, describes “ radial vibration” of the 
proper field for the neutral meson theory and H’ may be considered as unharmonicity due 
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to the precession of the isotopic spin, or deviation from the proper field for the neutral 
meson. As shown later, H’ becomes smaller as the coupling constant g” increases. When 
cae t ; : 
g° is large, we assume that H’ is to be treated as a perturbation. This assumption will 


be verified later on. On the above assumption, we expand W and c in powers of H’ 


W=W,+ Write ; 


Cp= Cn Hey? fers (3-4) 
As is well known, the zeroth order problem 
Hy =Wye (3-5) 
is solved by 
W,=-9’, (3-6) 


n 
Ome? _9F 


Vnt 


Then, the 1st order approximation W, of eigen-value is calculated by the rule of per- 


turbation theory as: 


Wa =e alt cell as (3-7) 
or explicitly, 
Mee 29) con [Y (#1) + Qn $1) — ¥ 20+ Teta (3-8) 
When g® becomes large, the maximum of the distribution 
len Paee S (3-9) 


is displaced towards the large values of 1, and for the large value of n the matrix elements 


of H’ may be written as 


(2n|H!|2n+1) = V (2j+1) + (2241) — V2n+1 


wy [Pe ua (2j+1) jf oceeeeee (3-10) 
/2n+1 8 (2n+1)*” 


Therefore, for the large values of g®, the overlapping of Con, ¢%.1 and (2n|H’| 
2n+1) in (3-10) becomes smaller. This is the reason why we may treat Hie asea ee 
turbation whenever the coupling constant is large. In this way, we can not only calculate 
the eigen value but also calculate the amplitude itself. This method is closely connected 
with Wentzel’s theory of strong coupling. In order to show this, we calculate W, by making 


use of known values of c®, in the following way ; 


W. Neb st meta 9 (j+1)°3! 0 Ber... (3-11) 
9 ( J pp Wee 4 J =f) (2n+3)*? 


4 SEED? nf BN dene, 


0 a 


=—(jt1)(1e 
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For large value of g*, this turns out to be 

Wa Wt Wt = —9— (J +1/2) + J+1/2)*/89" (3-12) 
or 

EX —V?/2—14+ (j+1/2)*/4V?* +--+ 3 Vet. (3-13) 


This result is identical with the result of the strong coupling theory”? up to the isobar 


energy term. 


§4. Variational Method 
In the limit of strong coupling, the ground state ¢(q) is well known and it is given 


by 


=(1-7L)o-r yap. . 
AOU Caner emer Roca (4-1) 


For the small value of V°, ¢(q) is also known and it is given by 
$(q) =e PP4V(t-q)eF"+---, V*21, (4-2) 
As a natural interpolation of those two functions, we Propose 
$(q) ep casi ere] lead jeer ee ne] (4-3) 
or 
ACTS Cs te cpa (4-4) 


and by making use of this ¢/(q) as a trial function we try to determine the parameter 7 
by the usual variation principle, 


é*E’(4)=0 (4-5) 
where 
é me * (Q) Hy (q)dq__ 3 
E?(a) = SP" (QD HY(q)dq_ 3 (4-6 
\\9’(q) \?dq 2 : 
and 
H=1/2-(p'+q°)+V(e-q) . 
After some calculations, we get 
“SS b4 78 4 dd 72 
E*Q)= (§+4$2°+ 47) —e ss V(3A+2#) 3 (4-7) 
1422 
In the two limiting cases, V?>1 and V2<1 we have 
> 373 y’ 
E= 35° for V?<1, (4-8) 
ge wile hd , 
Ex A for V?>1. (4-9) 
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These give the correct results in both limits up to the terms of zero point energies. 
For intermediate cases, we have to determine numerically the value of 2 from the equation 


dE) _ 9 


7 (4-10) 


The distribution |c,,|° of the mesons is determined from the wave function (4:4) 
and the values of A as follows: 


ite aa as eoult 
nn | Ae 1 — =» . 
“2 Vv (2n+1) {= + (er Reenor (4-11) 


jinti (2n+3+2?/2) en 47/4 
241k WV (2n+3) (2n+1)! V1 F220 


(4-12) 


Con+1— 


The result of numerical calculation of the eigen-value and the values of P,=|c,|? 
are listed in column (V) in the Table I. 

These results show that our method of variation gives extremely accurate results over 
the almost whole range of the values of coupling constant. In the case of isobar state, 


the following trial function 
—_(g2+A2)_ 


Od) =e ge a, 7y (4-13) 


gives also a very good approximation. In the case of V’=1, our trial function gives the 
eigen value —0.309, which is very near to the exact numerical value —0.314. It is 
worthy of notice that (4-13) gives correct results not only in the weak coupling limit but 
also in the strong coupling limit, including the isobar energy (O(1 /V")). 


§ 5. Conclusion 


We have performed the numerical calculation for the proper field of a nucleon in the 
ground state. We can carry out this method for isobar state, too. Our mthod is different 
from Tomonaga-Miyazima’s one, in the separation of angular variables. In Tomonaga and 
Miyazima’s method the degree of freedom of charged meson in the Fock space is eliminated 
with the auxiliary condition J°¢(q) =] (j+1)¢(q), and Schrédinger eigen-value problem 
(E—H)¢=0 is solved in Fock space of neutral mesons. In their method, the treatment 
of the each degree of freedom is not symmetrical. In our method, the elimination of 
freedom is performed in a symmetrical manner. Accordingly it becomes very easy to ap- 
proach the strong limit, to calculate normalization constant and matrix elements, and very 
useful for variation method. It is also seen, that our method can be conveniently used to 
discuss the scattering problem and related problems with unbound mesons. 

The author wishes to express his cordial thanks to Dr. Y. Miyamoto and Dr. D. Ito 
for their continual guidances and for many instructive discussions while the work was in 


progress. Especially to Dr. Y. Miyamoto who has kindly suggested the trial function (4-3). 
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Appendix 


e , (Ctl a 2) 
The solution of [2(- + Wok _ ))— E, bog?) =0 


dq” ii 
Setting 
eg )=e() =e PP L(x), gm (4-1) 
we obtain 
xL!’ (x) + (14+ 3/2 —x) L’ (x) +1/2-(E,—l) L(x) =0. (4-2) 


This equation resembles the equation of Laguerre, it is, however, somewhat different 
from the ordinary one appearing in the prolem of the hydrogen atom. Let us consider 
the function L(x) defined by the following generating function, 


fs ian en ttle = per 


=i = 
$(% 4) Tey: 1—t p=" (p+3/2) 


Ly vip (x). (4:3) 


Then we obtain the following recurrence formulae between them ; 


dL (x) = (p+ 1/2) 2a) 4 pore (x) =0, (A-4) 
dx dx 
+1/? 
Ste 0) _ (p+1/2—I—1/2) LUVB (x) + (p+1/2) L342 (x) =0. (4-5) 
x 


From the above recurrence formula we can easily show that L!* 1/2 (x) satisfies the 
following differential equation : 


dx 


l+1/2 
+ (43/22) SRO) 4 (pn re(y=o. (4:6) 
x 


Thus, it is proved that the function which is defined by (A-3) satisfies the same 
diffrrential equation as (A-2). Comparing (A-2) and (A-6), the eigen-values and eigen- 
functions of (A-2) are really given by 


E,=2n+l,  Gqi(x) =Ny e#P 8 LE (a) (4-7) 
By making use of the generating function, we can easily evaluate normalization of Ou 
1] nq) |'dq = 1. (4-8) 

and we obtain, as correctly normalized functions, 


V2n! 


Q4= Cre 3/2)) eet? gy b+1/2 NR (x). (A-9) 


In a similar manner, we can obtain the matrix element of q: 
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A theory of products of “improper” operators in quantized field theories is developed. Especially 


the meaning of products such as 6", 6x—', Sx Dr, oe etc. is clarified. It is shown that a theory of 
products of such quantities is generally neither commutative nor associative. It can be proved that 
there exists no generalized analysis of any kind which yields perfectly unique products of improper 
operators. On the basis of this product theory the mathematical foundation of the renormalization 
formalism is given and it is shown that it is in principle impcessible to get uniquely determined values 
of the proper constants of a quantum theoretical system within the current field theoretical formalism. 
Finally it is pointed out, how a “self-quantized” field theory may be constructed without reference to 
matrix representation by the new operator algebra. Every field theory—to be based upon an exact 
definition of operator products—deviates from the present quantum theory but encloses the renormali- 
zation formalism as a limit of it. 


Introduction 


In spite of the success of the renormalization formalism in quantum electrodynamics 
the present form of quantized field theories is not satisfactory as long as no consistent mathe- 
matical scheme is provided to explain field operators and their products in order to give 
a sense to field equations, commutators and interaction operators. It has often been recog- 
nized and assumed that the difficulties of the present quantum field theory originate from 
the singular structure on the light cone of the operators involved. However, the crucial 
point is not to be found in these singularities themselves, because these operators must be 
defined as distributions, but in the absence of products of field operators and propagators 
within the frame of the present field theoretical formalism. 

It is the aim of this paper to develop the theory of products of improper operators 
and to discuss critically the concepts of quantum theory and their necessary modifications 
produced by the exact algebra of operator products. 

In chapter I we discuss, after outlining the representation of singular quantities by 
distributions, the principal aspects of products of distributions. After some plausibility 
considerations we then develop in chapter II the exact theory of products of improper 
operators which gives a meaning to products like 0°, §,Dy, etc. It can be shown that there 


exists no generalized analysis of any kind which contains O-type quantities and gives at the 


* Present address: Instituto de Fisica Teorica, Rua Pamplona, 145, Sao Paulo, Brasil. 
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same time perfectly unique products as well as commutativity and associativity. In every 
product theory of improper operators there is necessarily a lack of uniqueness from mathe- 
matical reasons and the only possibility is to construct a theory with minimal indeterminacy. 
On the basis of this product theory we treat in chapter III the products of field operators. 
By this a mathematically correct foundation of the renormalization formalism is obtained 
but at the same time we arrive at the inevitable conclusion that it is in principle impossible 
to fix in a unique way the values of the proper constants of a physical system which is 
described by products of singular operators. 

Finally we show that it may be possible to obtain a “self-quantized” field theory 
without the use of matrix representation by the new algebra, giving definite values to the 


physical constants. These problems will be discussed in a forthcoming paper. 


§I. Distributions and their products 


1. Principles of distribution analysis 

At first we give a rough survey of distribution analysis ; as for the details the original 
papers” should be referred to. A distribution is by definition a linear operator which 
maps the space D of all functions g on a space of numbers. Here D is the space of 
all functions ¢(x) which are indefinitely differentiable and vanish with their derivatives 
yg” (x) =d"y/dx" outside a compact, say, finite, region: gy” (+0)=0. A distribution 
T can, therefore, be represented by a linear functional T,¢], and these distributions form 
a linear vector space D’. Every distribution is differentiable to any order, the n-th deriva- 


tive T™[y] of T being defined by T™(g]=(—1)"T[y™]. We attribute further to each 


o 


summable function f(x) a special distribution f[¢y] by the definition f [g}=] ax f(x) 9(x). 


The “ Dirac-distribution ’ 0 is defined by 0{[¢]=¢(0) and its derivatives “are given by 
dL g]=(—1)"¢ (0). It can be shown, for instance, that &/(g!=20,¢, where &[¢] 


is the distribution associated with the function &(x)—=sign(x) according to €.9,= 


| dxé (x) g(x). It is also possible to attribute distributions to non-summable functions, 


—c 


e.g., to x”, these distributions being called pseudofunctions, e. g., Pf(x-"). Recently these 
pseudo-functions have been shown to provide a powerful means for giving a sense to 
divergent series expansions in quantum field theory and to Fourier transforms of singular 
potentials.” According to H. Konig” there is another representation of distributions by 
which the functional representation can be avoided. Therefore, we omit the symbol ¢ if 
this is convenient. 

2. Products of distributions 

In distribution theory we can not give a meaning to products of arbitrary distributions. 


If T is an arbitrary distribution and a(x) is an indefinitely differentiable function, then 
the product T-a@ is defined according to 
(T-«)[¢]=T[«-¢]. (1-1) 


For. instance’ we have. 0-:¢(%) =@(0) 0... The product (1-1) obeys the usual ‘rules of 
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multiplication (associativity and commutativity) and differentiation: a-T=T-a, a- (B-T) 

=f-(a-T)=(a-f)-T (here being an indefinitely differentiable function too) and 

(a:T)'=a’-T+a-T’. More generally, if S is an n times differentiable distribution and 

T is an n times differentiable function or vice versa, the product §-T defined by 
(S-T)[g]=S[T-¢] (11a) 

is a distribution again, however, not a differentiable one (see L. Schwartz, Ref. 1, Vol. I, 

formula (V. 1; 4)). 

Products of arbitrary distributions, however, for instance 0-0, are never elements of 
distribution space D’, as will be discussed in the following; they are elements of a more 
general system. It is not difficult to see that such a generalized analysis can never contain 
products which obey the usual rules of multiplication (say, commutativity and associativity) 
and it can be proved” also that there exists no generalized analysis of any kind which 
contains both 0-type quantities and the conventional multiplication and derivation rules 
without ambiguity. This mathematical theorem does not, however, exclude the possible 


existence of a multiplication with a minimum of indeterminacy and with a maximum of 
“usual rules.” 

It is clear, that the theory of distributions gives almost the same results as the in- 
exact calculus of “ d—functions” hitherto used by physicists—except the problems referring 
to division processes and pseudofunctions. This originates from the fact that distributions 
can be represented as limits of series of regular functions. It should be emphasized, how- 
ever, that the limits themselves are not elements of classical analysis but form a new space, 
i.e., the space D’ of distributions. Therefore, it has no sense to construct a product of 
two arbitrary distributions by multiplication of the respective approximation series (as it has 
been done, for instance, by Heitler” with regard to the product 0/x), and one cannot 
say that quantities like 0° are infinite simply by using (1-1), ie., 0°=0(0)0, because 
equation (1-1) does not hold in such a case! It should be remembered that quantities 
such as 0 are distributions, i.e., elements of a new kind, and, therefore, the problem is to 
construct algebraically a product space of these distributions. 

Very recently existence of product spaces of distributions has been proved by H. K6nig,” 
who has shown that there is in principle only one possibility concerning the association of 
factors in a product T,oT,o---oT., of distributions T,,, namely either the type T,0(T;o 
(T;0---0(T,,_,°T,,) +++) or the type (-+-(T,oT,) 0T;)°)0T,)0---)oT,. Since there is no 
essential difference between these two cases we take in the following the product space of 
distributions of the type D’o(D/o(---0(D/oD’)-.:), leading to the association T,o(T,0 
(---oT,,) +++) in a product T,°T,o-.-0T, of distributions T,; of finite order, where the 
symbol o denotes now the new multiplication operation. The necessity for giving up as- 
sociativity can be seen from the example x7'o(xod), (x“'ox)od. It can be shown” that 
there exists no element d= 0 obeying x-0=0-x=0 if one requires at the same time as- 
sociativity of products containing O-type quantities. Therefore, the approach to define 
products such as 0/x due to Stueckelberg and Peterma1" has a phenomenological meaning 
only. The requirement of associativity of products due to these authors can never be 


fulfilled in any mathematics containing 0-type quantities. Moreover, the requirement of 
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associativity implies nothing else than an elimination of 0 itself from the theory, i.e, a 


mapping 0-0. On the other hand there is no reason to constrain the theory to be as- 


sociative ! 

As said above, the elements 0°, 0/x, 00’ are in general no distributions but form a 
new space. H. Konig has investigated the properties of the product space of his generalized 
distributions and constructed products by means of a reduction of the product space with 
respect to a subspace of it, thus getting rest-classes which are isomorph to distributions and 
which can be multiplied. However, there exists a continuously infinite number of sub- 
spaces, each of which defines a unique product and the products are distinguished by 
arbitrary complex constants. The situation is closely analoguous to the description of 
multivalent functions by Riemann surfaces which here consist of a “ continuously ”’ infinite 
number of sheets. It can be proved” that the product space of distributions can be mapped 
into the space of distributions yielding one product which contains finite arbitrary complex 
constants and which is equivalent to the infinite number of products of Konig. 

After giving in the following section some plausibility considerations about the construc: 
tion of products, the above mentioned mapping, by which products of distributions are 
represented by functionals again, is carried out in chapter II. 

3. Approach to products of singular quantities 

In this section a heuristic approach to the theory of products of distributions will be 
given which, however, should be considered as a plausibility approach only. 

First let us consider the product of the distributions 0 and € (&(x) =sign (x) ciao) 
is not defined at the origin x=0, however, €[¢] is a well defined distribution. In a strict 
sense the formula (1-1) with T=0, a=€ cannot be applied because E(x) is not a con- 
tinuous function at the origin. Nevertheless using (1-1) with the substitution T—>0, 
a—€ and g—>¢, PED, we arrive at (0-€)(Y]=dE-YJ=E(0) 4 (0). This is no “ good ” 
result since €(0) is not defined. However, by choosing ¢/ so that (0) =0 we get (0-€) 
[¢]=0. Now the functions ¢ of D with ¢(0)=0 form a subspace U of D: U is the 
subspace of all functions ¢€D with $/(0)=0. As is explained above, every product 4oB 
of distributions 4, B can be mapped into the space of distributions and, therefore, the 
product 4oB can be considered as a distribution. Then S=dc€~0-E€ is a distribution on 
D known on U: S=0 on U. In order to know do€ on the whole space D completely, 
a continuation process has to be carried out. Owing to the linearity of distributions the 
distribution S is known on the whole space D if it is known on an element 9 of D 
which is not contained in U. By choosing ¢4(x) so that ¢g,(0)=1 we have for each @ 
of D the unique decomposition g(x) =9(0) G(x) +¢(x). From this we get S g]=¢(0) 
S[g] since S[f]=0. Now, because @ is an arbitrary function (with y,(0)=1) the 
functional S[g,] is an arbitrary number, say, S[y]=c. Therefore, we get J [y]=cy(0) 
=d[¢], j.e., do€=cd, a result which is quite intuitive. 

With this example in mind the mapping of products of distributions into the space 
of distributions can be achieved in a way similar to the following. To each pair of distri- 
butions A, B we attribute a set M=IM(A, B) of distributions by the postulate: A 
distribution S is an element of Wt if for all functions g(x) € D, for which also the product 
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¢-B (constructed according to (1-1)) is element of D, (x) -B3D, the relation holds 
S[b]=A[p-B]. (1-2) 

The set SY may be interpreted as the image of the product AoB in the space D of distri- 
butions and we can set S=AoB. With this we can write equation (1-2) as 

S[p]= (AB) ¢]=Ald-B]. (1-3) 
Equation (1-3) can be considered as an extension of (1-1) with ¢g—¢, where now the 
functions ¢’(x) € D have to be chosen so that #-B is an element of D again. (That this 
choice is not sufficient will be seen at the end of this section). The functional A[¢-B] 
is then a well defined distribution. The requirement #-BED corresponds to a reduction 
process which is analogous to the construction of rest-classes in K6nig’s analysis. By the 
postulate ¢(x)-BED some conditions follow with respect to the behavior of ¢(x) in the 
“singular ’’ points of B. For instance, if B=0 or B=6€, the requirement ¢-Be D yields 
$(0)=0. Therefore, according to (1-3), S is known to be a distribution on the subspace 
U of all functions ¢(x) €D with #(0)=0. By the continuation process sketched above 
we then get the product distribution S on the whole space D. 

Let f(x) be an indefinitely differentiable function; then we get from (1-3) by the 
substitution =f-7%, XE D, the relation S[f7%|= (Ao (Bf))[Z] and according to (1-1) 
(f-S)[X]= (Ae (Bf) )[Z] of 

f- (AcB) = Ao (B-f). (1-4) 
By means of this equation (c.f. also (2-11)), which has been derived by K6nig in an 
exact way, we are now in a pcsition to describe the mapping of the product space into 
the space of distributions by a division process : 

To each pair of distributions A, B a set W=WM (A, B) of distributions is attributed 
by the following definition. S is element of Yt if for every indefinitely differentiable 
function f(x) the rclation f-S=f- (AB), i-e., 


f S= Ao (B-f) (1-5) 
holds. This also means that Ao(B-f) isa distribution. We adopt here K6nig’s notation, 
i.e., we omit the symbol ¢. 

Let us consider as an example the product AoB=dox'. Strictly speaking, we must 
take Pf(x~') instead of x~' but for the present aim the symbol Pf is not important. Ac- 
cording to (1-5) we have to require that for every indefinitely differentiable function f(s 
the quantity do(f/x) is a distribution. According to (1-1la), (c.f. also chapter II), 
do (f(x) /x) is a distribution if and only if f(x) /x is a continuous function which yields 
f(0)=0.. Then f/x is indefinitely differentiable, and, taking into account (1-1), we get 
with a(x)d=a(0)0, do(f/x) =0d- (f/x) =(f/x].-0° O=f! (0) 0. Therefore, (1-5) yields 

f-S=f'(0)0 (1-6) 
for every function f(x) with f (0)=07 ‘By equation (1-6) a division problem results for 
the determination of the distribution S. The solution method for equations of the type 
(1-6) is given in the appendix, the result being 


S=—O'+ cd, (1-7) 
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where c is an arbitrary finite complex constant. So we have 
dox'= — 0/+- co’. (1-8) 

This can be verified at once by multiplication of (1-7) by f(x): f-S=f- (ox) 
= 00 (f/x) = —f(x) 0’ +cf(x)0. Namely we have for every indefinitely differentiable 
function a(x) the relation (a-0’)[g]=0'la-y|=—od| (a-¢)’]| and, therefore, a(x) 0! 
=a(0)0’— a’(0)0. This together with f(0)=0 yields just (1-6). At the same 
time we see that c really is an arbitrary and finite constant because all quantities in (1-7) 
and (1-8) are finite distributions. 

As is said above, the approach to “construct” products given here has to be con- 
sidered as a heuristic one only. An exact theory of products of improper operators has to 
be based on Kénig’s analysis. Every theory of products of distributions must contain as a 
special case the ordinary product (1-1) but this would not be the case in our present 
frame. No doubt we have dox=0-x=0 but we would get xod=c0, c being an arbitrary 
constant, which can never be true according to (1:1). In the same way we would arrive 
at 0,_,00,=c0, which, clearly, has no sense. A correct theory of the mapping of products 
of distributions into the space of distributions which does not yield such curious results is 


carried out in the following chapter. 


§ Il. Products of improper operators 


1. General theory 

For convenience some notations will be introduced. As is already stated, D is the 
space of all indefinitely differentiable functions g(x) with g™ (+00) =0, n=0, 1, 2,--. 
D’ is the space of distributions differentiable to any order (it is the dual space to D). 
Further, as distribution of the order <m we call distributions which are just m times dif- 
ferentiable, their space being denoted by D'™. D'” is the dual space to the space D” of 
all functions g which are m times differentiable with g“(+0co)=0. By E” we denote 
the space of all functions which are m times continuously differentiable, E® being the space 
of all continuous functions. a€2{ means “a is an element of the space 9,” the symbol C 
Pane contained “i, eo, QC D,”: Products §-T of distributions S, T with SED’, 
TEE” (or vice versa) are distributions again, however, not differentiable ones (c.f. (1- 
Tx) 

Now, considering two arbitrary distributions A, B depending on x, we define a sub- 
space U(A, B) contained in D, UCD, by the following prescription*: A function 
(x) ED is an element of U(A, B) if, for every point x, there exists a numlcr n=0 so 
that either 
a) AED” and ¢-BEE" 
b) AGE" and BED” 


is fulfilled. Now, according to (2-1 a or b), in the neighbourhood of every point x 


(2-1) 


or 


* For pointing out to him the existence of this subspace the author is very much indebted to Dr. H. 


K6nig. 
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one of the functionals A/¢-B] or (¥-B)[A] can be constructed. Then we explain the 
functional (A, #-B) in every point x by 
Alg-B] if AED™ and ¢-BEE” (2+2a) 


h. = 
a 3 (b-B)[A] if ¢-BED™ and AEE". (2 -2b) 


In every point x either (2-2a) or (2-2b) can be set up, (4, (’-B) being so defined for 
every # € U(A, B). 

The product 4oB of two distributions A, B will then be explained as follows. To 
each pair of distributions A, B we attribute a set YWi(d, B) of distributions by the postu- 
late: A distribution S is an element of Wt, SEW if 

S[]= (4, $B) (2-3) 
for all functions ¢ with 

¢ € U(A, B). (2-4) 
By (2-1)-(2-4), ie, by ¢-BEE” or ¢-BED" the subspace UCD of the functions 
(x) is characterized and from the requirement (2-4) certain conditions on ¢ with respect 
to its behavior in a set of points x are to be found. Generally speaking, ¢/(x) and part 


. 


of its derivatives (x) will be found to vanish at the “ singular” points x; of B, say, 
© (x) =0, r=0, 1, 2, ---, m(i) <n, i=1, 2, ---, N, because of the requirements imposed 
on +B by (2-1). By (2-3) S is given on the space UCD and is now to be continued 
to the whole space D. For this purpose we note that each g€D can be set up in the 


neighbourhood of every point x; as 
9 (x) =S19 (x) gulx) +H) = >i (—1)'0 [el ori (x) + 9G). (2-5) 


Here ¢,;(x) are arbitrary functions with ¢,;(x) =(D—U), the values ¢,,(x;) being fixed 
according to yi) (x;) =d,, for each x; so as to give just 4 (x,) =0, ie, YEU. Owing 
to the linearity of the functional S we have from (2-3), (2-5)—remembering that the 
functionals S[y,,;] are arbitrary constants, say, S[¢y,;|=c,', since the ¢,,(x) are arbitrary — 


the final result 


N no(#) 
S[y]= (4, $-B) + >) d1c,'0@.[p]=(A, ¢-B) +R. (2-6) 
i=1 r=0 
It is this expression that we call product AoB of A and B, 
S=AoB= (A, -B)+R. (2-7) 


Strictly speaking, S is the distribution image of the product AoB. The functional (A, 
¢-B) is to be expressed as distribution in gy by means of (2-5) again. This yields 
further arbitrary constants ©," in the analogous way as the constants c,' of (2-6) have 
been generated. These constants <,', however, can be joint with the c,’ so as to give new 
arbitrary constants which will be called c,' again, c.f. also the appendix. The result is, there- 
fore; thartin (256 yS(2 7 eRe ¢-B) can be substituted for (A, ¢/:B). This part (A, 
g:B) of S will be called the unique part of AoB, whilst the sum R of (2-6), (2-7) 


constitutes the indeterminate patt of AoB, This indeterminate part RK is easily seen to 
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vanish if either 4€D, BEE" or BED”, AEE", i.e., if the product AoB exists already 
in ordinary distribution theory. Then we have AoB=Bod =A-B=B-A and in that case 
only JN consists of just one clement. In all other cases the product AoB is neither unique 


nor associative and commutative. 


Before giving practical rules for calculating products of improper quantities some 
remarks should be added. 

i. It should be stressed that the constants c,* are actually finite quantities. This can 
be seen in two ways. At first all quantities appearing in (2-6), (2-7) are finite distri- 
butions, and, therefore, the c," must be finite. On the other hand one can see that the 
c,’ are generated in the same way as the arbitrary constants in division problems, and, last 
but not least, these arbitrary finite constants appear also in the theory of product space of 
Kénig and one can show that the finiteness of the constants is not changed by the mapping 
of products into the space of distributions as it has been carried out here. 

ii. The theory given above for the product of two factors can easily be extended to 
products of more than two factors. This need not be described here because the product 
AoBoC is defined by AoBoC= A> (BoC) and, therefore, it is to be constructed by calculat- 
ing BoC first, giving a distribution Q, say, and then forming AoQ. 

iii. It is seen that in general the products are neither commutative nor associative, 
and this fact must be taken into account if products of improper operators with more than 
two factors have to be constructed. As a special case of (2-6), (2-7), it is found that 
aoT=a-T, T being an arbitrary distribution and a(x) an indefinitely differentiable func- 
tion (c.f. equation (1-1)). Further it is easily to be seen that if A, B, C have supports 
which do not coincide, e.g., 4=9,, B=0'_,, C=90,-», the product AoBoC vanishes. 

iv. Finally we state a special rule. It can be proved that for each _ indefinitely 
differentiable function f(x) and arbitrary distributions A, B, C, --:, the relations hold (c.f. 
also (1-4)) 

fodaf- A, fo (AeB) =Ao (Bf), fo (Ao (BoC) = Ao (Bo(C-f))x (28) 
the point in f-4, B-f, «++, meaning the ordinary product Chay: 

2. Practical calculation of products 

The general rule for calculating a product AcB of distributions A, B reads as follows : 
To determine AoB go over to (A, ¢:B) defined by (2-2a) if A is a distribution of the 
order <n, ot defined by (2-2b) if A is an n times differentiable function. For the time 
being assume (h(x) to be an arbitrary function ED. In the cases (2:2a) and (2: 2b) 
respectively determine the properties of ¢ in the singular points x; of B so that either 
()-B is an n times differentiable function or YB is an n times differentiable distribution, 
respectively. The result will be fb (x) =0, r=0, 1, tity H(t), tL; 2, --N. With ¢ 
so fixed calculate the functional A[¢-B] or (-B) [A] respectively, according to the well- 
known rules of distribution theéry, yielding, say, a distribution S,[¢]. Then the final 


result is given by 


N no), 
AoB=S\9]=So[¥]+ 3 Die be-al $I > (2-9) 
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with arbitrary finite complex constants c,. Products of more than two factors are constructed 
in accordance with the remarks ii and iii, however, extensive use can be made of the re- 
lation (2-8) if ome factor in the product is an indefinitely differentiable function. 

The application of equation (1-5), i.e., the use of the division process contained in, 
yields a very powerful and simple method for calculating products of improper operators 
(c.f. (1-7) and (2-13)). It should be pointed out, however, that this method is only 
a “phenomenological” one which in some cases leads to incorrect results (c.f. the remarks 
given at the end of chapter I). Therefore, the results obtained in this way have to be 
carefully verified by means of the exact theory given above. 

We now consider some examples of practical interest. We discuss first the meaning 
of the square of Dirac’s 0 distritution, i.e., ==d00. We have A=B=0, 0 being a 
distribution of the order zero (i.e., a measure), OED". Generally, 0 is of the a:ter" . 
<k, OED". By (2-2a) we have S,[¢]= (0, $-0) =0[¢(x) -0]. The requirement 
(2-1), (2:4), f(x) -0=9(0)CEE’, implies ¢-0 to be a continuous function whereby 
(0) =0 results. Therefore, S,[¢]=ol¢(0)¢,=od[0]=0. With ¢(x)=¢(0)¢,(x) + 
$(x), $)(0) =1, or applying (2-9) directly, we get, with S[¢y,]=c being an arbitrary 
constant, from (2-9) the result 

P=d0d0=c0. (2-10) 
By the same way we find, T being an arbitrary distribution which is singular in the origin, 


=) Pe (2-11) 


ae | 
eo) 
Os 


Especially, 
OM od=c,0, OMod"=c,,0, p.v. (x7) 0d=cd, (2-12) 
the c, cy, Cj, being arbitrary finite constants. 
To calculate doPf(x-') (Pf means here the principal value) we have to look for 
Sol h]= (0, b-Pf(x-)). The requirement of ¢-Pf(x~') to be continuous gives ¢/(0) =0. 
Therefore, S,[¢]=90[¢-Pf(x~) ]=[¢/x],0=$' (0), ie, S,[¢]=—0[¢]. - Then, accord- 
ing to (2-9) we have with the arbitrary constant ¢ (c.f. also (1-7)) the result 
OoPf(x"') =—d'+c0. (2-13) 
For 0’oPf(x~') we have ¢(0)=¢'(0) =0 because 0’ is a distribution of the order 1. 
Since S,[¢]=—(1/2)0”[¢] we find then with the arbitrary constants c, c’, re 
0’ oPf (x7!) = — (1/2) 0” +0 +00. (2-14) 
By (2-12), (2-13), or more simply by (2-8), we have 
xo (doPf(x7")) =0o (xo Pf(x-')) =d 
x0 (Pf (x7) 00) = Pf (x7) 0 (dox) =x"0 (Tso) =0. (2-15) 


in the last formula T being an arbitrary distribution. Further, along the same line a 
calculating, we get 


dcE=c,! 0, 0/00 =c,' 0, 000’=c,! d+c,! 0’, xo0"= (0, (2: 16) 
with arbitrary constants c,’. 


The extension of the theory to quantities depending on more than one variak‘e is 
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straightforward, applying the theory of variable transforms of distributions as given by 
Cugiani and Albertoni.® The pseudofunctions need a modified theory of variable transfor- 
mation which is given elsewhere.” A result is, for instance, Pf(A/x) 4 =APf(1/x) + —Algi-o. 
We find 


Pf (x™)oPf (a7) =Pf (x7) +38, 
Pf(a~) 00 (o*) =cd(o*), (2-17) 


o being the hyperbolic distance, o,°=x,’, this result being derived according to our general 
theory, using the well-known representations of Pf(x").° 

It will be mentioned that we can construct—according to (2-8) —a rest-class formalism 
by introducing equivalences A~B, S~AoB by means of Yod=HoB, io (AoB) = oS 
respectively. The rest-classes [A]= {Aog}, ---, ( {dog} =set of all Aod) are equivalent 
to Kénig’s ones. Finally it should be pointed out that at present we are not yet in a 
position of giving a complete theory of Fourier transforms of products of improper operators. 

3. Reduction of the product space 

The usual product rule for differentiating products of distributions is valid also in 
Kénig’s product space but it is lost in the process of projection of distribution products ° 


into the space of distributions. Therefore we have to require the product rule 

(AoB)!=A'cB+ AoB! | (2-18) 
to be invariant with respect to the mapping of the, product space into the space of distri- 
butions. This means that we must postulate the validity of the rule (2-18) in our frame 
so as to generate as “maximal” the products as possible. By requiring (2-18) the 
arbitrariness of the constants c,’ can be reduced to a considerable high degree. It can be 
shown that in every product space the relation* 


O™ of = — Ste, 00-9) (2-19) 


=) 


be oldaswithae? (x) =415% at * 


manner once for all. The relation (2-19) can be derived for arbitrary m from (2:9) by 


a suitable choice of the constants c,¢ and it can be made plausible in the same way as the 


here the arbitrary constants are now to be fixed in an arbitrary 


relation Oo€=cd in chapter I, section 3. Now, from 


M=V00=0 (2-20) 
we get by (2-18), since i! =0, do8+00d0=0. Therefore, from (2-19) ; 
Jol = — 0,6 ». HOO= (1+) Op (2+21) 
By differentiating (2-21), taking into account (2-19) with m=1, we obtain 
O2==000=¢,0. (2722) 


Proceeding further in this manner we arrive at the formulas 
d'00=6,0, 000’ =¢, 0’ — 6,9, iy Dey RON, (2-23) 


These results may also be inferred from (2-9) by means of (2-18). By the same way 


* H. Konig, private communication. 
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it is possible to get expressions like (2-19) for Pf(x7')od™, 
Pf(x-') 0d = Srey! dm—m, (2-24) 
p=0 

the constants c,’ being now fixed in an arbitrary manner once for all, so as to give closely 
connected relations for the quantities Pf(x~")od, O™oPf(x-”") and their derivatives. 
Because all products containing singular operators can be derived and composed by (2-19), 
(2-24), the sets of numbers c,, c,’ describe the indeterminate parts of products of improper 
operators perfectly if they have been fixed arbitrarily but once for all. Therefore, by (2-9), 
(2:18), (2-19) and (2-24) the product space is fixed in as ‘“‘ maximal” a form as 
possible. 


§ 11. Improper operators in quantized field theories 


By our knowledge of the theory of products of singular operators we are now in a 
Position to consider critically the concepts of quantum field theory and to discuss to what 
extent the present form of this theory can give definite results with regard to the— 


. ° . . ” 
mathematically proved—non-existence of unique products of field theoretical ‘“ improper 


operators. 

Recent investigations” have shown the solutions of field equations to be distributions 
or pseudofunctions, i.e., field quantities can be represented as distribution functionals, there- 
by giving a meaning to the conventional improper operators of quantized theories. This 
can be put in accordance with the well-known theory of Bohr and Rosenfeld,” that only 
average values of the operators over space-time volumes correspond to physical realities. To 
see this it is only necessary to assume the state vector U(x) of the physical system at a 
given space-time point x to play the role of the functions g(x). 

The products of field operators enter the theory by commutation relations and by the 
interaction conception. Therefore, the crucial point from which the difficulties of quantized 
field theories originate is not found in the singularities of these operators and propagators 
on the light cone but in the non-existence of products of these operators within the frame 
of the present formalisms, as the products are introduced by interaction operators and by 
the quantization process. Taking account of this fact and remembering that by the product 
theory we are now in a Position to give an exact sense to operator products, a revision of 
the concepts of current field theory seems to be possible. Postponing the discussion of this 
principal question to the end of this chapter, we now investigate the problem of renormali- 
zability from the point of view of the existence of Operator products.* 

Within the present state of our knowledge the physical contents of field formalisms 
can be exhibited only by means of Power series expansions of the S—matrix and of the 
iterative solutions of the integral equations of quantized field theories. We do not enter 
here the problem of convergence” but discuss what results from the correct definition of 
operator products. By considering Schwinger’s™ well-known equations for the propagators 


* The problem of operator products was discussed also by J. Valatin" 


) from a phenomenological point 
of view. The author is much obliged to Dr. 


Valatin for showing him his papers prior to publication. 
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of field theory, it will be sufficient to discuss the lowest order approximation of the power 
series expansion of the respective operators because these quantities are characteristic enough 


for the product problem involved. The characteristic product >)(%, %) appearing in the 
equation (we adopt Schwinger’s notation) 


(yr+-m4+S)G=I i 
for the Green’s function G, represents in its lowest order, >\~>"s, the electron self energy 
nl ta) we te (3-2) 


The product of S, and Dy contained in (3-2), which are well-known distributions (Sp7= 
(8—m)4,, o'=x2), 

4, (0) = (1/42) 0(0?) — (m/8no)H® (mo), 

D,(o) = (1/47) (0?) — (i/42") Pf(o~), (3-3) 
cannot be explained on the basis of the conventional formalism. Remembering that we 


have to start from products as goog, esp. from the interaction operator jucA, or Ayfys 
we see that (3-2) is to be explained by 

SS — OTS poDr- (3-4) 
From chapter II this product is seen to contain all the general aspects of distribution 
products. Because we are not yet in a position to treat Fourier transforms of distribution 
products, the product §,0Dy, will be evaluated in space-time coordinates. From (3-3) the 
“singular” parts of S; and Dy are seen to be (0°), Pf(o~*) with o=x2= (x%—%)r 


If now we use the relations 

0 (0°) oPf(o~*) = —9'(a*) +4, 9( 0"), 

Pf(an*) 0802) =2,8(a2), Pf(o-*) oP fla) =Pf((o*)*) +A 9(0%), GB “5) 
which are the four-dimensional analogues of the respective equations of chapter II, 4), Ap 
A, being arbitrary constants, then it is easily seen that the product S,oDy has the form 

SoD p= flo") +0(o’) [AtAmF,(—mo) -+A,m|\=F+R, (3-6) 

F(o*) being a definite distribution. From (3-6) it has to be concluded that the terms 
given by R—which play the role of the indeterminate parts of the product—correspond to 
graphs with point structure, j.e., contribute only at 0° = (x,—%)=0. As factors there 
appear the arbitrary constants A; which, however, according to the end of chapter II, can 
be reduced to two arbitrary constants, say, A, 4’. These constants can be fixed in an 
arbitrary manner once for all. The term F gives a finite result if use is made of the 
concept of pseudofunction” but this result is modified by the additive term R of (3:6) 
in an arbitrary way according to the arbitrariness of the /;. 

However, any change of these constants 2; leads according to (3-6) to a change of 
the electron rest mass m only. This is just called renormalization. The result may be 
generalized to any order, even for charge and coupling constants, by considering the operator 
products of Sp, A4,, Dy as they appear from the operator products of interaction operators, 
for instance, by applying Wick’s well-known rules of S-matrix calculation. The result 
being not affected by the non-commutativity and non-associativity of the products within 
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the present symmetrical field theoretical formalism. 

So we are led to the conclusion that by giving cn exact mathematical meaning to 
products of quantized field operators the physical contents of the present field theory contains 
an arbitrariness with respect to the proper constants and scales of the physical system, i.e., 
it will never be possible to get unique values for these constants. We so arrive at a finite 
but arbitrary renormalization. Having so found a mathematical foundation of the renormali- 
zation formalism we arrive at the same time at the inevitable conclusion that it is in principle 
impossible to get uniquely determined values for the proper constants of a quantized system 
within the present relativistic field theory.* This result is due to the fundamental mathematical 
impossibility of constructing products of field operators and propagators which are perfectly 
unique. 

This negative result clearly does not affect the possibility of handling the “ singular 
products” as they appear in the calculation of various effects. By the theory of distribu- 
tion products it is an easy task to remove all the so-called ‘“ ambiguities” of current field 
theory. The arbitrary constants involved according to chapter II have now to be fixed by. 
the various requirements such as gauge invariance, Furry’s theorem and its generalizations 
with respect to meson decay processes. Every “ regularization processes ””'” are then super- 
fluous. ; 

It can easily be seen that our arguments and results are independent of the concepts 
of perturbation theory since the operator-products are already contained in the interaction 
operators themselves. Here we arrive at the fundamental problem of a revision of the 
concepts of present field theories which has as a starting point to be based on the “ defini- 
tion” of the operator products of the interaction terms. By considering the ‘ product ” 
jv. A, in the interaction operater of quantum electrodynamics, the current density operator 
ju=(e/2) | dipo—Ty rd] does not exist within the present field theoretical scheme as is 
expressed by the singularity on the light cone of the vacuum expectation value of the 
distribution [¢(x), (x')],. As it results from the distribution character of field operators 
we are obliged to define their products A, jy, god and the field equations—which are 
quite meaningless as they stand in the present formalisms—on the basis of the product 
theory given above. By the commutation relations to be introduced to quantize the systems, 
including in the products the symbol o, and by their expectation values with respect to 
states Y” (to be represented by the ¢), the arbitrary constants involved are connected with 
the constants of the system. The “reduction process” (with respect to the subspace U) 
used in the definition of distribution products—which just leads to a description of the 
tenormalization—corresponds to the requirement that, for instance, V = AopP .~ Aoyg is 
a state again. Because the algebra of distribution operators constitutes a system of elements 
which are in general not commutative and not associative we may then be in a position to 


Note added in proof. There is, however, a possibility of fixing the indeterminate constants, involved 
in the renormalization terms, by phenomenological requirements on the value of 
differences of the particles of diferent interacting terms. 


Cf. R. P. Feynman and G. Speisman, Phys. Rev. 94 (1954), 500 


the mass ratios and mass 
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of operators involved. Even if these operators would be no distributions their expectation 
values will be distributions. With the constants c, to be fixed as required by the physical 
contents of the scheme, we obtain a “ self-quantized ” formalism in which operator products 
are uniquely defined. According to the non-associativity of operators the space-time position 
quantize a field theory without reference to matrix algebra, only by the distribution character 
of elementary events may play an important role. 

These problems will be discussed in a forthcoming paper. 

The author would like to express his hearty thanks to Professor L. Schwartz (Paris) 
for his criticism and kind advice. He is very much indebted to Prof. H. Konig (Kiel) 
for his stimulations and suggestions throughout this work. Thanks are due to Prof. J. 
Meixner and Dr. H. L. Jordan (Aachen) for their interest and, last but not least, he wishes 
to express his sincere gratitude to the Deutsche Forschungsgemeinschaft for the award of a 


fellowship. 


Appendix 


The division problem of improper operators. 

It is plausible that the general solution of the equation x-T=1 is given by T—x— 
+0, c being an arbitrary finite constant, because division can be defined as inversion of 
multiplication only. Strictly speaking, the solution is T= Pf (x"') +c0, Pf meaning “ pseudo- 
function”, which is here identical with the principal value. This result is to be proved 
by multiplication by x. We give here a short sketch of the division problem of the theory 
of distributions which is different from the “ classical”? division problem since d-algebra 
contains divisors of zero. 

Let S be an arbitrary distribution. It can easily be seen that the necessary and. suf- 
ficient condition for T to be a solution of the equation (y € D) 

(x-T)[¢]=S[¢] (A-1) 
is that for every function Y€D which is of the form %(x) =x/(x), YED, the relation 
holds, 

T[x]=S[¢]- (A-2) 
This follows directly from (1-1). Because p=7/xED we have 7(0)=0. This means 
that the functions X(x) form a subspace V of D. According to (A-2) T is a distribu- 
tion on D known on V. Since distributions are linear functionals, T’ is known on the 
whole space D if it is known on an arbitrary element, say, Po, which is not contained in 
V but in D—V. Let us take $% 50 that 9,(0)=1. Then every of D can be de- 
composed in a unique way according to 9(x) = 9 (0) (x) +7%(x) which just gives HAO )iee 
and T[y]=¢(0) T[Yo.]+ TX]. Since T isa distribution and ¢, is alrary the functional 
T[¢] is an arbitrary number, say, T[¢.J=c. Therefore, we get with g(0)=0[g] and 
(A-2) the general solution of (A-1), 

Tly]=coly] +511, (A-3) 

c being an arbitrary constant. By means of $=1Z/ x=[9—-¢ (0) go]/x § [Y] can be ex- 
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pressed as a functional in again. 

Let us consider the example x-T=1. According to (A-3) the solution T is given 
by T(g]=cd[¢]+1[¢]. With ~=7Z/x we get then 1[¢]=(1/x)[¢(x) —¢(0) ¢,(x) ]. 
This can be shown to be equal to Pf(x™')[y]+¢/0 gy], ¢’ being a constant depending on 
% i.e., c’ is an arbitrary constant too. By joining c’ with c so as to give a new constant 
c, we finally find T=Pf(x7')+cd to be the general solution of x-T=1. 

As a further example we seek for the solution T of the equation x-T=0. Accord- 
ing to (A-3) we have T[/g]=cd[g]+o[¢]. But we have 0[¢]=0 {[¢(x) —¢(0) ¢,(x) |/x} 
= { $—9(0) Go] /x} --v-=9' (0) —¢(0)y,'(0). The quantity y,/(0)=c’ is arbitrary be- 
cause (x) isso. Therefore, since y/(0) = —d'[¢], v(0)=d[¢], we get 0[¢]=—d0[¢] 
—cd[¢g]. Joining c’ with c so as to give a new constant c, c—c’—>c, we find T=—0 
+cd to be the general solution of x-T=0. Clearly, the general solution of an inhomo- 
geneous equation is given by the sum of a particular solution of the inhomogeneous equa- 
tion and of the general solution of the homogeneous equation. By the same way, sub- 
stituting f(x) with f(0)=0 (f(0)=K0, n=1, 2, +) for x in (A-1), we get the 
solution (1-7) of equation (1-6). This result can easily be generalized for equations of 


the type f(x) T-=S with f™(0)=0, n=O, 1, 2,---, N.” 
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Liquid helium and superconductors show similar 
properties at very low temperatures. Phenomenological 
two-fluid theories’) have been successful in attacking 
various properties of both materials. It is interesting 
that the motion of the superfluid or the assembly 
of superelectrons is confined to the incompressible 
and the irrotational motions. So it may be considered 
that the hydrodynamical pictures must be available 
for both materials. 

It has been considered that the electromagnetic 
and the thermal properties of superconductors could 
be explained by the theory of F. and H. London,” 
and the theory of Gorter and Casimir,*) respectively. 
According to the recent experiments, however, there 
are some discrepancies between the experiments and 
the theories. Pippard,?) and Ginsburg and Landau,” 
independently, developed new phenomenological 
theories to remove these discrepancies. Both new 
theories were based essentially on the idea of long 
range order or coherence concept in the assembly of 
superelectrons. 

In this note we shall formulate quantum hydro- 
dynamics®) for a charged non-viscous fluid by means 
of Ziman’s method and investigate the electro- 
magnetic and the thermal properties of this system. 
Here the term “a charged non-viscous fluid” means 
an assembly of charged particles moving without 
friction, in which the Coulomb forces are assumed 
to be cancelled by a suitable charge distribution of 
the opposite sign. We define a Lagrangian density 
for a charged non-viscous fluid in an electromagnetic 
field as 

L=p{b+xd—v'/2—ey]m—W0)}, OD) 
where p, v, m and e are the density and the velocity 
of the fluid, the mass and the charge of a particle 
respectively. g is the scalar potential, W”(o) is the 
compressional energy/unit mass, and ¢, x, are 
connected with wv and the vector potential A using 


Clebsh transformation as 


v+eA/mc=—Vb—xV¢. (2) 

From a variational principle, we obtain Eulerian 

equations for independent variations of p, ¢, @ and 
nie 

g+xp—v?/2—ey/m—d/do-{oW(o)}=0,  @) 


o+Vov=0, (4) 

x+ve7x~=0 (5) 
and 

b+vury=0. (6) 


Here (3) corresponds to Bernoulli’s equation, (4) 
the equation of continuity, (5) and (6) the equa- 
tiors for persistence of vorticity. Now, if the motion 
of the fluid is confined to the irrotational motion, 
x4=~=0, (2) and (3) become 
v+eA/mc=—7¢, (7) 
p—v?/2=ey/mt+d/do-{oW(p)} . (8) 
We define the current density as J=nev=epv/m, 
where n is the number of particles/unit volume. 
Then (7) and (8) are written as 
py xJ+ (e0/m?c) H= (e/m) *Voxv (7/) 
and 
J—(elm) pvt (e/2m) psy? 
+ (e/m) +P didps{oW(0)}=(Cp/m)E. (84) 
If the fluid is incompressible, o=Vp=0, (7/) and 
(8) become 
H=-— (4r2/0) 7 XJ (9) 
and 
E=(4n8/c)-J. (10) 
In (10) the term involving fv? was neglected as in 
the text book of F. London.2) Eq. (9) and (10) 
are identical with the London equations for super- 
conductivity, and A is regarded as the penetration 
depth of a magnetic field : 
R= me/4nny 2 = mc? [4700 e”. (11) 
Then, it is expected that the density fluctuation and 
the vortex motion destruct the Meissner-Ochsenfeld 
effect. When the compressible and the vortex mo- 
tions are present, we have the current density as 
J=—(E|m*c) pA— (em) 0-7 o— (elm) ox. (12) 
Since the canonical momenta conjugate to ¢ and 
are g and px respectively, the Hamiltonian density is 
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H=pv"/2+ peg/m+ pW(p). (13) 

The transition to quantum hydrodynamics is 

performed following Ziman." The total Hamiltonian 
operator ={{I Har if readily reduced to 


H=Hot+ Dmagt Deiec > (14) 
where 9 is Ziman’s Hamiltonian operator, 
Smag= D phon-mag a Drot-mag si Dtot-mag ? (15) 


Aphon-mag= (ie/mc) = (b po 5/2kV) Ue (ak +a*—-z) 
x j A eth dr— (¢b/2meV) 3 (k+k’) 
x (k/|k+K/|) 2 (an*—a—K) (ak+krt+a* yx) 


x j Aetk!rdr + (ie2/2m%c2) (09 6/25V) V2 


x Dk! (an*—a-K) j Pika (16) 
K 
Drot-mag=— (eb/2mc Vv) = (2k/ +k) bX, ber +k 
x j A etkr dr , (17) 
Drot-mag= (€79/2m?2c*) « j A’dr , (18) 
and 
Herec= Hypnon-elec + Hvot-elec > (19) 
HA, hon-elec = (ie/m) (poh /2s9 V)} 2 = k'/2 (axt — a—k) 
x j ye-ikr dr , (20) 
Hiot-elec = (ep0/m) -{ gdr. (21) 


The current density operator is reduced from the 

well-known relation into the form 

J=—cd$/dA. (22) 
Eqs. (18) and (21) represent the interaction of the 
total system with a field. From (17) and (18), it 
is easily seen that roton behaves as the excited Bose 
particle below the temperature of the Bose-Einstein 
condensation in a charged Bose gas. 

We consider the Meissner-Ochsenfeld effect for 
our system where an electric field is absent. At the 
absolute zero of temperature no phonon and roton 
are excited Then, from (18) and (22) it is derived 
that 


V XJ =—(eno/mc) HH, (23) 
which is identical with the London equation and 
represents the Meissner-Ochsenfeld effect for our 
system. At finite temperature, however, it is con- 
ceivable from classical hydrodynamics that phonon 
and roton destruct the Meissner-Ochsenfeld effect 
gradually. Recently Nakajima?) showed that 


pxjJ=— (e?/m*c) {00— (prot + Pphon) }H, (24) 


using Schafroth’s method.’) Here J means the 
average current density over the canonical distribution, 
prot and pphon are the effective densities of roton 
and phonon defined by Landau.”) From (24) it is 
seen that the Meissner-Ochsenfeld effect disappears 
at such a temperature, that prott+pphon=po. There 
is no quantitative agreement between our theory and 
the experiments on superconductors. Nevertheless, 
our theory will be useful for the future theory of 
superconductivity. 

The author should like to express his sincere 
thanks to Prof. Ariyama for the constant encourage- 
ment. He is also deeply indebted to Dr. Nakajima 
for the helpful and stimulating discussions. 
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A method of calculating the grand partition 
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function of manybody system is developed, extend- 
ing the Goldberger-Adams method!) and adopting 
extensively the techniques of calculus in quantum 
field theory. We shall give here a brief account of 
our method for an example of electron-phonon 
system and show in the subsequent letter the result 
obtained by applying our method to the theory of 
Meissner effect. 

Let the total Hamiltonian of the system be H, 
which is divided into two parts, the free Hamiltonian 


Hp and the interaction Hamiltonian Hy : 


H=H)+HA,, (1ea) 

Ho=Dh Ex ay*ap+1/2-DbOw (bw * bw t+ bw bw*), 
i (a+b) 
h=9 22 Goro V2 (aX, yan bw + ah th bw*) 
(1ec) 


where az* and a, are respectively the creation and 
destruction operators of electron with momentum k 
and energy &%, and b,* and 6, are the correspond- 
ing operators for phonon with momentum w and 
energy fw,,. g is a coupling constant and V represents 
the total volume of the system. Our object is to 
calculate the trace of the density matrix 
5=T,,[exp(—aN—6H)], (2) 
in which N=S\ag*az, B=1/kT and a@ isa selector 
A 
related to the chemical potential per one electron 4 
through 
a=—Bp. (3) 
Now, making use of the well-known formula for the 
ordered exponential") 
exp{ —B (Ho+ Hi)} =exp(—BHo) °S(8), (4a) 
8 Oy RE up 


sa = j dt, | dts | a \ di. 


Bree ati. gs) 0 
X Hy (t1) Hy (2) °° (tn) » (4b) 
Hy, (t) =exp (tHo) At exp(—tHo), (4ec) 
we can put (2) into the form : 
5 =T,,[exp(—aN—BHp) *5(8)] = 20¢S(8)), 
(5) 
where 
5 )=T, lexp(—a#N—8Ap) 1, 
and 
3 T,.[exp(—aN—BHo)--] 
(2 =" Texp(—aN— BH) 


Then 5/2» can be expressed as” 


B/Bo=1t Ett =exp(Cit+Ce+-] (6) 
En = Sy { 1 (Cz) ™/m7"3 E 
Lm =n 1=1 


E,,’s are defined by 


fon) PLE H) Hi) Ddevdin 
7) 


where P is the so-called ordering operator which 
rearranges the operators in the bracket into such an 
order that the arguments ¢ in them are decreasing 
in magnitude, that is, 
PLA, (th) Ai (ts) Ai tn) ] 

= Hy (’) Hi (t2’) Hi tn’) 

th! >t > th’. 
It is an essential point of our method to introduce 
here the four dimensional space with coordinates 


x= (x, #) through the quantized electron and phonon 


fields 
(x) =e (x) eo =V I? S) az exp(ikx—€,¢), 
k 
b* (x) = Ho p* (x) eto 
=V-123) a,* exp(—ikx + €%t), (8) 
k 
g (x) =e Hoy (x) e170 
=D) (bw,/2V) 1? {bwexp (iwx —bow t) 
+b,,* exp(—iwx+bho,, t)}. 
We write &, in the form similar to that appearing 


in the S-matrix theory of quantum electromagnetic 


field (hereafter abbreviated as Q.E.F.), that is, 


(Sy 


&,=— fo) PLE Gn) Gon) DD dard. 


(9) 


n! 


with 
Hy (x) =9 ¢* (x) (x) 9 @). 
The integrations are to be taken over the whole 
volume with respect to x; and over the range (0, B) 
with respect to t;. A careful examination reveals 
that the calculation of the average of field quantities 
such as (9) can be performed almost in parallel with 
the case of (Q.E.F.), namely, various powerful 
tricks of calculation invented by Dyson, Wick and 
others?) in (Q.E.F.) are applicable also and the 
convenient idea of Feynmanzdiagram is useful for 
the present case, only provided the following modifi- 
cations are kept in mind: 
(A) Averaging ¢ >? corresponds to taking the 
the vacuum expectation in (Q.E.F.). 
(B) The propagations are defined in the present 
case as such that for phonon 
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D(x—x’) =¢Pl¢ (x) ¢(x’)]> 
=) bo,~/2V) [(Nw+1) exp {iw (x—x’) 
—bo,,|t—t/|}+Ny exp {—iw (x—x’) 
+ho,|t—t|}], (10+a) 
and for electron 
S(x—x’) =(Ep P[d* (x) O(x4)])>, (€p=+1) 
VS fx exp{—ik(x—x’) +€,(t-/)} tt > 
plies peer are, beeen 
; FOr, 
(10+b) 
where N,, and fy are the equilibrium distribution 


functions of free phonons and free electrons respec- 
tively in the momentum space : 


Nw= (exp Bhww—1)-', fr={exp(a+ Bex) +1}-1. 
(10¢c) 
(C) The average of normal constituents (the 
definitions of which are more complicated 


than in (Q.E.F.) and will be omitted here 
for the sake of brevity), for instance, 
(N[¢* (a) ¢ (x1) +o (xn) Y (xn) ¢ (n)--¢ (¥m) ] >’s 
(11) 
do not always vanish. It can be shown, however, 
that we may neglect them in such a permissible 
approximation that quantities smaller than 1/N in 
order of magnitude are ignored compared with unity, 
where N is the total number of electrons. 
Then the evaluation of © is reduced to 
(1) drawing all the possible Feynman diagrams 
(‘vacuum ’ to ‘vacuum’) involved in the terms En, 
just in the same way as in (Q.E.F.), 
(2) making the product of the propagation functions 
corresponding to each diagram, and 
(3) performing the integrations with respect to all 
x’s. 
These processes can be summarized in a single 
mathematical formulation due to Anderson.) Define 


il fn) 6 
4=— I doll Utes 
; | Jax dIDQ—x!) ah 
(12) 
t) 6 
= FAnsll. Pia tall 2. 
aa Jfax ge Op(x’)  Bp* (x!) ? 


where 6/dy(x), 0/8~(x) and 3/d¢*(x) are the oper- 
ators defined by the following commutation relations : 


[8/39 (x), g(x’)]-=8(x—x’), 
[3/Bp (x), p(x’) ] += [d/dG* (x), g* (x’) ] + 
=0(x—x’), (13) 


[d/dp (x), b* (x) ] += [8/8¢* (&), $)]+=0, 
[A, B]4=AB+BA. 
Then we can prove that 
8/Z)= (N[e® e4C]> (14) 


where 
C=exp{— | Hi(x)dx}. (15) 
The right hand side of (14) should be interpreted 


as follows. First we expand © into a power series 
of \ A (x)dx. Next, we transfer the operators e4 
and e* to the right side of ©, interchanging them 
with those operators appearing in each term of the 
serial expansion of € by the aid of the commutation 
relations (13). There we need retain only ~number 
terms after interchanging the operators, because 
<N[ J>=0. 


with respect to all x’s. 


We finally perform the integrations 


The present method has various merits. For 
example, it gives automatically only terms proportional 
to V for the free energy or for any other extensive 
thermodynamical quantities. This results from the 
neglection of the average of normal consitituents 
(11): 

(NI ]>=0. 
It also enables us to visualize the nature of the 
higher order interactions through the Feynman dia- 
grams and hence to get a deep insight into the 
structures of the higher order perturbations. Thus 
our method will be a useful starting point for going 
beyond the usual perturbational calculation. 

Extension of the present method to other systems 
than electron-phonon assembly is not difficult, and it 
can be proved that the results obtained by our method 
agree with those obtained by other methods up to 
second order terms in the coupling constant g A 
full account of the present method, with an applica- 
tion to the theory of superconductivity, will shortly 
be published. 


1) M. L. Goldberger & E. N. Adams, J. Chem. 
Phys. 20 (1952), 240. 

2) See also, H. Ichimura, Prog. Theor. Phys. 11 
(1954), 374. 

3) For example, see F. J. Dyson, Lecture Note 
“Advanced Quantum Mechanics” (1953). 

4) J. L. Anderson, Phys. Rev. 94 (1954), 703. 
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A general theory of Meissner effect is developed 
by extending the method described in the preceding 
letter (referred to as I) to a system subject to ex- 
Let A(x) be the vector 
potential of the external magnetic field. Then the 
total Hamiltonian is written as 


H=H+Ai+He . (1) 
Hp and Hy are the same as (1+b) and (lec) in L 


H, represents the interaction between electrons and 


ternal magnetic field. 


the external magnetic field and it is given by 
j H, (x) dx 
where 
H.(x)=—-~5(#)-A@) 
2 


2mc* 


F b* (x) ¢ (x) A? (x), (2+a) 
je) = @re@) rH" @)O@)}. 
(2+b) 
Following the method described in I, the grand 
partition function can be expressed as 
(—1)™tn 


m\n!} 


5/8)= 3) 3, ea Keatcxc 


se -H, (Co) Ay (xm+1) bs -Ay (xm+n) ] > dx;: 0 -dxmtn 
(3) 
with 
H, (x) =e! H, (x) e~*% 
Since the quantum-statistical average of current density 
may be defined by 
J (x) =ckT 6 log £/5 A(x), (4) 
J(x) is easily obtained as a function of A(x) by 


the-aid of (3). Up to the linear term in A(x), it 
takes in general the following form : 


I@= j K (x— x!) 0A (x!) dx’. (5) 
The Fourier transform of this is 
J(@ =K@:A@). (6) 


A slight manipulation yields the following formula 
for the tensor K (q) : 
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K(@)=-——al+L@, (7) 
where 
o (-1 n 
- Hy (xn) ] conn. dx1 Bas ’ (8) 
L@=3, 3" 


~ ¢BV =o 


n} 


x ff PL FO) Fh G1) Hin) Doom, 


x expfig (x—x/) }dxy »-dxndxdx’. (9) 
| is unit tensor and ¢ conn. means that only con- 
nected Feynman diagrams are to be taken. If we 


evaluate (8) and (9) term by term, we obtain an 
expression for K (q) in powers of the coupling con- 
stant : 


K (q) =Ko(q) +8°K2(@) +2°Ks(q) + 10) 
The evaluation of the lower order terms in (10) 
presents no difficulty, and it can be proved by a 
direct calculation that each term in (10) has the 


following form : 


K.@=-= J {I- 


(2k—q) (2k—q) \ 
q: (2k—q) 
dk 


E+ (Ith) ev@, ay 


in which K,,/(q)’s are certain scalar functions of q? 


x fn(k) 


and f,(k)’s are certain functions of k and chemical 
potential y related to the electron density N/V by 


N/V=1] (2m)? | (folk) +9°fx(k) +-)dk. 2) 


In particular, fo(k) = {exp 8 (ex—p) +137? is the 
Fermi distribution function. Each term in the right 
hand side of (10) is shown to have no singularity 
at q=0; one can therefore expect nothing but a 
weak diamagnetism (Landau’s diamagnetism) if the 
series (10) converges, as has been proved by Schaf- 
roth.) Thus we must give up the perturbational 
calculation in order that we can explain the Meissner 
effect. However, it is possible to work out another 
expression for K (q) without making use of serial 
expansion in powers of the coupling constant. This 


be done by adopting the technique of the theory 


can 
of Green function in quantum field theory.2) We 
define ‘one electron Green function ” by 

G(x—x’) =<PI¢* (x) p(x) E]>/<PIE]> 13) 


with 
€=exp{— \ H,(—x) dx} . 


Then the electron density (8) is generally given by 
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N/V=n=G(0) =1/(2n)" | G(k) dk, (14) 
where G(k) is the Fourier transform of G(x—x/; 0) : 
Gk) = j G(x 3 0) exp (ikex) d3x 

(G(x—x’)=G(x—x/; t—V)). 
The equation (14) will serve to determine the 


chemical potential contained in G(k) as a function 
of temperature. Furthermore we define a tensor 


(eee) = (PLI@I()E])/<P{E]>, (15) 


the Fourier transform of which is related to L (q) 
of (7) by the equation 
B 

Liy=\Lasode, (16) 


0 
(L(q3) = j L (x; ¢) exp (ikx) dx). 


After a somewhat complicated process of reduction, 
in which we utilize the operators 4 and Y defined 
by (15) in I, L(q) is proved to be generally ex- 
pressed as 


AG (2k—q) (2k—q) dk 
L@=— J q-(2k-q) 9 “Ons 
q4 
+(- 4B) xe, a7) 


K’(q) being a scalar function of q’. Thus we can 
get from (7), (14), 


k@=——<—{{i- 


(2k —q) (2k—q) \ 
q: (2k—q) 


dk 
x Gk) 4 (1 “ge K/(q). (18) 


Meissner effect can now be expected from (18) 
through the following corsideration. If any sort of 
phase change were to take place in the system, G(k) 
would be a singular function for sufficiently strong 
coupling below a certain critical temperature. We 
assume, for instance, that the normal-superconducting 
phase change makes G(k) possess a singular point 
at k=0 which is of the nature of the 6-function,) 


ven 
G(k) = Greguiar (k) Ens O(k), (19) 
Then (18) turns out to be 


K(q@)= — Ns (1 =a) Kregular (q). 
mc q 
(20) 
This result shows that the relation between J (x) 


and the magnetic field H is the same as that given 
by London’s equation : 


rot J (x) = — (e2/mc)n, H (x). 


The singularity of G(k), such as that assumed in 
(19), will be brought about by a sort of condensa- 
tion in the electron gas generated by inter-electron 
interaction which arises through phonon field. 

In order to justify the supposition (19), it is 
necessary to solve a non-linear integral equation for 
G(k). This problem is, however, left for a future 


investigation. 


1) M. R. Schafroth, Helv. Phys. Acta, 24 (1951), 
645. 

2) J. L. Anderson, Phys. Rev. 94 (1954), 703. 

3) This assumption is essentially the same as that 
proposed recently by Schafroth : 
M. R. Schafroth, Phys. Rev. 96 (1954), 1149. 
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